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1. INTRODUCTION

We shall consider the Cauchy problem for the nonlinear parabolic-hyperbolic
equation

a (2 8) (2~ 8)u=Fiw

where the nonlinear term is represented by F'(u) and A is the Laplace operator
in R".
To equation (1.1) we attach the initial conditions

k
(1.2) %(O,x) = pr(x), k=0,1,2.
The results concerning existence and uniqueness of solutions for this type of
equations with initial and boundary conditions such that F(u) = f(t,z) €
Ly(Q), where @ = Q x [0, 7], © C R™ have been proved in [1].
Here, we have to mention that many mathematicians devoted many papers for
Adomian decomposition method [2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16]
to some more general types of parabolic and hyperbolic equations, and various
problems. On the other hand, such type of parabolic-hyperbolic equations
with initial conditions has not solved analytically by previously known results.
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In this paper we shall apply modified decomposition method [2, 3] to solve the
Cauchy problem for the new type of nonlinear partial differential equations

(1.1)-(1.2).

2. MODIFIED DECOMPOSITION METHOD

2.1. The one-dimensional equation. In the one-dimensional case, Eq.(1.1)
becomes

0 0? 0? 0?

subject to the initial conditions (1.2).
The modified decomposition method [2, 3] may be used to solve the linear
problem given by (2.1) subject to the initial conditions (1.2).

Defining the differential operator Ly = %.

We rewrite Eq.(2.1) in the operator form

Pu N J*u *u
otoz?2  0t20z2  Oxt
Applying the inverse operator L/

(2.3) Ly} :/Ot /Ot /Ot(.)dtdtdt,

to Eq.(2.2) and using the initial conditions (1.2) we obtain
Pu 0tu 0*u

2.4 t,a) =Ly, -

(24 ult, ) = Lo (61581;2 " otoa? 8:}54)

(22) Ltttu =

2

tt _
+Z<Pz($)ﬁ +Lttt1F(u)'

1=0

The unknown solution u is assumed to be given by series of the form

(2.5) U= Z an(x)t",
n=0
and write

ZA ZA ag, a1y ..., @ n,...)t,

where A,, are called Adomian polynomials and can be generated for all types
of nonlinearities according to algorithm set by Adomian [2, 3]

k _
A, = [CN <ZA uk>] ., n=0,1,2,..
A=0
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The substitution yields

(2.6)
Z an(2)t" = L7 ( nal? (z)t" ! + Zn(n — 1)a? (z)t"2 Z a® (x)t”)
n=0 n=1 n=2 n=0
2 4 e
+ZSOZ(I) ] + Lt_ttIZAn(amala s A,y )tna

1= n=0
or
(2.7)

> an(@)t = Lt 3ot (0 + DaZa(@) + (0 + 10 +2)aZla(x) - afd())

2 ; 00
o .
+Z(‘0Z(l‘)ﬁ+ LtttlZAn(ao,al,...,an,...)t .

1=0 n=0
We now carry out the above integrations to write

(2.8)

2 =2 s 1><§i32><n T35 (04 Dall+ (e D+ 2002, — o)

2 i 00
tz tn+3
+ i(T)—= + Anag, ayy ..., ty, ...).
;‘P()u ;(n+1)(n+2)(n+3) (a0, ax )
In the summation on the right, n can be replaced by n — 3 to write
(2.9)
S "N " @) @ _ @
>0l = 3 gy (0~ aa(e) + (= D= Dl — )
2 tz 00 mn
% - An— ) ) s Uny
T2¢ (x)z' - Z n(n —1)(n — 2) (a0, 1, s )
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Finally, we can equate coefficients of like powers of ¢t on the left side and on
the right side to obtain the recurrence relations for the coefficients. Thus

(ao(z) = po(w),

a(r) = ¢i(z),

2()
wf@) = T
(2 (2 4
_ @n—Q(x) an—l(x) _ an—3(x) Anf?)(&O: ag, ) n
\ an(@) = n(n—1) L n(n—1)(n —2) +n(n—1)(n—2)’ >3

The final solution is now given by wu(t,z) = > 7 a,(z)t".
This method is illustrated in the following examples.

Example 1. Consider problem (2.1)-(1.2) with
po(z) = —a*, ¢i(z) =0, pa(x) =0,

and
ou 0*u 9u\’
Flu)=2—— — | =— | — l44u.
(W) =25 o (agﬂ) "
Now we solve this problem by modified decomposition method. Direct com-

putation of Adomian’s polynomials for the nonlinear term F(u) = 90udu _

2 ot oF
<%> — 144w are given as follows:

AO = 4@1@2 - (Cl(()z))Q - 144@0,

Ay = 12a1a3 + 84 — 2a!Pa'? — 144ay — 144a,,

n

A, = <2(k +1)(n—k+1)(n—Fk+2)ag10n_k12 — @,imaf_)k - 144an) )
k=0

We find
ao(r) = —2*, a1(z) =0, ax(z) =0, as(z) =4, a,(x) =0, n >4,
and the above recurrence relations for the coefficients give with only two terms
u(t, z) = ag(z) + as(x)t® = —2* 4 4¢3,

the exact solution of this problem.
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Example 2. Consider problem (2.1)-(1.2) with
or(z) =€*, k=0,1,2

u\’ u\’ )
F(u): (ﬁ) —f- (@) —2u s
which has the exact solution u(t,z) = e*t*. The Adomian’s polynomials for
2 2 2 2
F(u) = <%) + (%) —2u? are

Ao = 4a3 + (a”)? — 2af,

and

n

Z <(k +D)(k+2)(n—k+1)(n—k+ 2)agioan_ri2 + agc ) fz)k - 2akan_k) :
k=0

A

Then by using the above recurrence relations for the coefficients and direct
calculation produce

and
o0 ex
n
~Sar =35
n=0
which 1s the partial sum of the Taylor series of the exact solution.

Example 3. Consider problem (2.1)-(1.2) with

@o(z) = cosw, pi(r) = —sinz, ps(r) = —cosz,
and
ou  Oud’u

The Adomian polynomials can be determined for F(u) = “at + gz %tg as

Ay = apaq + 2(12@(1)

n

A, = Z ((n —k+ Dagan—r1 + (E+1)(k+ 2)ak+2@( ) ) )
k=0
By Modified decomposition method we can find
CoS T sin x

ag(x) = cosz, ai(xr) = —sinzx, ay(x) = —T,ag(x) =
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and
t2n+1

t = n - n +t),
u(t, x) ;a (x) cosxz 2n 2T = cos(z+t)

which can be verified through substitution to be the exact solution of this prob-
lem.

2.2. The two-dimensional equation. In the two-dimensional, Eq.(1.1) can
be written as follows

Pu(t,z,y) 0 0?

(210) o3 aAU(t, T, y) - mAU(f Z, y) + AQU(ta T, y) = F(u)>
where A = % + 59—;2, with the following initial conditions

ak
(2.11) T 0, 2,y) = gr(,y), k=0,1,2.

otk

We now assume
(2.12) u= Z an(z,y)t"
n=0

In a similar way, we can obtain the recurrence relations for the coefficients.

;

aO(I7 y) = (pO(xa y),

al(x>y> = <p1($,y),

P20, Y
wlry) = LY
Sn (an727 Ap—1, @nf?)) Anf?)
— >
| an(:Y) n(n—1)(n—2) +n(n—l)(n—Q)7 n2 9
where
9?02 9?  9? 0% 9?

2 I Vot (=1 (=2 (L Y = (L2, .
Sh (n >(633'2 ayg)&n 2+(n )(n )(axg_'_ayQ)an 1 (axg_'_ayQ) Qn-3

The final solution is now given by u(t,z,y) = > o a,(z,y)t".
Example 4. Consider equation (2.10) with

wo(z,y) =sinh(z +y), ¢1(z,y) = 2sinh(z +y), pa(x) = 4sinh(z +y),

and

F(u) = F(u) = (%)2 — 4,
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The Adomian polynomials can be determined for F(u) = (%)2 — 4u? as

2 2
AO =a; — 4@0,

A, = Z (k+1)(n—Fk+ Dagr1an_g+1 — dagan_y) .
k=0
Using the above recurrence relations of modified decomposition method and
straightforward computation yields

CL()(-T,ZU) = sinh(a: + y)u al(xa y) = 27 a?(‘r7y) = 25111}1(.7} + y)u
4 2
asz(x,y) = 3 sinh(z +vy), as(z,y) = 3 sinh(z + y),
on
an(x,y) = — sinh(z + y),
and

TLTL

u(t,z,y) = Zanxy = sinh(z + ¥) Z—-smh(w+y)

which can be vemﬁed through substitution to be exact solution of the given
problem.

3. CONCLUSION

The modified decomposition method has been proved to be reliable in hand-
ing the initial value problems for nonlinear parabolic-hyperbolic equations.
Some examples with closed form solutions are studied carefully, and the re-
sults obtained are just the same as those given from applying the modified
decomposition.
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