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Abstract

This paper is concerned with the existence of extreme solutions of
the three-point boundary value problem for a class of second order func-
tional differential equations. We introduce new concept of lower and
upper solutions. By using the method of upper and lower solutions
and monotone iterative technique, we obtain the existence of extreme
solutions.
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1. INTRODUCTION

Theory of functional differential equations has became important aspect of
differential equations. In recent years, many authors have paid attention to
the research of boundary value problems for functional differential equations
because of its potential applications, see [1,3,4,5,12]. In [7,8], J.J. Nieto and R.
Rodriguez-Lopez introduced a new concept of lower and upper solutions, they
consider the periodic boundary value problems for the following first order
functional differential equation

w'(t) = g(t, u(t),w(6(t))), t €[0,T],
{ w(0) — u(T) (1.1)
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Similar method has already succeeded in employing to nonlinear impulsive
integro-differential equations [13] and impulsive functional differential equa-
tions [2].

Motivated by [2,7,8,13], we consider three-point boundary value problems
for the functional differential equation

—u'(t) = f(t,u(t), u(0(t)), te.J=0.1]
{ u(0) =0, u(1) = au(y), (12)

where f € C(J x R*, R),0<0(t)<t, teJ 0<a<l, 0<n<l.

When 6(t) = t, equation (1.2) reduces to three-point boundary value prob-
lems for ordinary differential equation which has been studied in many pa-
pers, see [6,9,10,11]. To our knowledged, only a few paper paid attention to
multi-point boundary value problems for the functional differential equations.
Recently, Tadeusz [14] has discussed solvability of three- point boundary value
problems for a class of second order ordinary differential equations with de-
viating arguments by using the monotone iterative technique. Our method is
different from that of [14].

In this paper, we are concerned with the existence of extreme solutions for
equation (1.2). The paper is organized as follows. In Section 2, we establish a
comparison principle. In section 3, we first introduce new concept of lower and
upper solutions, and then give a proof for the existence theorem related to a
linear problem associated to equation (1.2). In Section 4, by using the method
of upper and lower solutions and monotone iterative technique, we obtain the
existence of extreme solutions for equation (1.2).

2. A COMPARISON PRINCIPLE
Let E = C(J, R) N C?(J, R) with norm
I'w || = max{] w o, [ u’ o},

where | u [o=sup,c; | u(t) |, | v’ [o=sup,c; | ¥'(t) |, then £ is a Banach space.
In the following, we denote

-t 2
an(l—n)" ~ an(l—mn)

c(t) =
We now present main results of this section.

Theorem 2.1 Assume that u € E satisfies

(2.1)

{ —u"(t) + Mu(t) + Nu(6(t)) <0, teJ
u(0) <0, u(l) < au(n),
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where 0 < a <1, 0<n <1, constants M, N such that
M+ N<2 ifN>0, M>Q0, (2.2)

M+ N >0, if N<O. (2.3)

Then u(t) <0 fort e J.
Proof Suppose, to the contrary, that u(¢) > 0 for some ¢ € J. Then from
boundary conditions, we have that there exists t* € (0,1) such that

ug = u(t*) = rgle%xu(t) > 0, (2.4)
u'(t) =0, u"(t*) <0. (2.5)

We consider the following two cases.
(1) N <0. From the first inequality of (2.1), (2.4) and (2.5), we have
>

0> u"(t") > Mu(t*) + Nu(0(t*)) > (M + N)uo,

which contradicts (2.3) and (2.4).

(2) N > 0. Suppose that u(t) > 0 for ¢t € J. (2.1) implies that u(0) = 0
and u”(t) > 0 for t € J. From u(0) = 0 and u(t) > 0 for ¢t € J, we get that
u'(0) > 0. Therefore, y/'(t) > 3/(0) > 0. It follows that u(1) = maxc; u(t) > 0.

If a = 1, then u(1) < u(n) < u(l). Tt follows that u(t) = ¢ > 0(c is a
constant) for ¢ € [n,1]. Let t € [n, 1], from the first inequality of (2.1), we
obtain that Mc¢ < 0. This is a contradiction.

If 0 < @ < 1, then it is easy to obtain that u(n) > u(1), which contradicts
u(1) = maxyey u(t).

If a =0, then u(1) <0, which contradicts u(1) > 0.

Suppose that there exists a ¢1, to € J such that u(t;) > 0 and u(tz) < 0.
Let t, € [0,t*) such that u(t,) = minsep =) u(t) < 0. From the first inequality
of (2.1), we have

u'(t) > (M + N)u(t,), te[0,t%).

Integrating the above inequality from s(¢, < s < t*) to t*, we obtain
—u'(s) > (t* — s)(M + N)u(t,), t.<s <t
and then integrate from ¢, to t* to obtain

—u(ty) < wu(t") — u(ty)

< /tt*(s —t")(M + N)u(t.)ds
< M ; Nu(t*)(t* —t,)?

M+ N
< — ;— u(ts).
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Hence,
u(ty)(2—M — N) > 0.

This is a contradiction. The proof is complete.
Corollary 2.1 Assume that u € E satisfies

{ —u"(t) + Mu(t) + Nu(0(t)) + [Mc(t) + Ne(0(t)) + r](u(l) — au(n)) <0, teJ,
(0) <0, u(l) > au(n),

where 0 < a <1, 0 <n <1, constants M, N satisfying (2.2) or (2.3), then

u(t) <0 forteJ.
Proof Put
y(t) = u(t) + c(t)(u(l) — au(n)), teJ,
then y(t) > u(t) for all t € J. Noting that y”(t) = u"(t)—r(u(1)—au(n)), t € J,
we have
—y"(t) + My(t) + Ny(0(t)) = —u"(t) + Mu(t) + Nu(6(t))
+[Me(t) + Ne(0(t)) + r](u(l) — au(n)) <0,
y(0) = u(0) <0,
ay(n) = au(n) + ac(n)(u(1) — au(n)) = u(l) = y(1).

Hence by Theorem 2.1, y(t) < 0 for all ¢ € J, which implies that u(t) < 0 for
t € J. This ends the proof.

3. LINEAR PROBLEM

In this section, we first give the following definition.
Definition 3.1 A function o € E is called a lower solution of equation

(1.2) if
{ o(t) < f(t, a(t), a(0(t))) —a(l), t € J,
a(0) <0,
where
a(t) = { 0, a(1) < aa(n),
(Me(t) + Ne(0(t)) + r)(a(1) — aa(n)), «a(l) > aa(n).

Definition 3.2 A function § € E is called an upper solution of equation
(1.2) if
—3"(t) = f(t, 5(t), B(O(t))) + b(t), t € J,
5(0) = 0,
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Theorem 3.1 Let 0 € C(J), 0 < a <1, 0 < n <1, constants M, N
satisfying (2.2) or (2.3), and M + |N| < 8. Consider the problem

—u"(t) + Mu(t) + Nu(6(t)) = o(t), teJ, (3.1)
u(0) =0, u(l) = au(n). ’
Suppose that there exist o, 3 € E such that

(h1) a < B on J.

(h2)
{ —a"(t) + Ma(t) + Na(0(t))) < o(t) —a*(t), t € J,
a(0) <0,
where
a*(t) = { ) a(l) < aa(n),
(Mc(t) + Ne(6(t)) +r)(a(l) —aa(n)), a(l) > aa(n)
(h3)
{ —B"(t) + MB(t) + NB(O(t)) > o(t) + b*(t), teJ,
B(0) > 0,
where
b (1) :{ 0, (1) > aB(n),
(Mec(t) + Ne(0(t) +r)(aB(n) — 8(1)), B(1) <aB(n).

Then, there exists a unique solution u for problem (3.1). Moreover, o <
u<p

Proof We first show that the solution of equation (3.1) is unique. Let
uy, ug be the solution of (3.1) and set v = u; — uy. Thus

{ —v"(t) + Mo(t) + Nv(0(t)) =0, te€J,
v(0) =0, v(1) =av(n).

By Theorem 2.1, we have that v < 0 for ¢t € J, that is, u; < us on J. Similarly,
one can obtain us < u; on J. Hence u; = us.

Next, we prove that if u is a solution of equation (3.1), then o < u < g.
Let m = a — u.

If (1) < aa(n), then a*(t) = 0 on J. So we have

{ —m/"(t) + Mm(t) + Nm(0(t)) <0, teJ,
m(0) <0, m(1) < am(n).

By Theorem 2.1, we have that m = a —u < 0 on J.



138 Guoping Chen et al

If a(1) > ac(n), then a*(t) = (Mc(t) + Ne(0(t)) +r)(a(l) — aa(n)). Thus

—m"(t) + Mm(t) + Nm(0(t)) = —a"(t)+ Ma(t) + N&( (1))
+u"(t) — Mu(t) — Nu(0(t)))
< o(t)—a*(t) —o(t)
< —a’(t)

—(Mec(t) + Ne(0(t)) + r)(m(1) — am(n)).

It is easy to see that m(0) < 0, m(1) > am(n). By Corollary 2.1, we have
that m = a —u < 0 on J. Analogously, u < 3 on J.
Finally, we show that equation (3.1) has a solution by five step as follows.
Step 1 Let

aa(n)
2o B(1), B(1) > ap(n),
po) _{ B(t) — c(t)[aB(n) — B(1)], B(1) < aB(n).

We shall show that @&, [ are the lower and upper solutions of (3.1) respectively,
and

o
VAN
Qi
IN
R
(AN

G, forteJ. (3.2)
Obviously, a(0) = a(0), a(1) = a(1), 3(0) = £(0), B(1) = 3(1) and

_o_ Jaan), a(l) <aa(n),

aa(n) —{ a(l),  a(l) > aa(n).

2y _ ) apm), B(1)>aB(n),

abn) = { (1), B(1) < aBln)

Hence
a(0) <0, a(l) < aa(n), 3.3
3(0) >0, B(1) > aB(n). (3.4)
If (1) < aa(n), then a = @ on J. So

—a"(t) + Ma(t) + Na(0(t)) = —a"(t)+ Ma(t) + Na(6(t))
+(Mc(t) + Ne(0(t)) + r)(a(1) — aa(n))
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Combining the above two cases and (3.3), we see that & is a lower solution of
(3.1). Similarly, 3 is an upper solution of (3.1).

It is easy to see that @ < &, 5 < 3 on J. We show that @ < 5 on J. We
need consider the following four cases.

Case 1 «a(l) < aa(n) and B(1) > af(n).

Case 2 a(l) < aa(n) and B(1) < af(n).

Case 3 «(l) > aa(n) and (1) > afB(n).

Case 4 «a(l) > aa(n) and (1) < af(n).

Here we only consider Case 4. Let m = & — 3 for t € J, then m(0) < 0,
m(1) < am(n) and

—m"(t) + Mm(t) + Nm(0(t)) = —a"(t) + Ma(t) + Na(6(t))
+6"(t) = MB(t) — NB(O(1))

= —a"(t)+ Ma(t) + Na(6(t)) — a*(t)

+0"(t) — MB(t) — NB(6(2))) + b"(t)

< o(t)—o(t) <0.
By Theorem 2.1, we obtain that m < 0 on J, that is, @ < 3 on J. Thus (3.2)

holds.
Step 2 Put A € [aa(n), aB(n)], we consider the equation

{ —u"(t) + Mu(t) + Nu(0(t)) = o(t), te€J, (3.5)

u(0) =0, u(l)=A\

Next, we show the equation (3.5) has a unique solution u(t, \).
It is easy to check that equation (3.5) is equivalent to the integral equation

u(t) = M+ /01 G(t, s)|o(s) — Mu(s) — Nu(0(s))]ds
where
_Jtl—-s), 0<t<s<1,
G(t,s) = { . ) < <1
Define a mapping A : C'(J) — C(J) by
Au(t) = Xt + /01 G(t,s)[o(s) — Mu(s) — Nu(6(s))]ds.
For any z, y € C(J), we have

(A1) ~ (Ag)(0) = [ Glt. )M (y(s) — 2()) + N(y(6(s)) — 2(0(s)]ds.
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Noting that max,c; fy G(t,s)ds = 1/8, 0 < M + |N| < 8, it is easy to verify
that A : C(J) — C(J) is a contraction mapping. Thus there exists a u € C(J)
such that Au = u. The equation (3.5) has a unique solution.

Step 3 We show that for any ¢ € .J, the unique solution u(t, \) of (3.5) is
continuous in A. Let u(t, A1), u(t, A2) be the solution of

—u"(t) + Mu(t) + Nu(8(t) = o(t), t€J.
{ uw(0) =0, u(l) = \. (3.6)
and
—u"(t) + Mu(t) + Nu(0(t)) = o(t), t€J.
{ uw(0) =0, u(l) = A, (3.7)

respectively. Then
1
u(t, \;) = )\Z-t—i—/ G(t,s)[o(s) — Mu(s, \;) — Nu(0(s), \i)|ds, i=1,2. (3.8)
0
From (3.8), we have

1
lu(t, A1) —u(t, X))o < | A — o | +(M + |N|)|u(t, \) — ult, A2)]o r?eafjx/o G(t, s)ds

< Do L ) e Al
Hence 8
u(t, A1) — u(t, Ad2)|o < S_M_|N| [ A=Az ]
Step 4 We show that
a(t) <ult,A) < B(t) (3.9)

for any ¢ € J and A € [aa(n), a3(n)], where u(t, \) is unique solution of (3.5).
Let m(t) = a(t) — u(t,\). From X\ € [a@(n), af(n)] and (3.3), we have
a(0) <

m(1) = a(1) — A < aa(n) — A < 0 and m(0) = a(0) < 0. And
—m"(t) + Mm(t) + Nm(0(t)) = —a"(t)+ Ma(t) + Na(0(t))
+u”(t, A) — Mu(t, \) — Nu(6(t), \)
< o(t)—o(t) <0

By Theorem 2.1, we obtain that m < 0 on J, that is, a(t) < wu(t,\) on J.
Similarly, u(t, \) < 3(t) on J.
Step 5 Let
D = aa(n), af(n)], P(A) = auln, M),

where u(t, \) is unique solution of (3.5). From step 4, we have

P(D) C D.
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Since D is a compact convex set and P is continuous, it follows by Schaefer’s
fixed point theorem that P has a fixed point Ao in D such that au(n, Ag) = Ao.
Obviously, u(t, Ag) is unique solution of (3.1). This ends the proof.

4. MAIN RESULTS

Our main result is the following theorem.

Theorem 4.1 Suppose that 0 < a < 1, 0 < n < 1 and the following
conditions are satisfied

(i) «, B are the lower and upper solutions for boundary value problem
(1.1) respectively, a(t) < [(t) on J.

(11) There exists 0 < a <1, 0 < n < 1, constants M, N : M+ |N| <8
satisfying (2.2) or (2.3) such that

f(t,l’,y)—f(t,.f‘,g) > —M(w—i:)—N(y—gj),

forat) <z <z <p{), aldt) <y <y <pB0), teJ.

Then, there exist monotone sequence {ay,}, {6.} with ag = o, By = B such
that limy, . an(t) = p(t), lim, o Ba(t) = r(t) uniformly on J, and p, r are
the minimal and the mazimal solutions of (1.2) respectively, such that

<o <a<-a,<pSr<r<G, << <6 <5

on J, where x is any solution of (1.2) such that a(t) < x(t) < ((t) on J.
Proof Let [a, 8] = {u € E: a(t) <u(t) < 5(t),t € J}. For any v € [a, (],
we consider the equation

{ —u"(t) + Mu(t) + Nu(0(t)) = f(t,~(t),(0(1))) + MA(t) + Ny (0(1)), t € J,
u(0) =0, u(l) = au(n).
(4.1)
Since « is a lower solution of (1.2), from (ii), we have that and

—a"(t) + Ma(t) + Na(6(t))) f(t, at),a(0(t)) + Ma(t) + Na(0(t))) — a(t)
(), 7(0())) + Mr(t) + Nv(0(t)) — a*(t)

0.

IAIA A

a(0)
Similarly, we have that

=B"(t) + MB(t) + NB(0(t)))
3(0)
where a*, b* are defined in Theorem 3.1.

By Theorem 3.1, the equation (4.1) has a unique solution u € E. We define
an operator A by u = A7, then A is an operator from [«, (] to E.

St (t),v(0(t))) + M~ (t) + Ny(0(t)) + b*(t)
07

(AVARVS
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We shall show that

(a) ap < Aag, ABy < fo.

(b) A is nondecreasing in [ag, (o).

To prove (a), let p = ap — vy, where a; = Aag. We finish (a) by two cases.
Case 1. ap(1) < aap(n), then

—a(t) < f(t,a(t), a(6(1))).
As ayg is a lower solution of (1.1), then for t € J,

—p"(t) + Mp(t) + Np(6(t)))

IN

—ag(t) +af(t) + Mag(t) — Moy (t)
+Nag(0(t))) — Nai(0(t)))

f(t, ao(t), an(6(2))) — f(t, ao(t), a0 (6(2)))
0.

IA A

It is easy to verify that

p(0) <0, p(1) < ap(n).

By Theorem 2.1, p(t) < 0, which implies ap < Aay.
Case 2. ag(1) > aay(n), which implies that

a(t) = [Mc(t) + Ne(0(t)) + r](ao(1) — aco(n))-

Hence, p(0) <0, p(1) > ap(n) and

IN

—p"(t) + Mp(t) + Np(0(t))) —ag(t) +af(t) + Mag(t) — May (t)
+Nag(0(t))) — N (6(2)))

[t ao(t), 0(0(t))) — alt) — f(t, ao(t), ao(0(t)))
—a(t)

—(Mc(t) + Ne(0(t)) + r)(p(1) — ap(n)).

It follows by Corollary 2.1 that p(t) < 0, which implies oy < Acyy. Similarly,

ABoy < fo.
To prove (b). We show that Apy < Apus if ag < py < pe < fo.
Let pf = Apy, py = Apg and p = pi — ph, then by (ii), we have

IAINA

=p"(t) + Mp(t) + Np(6(t))) = [f(t, pa(t), pa(0(1))) + My (t) + Ny (6(2))
— [t pa(t), p2(0(2))) — Mpa(t) — Np2(6(2))

And
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By Theorem 2.1, p(t) < 0, which implies Ap; < Aps.
It is easy to define the sequence {«,}, {5,} with ap = «, By = 3 such that
any1 = Aay, P = AB, forn=0,1,2,---. From (a) and (b), we have

<o <a<-a, <G, << G < B < o
ont € J, and each o, [, € E satisfies

_O‘Z(t) + Moy (t) + N (0(t) = f(t, an-1(t), an-1(0(2)))
+Ma,_1(t) + Na,_1(6(t)), te€J,
a,(0) =0, a,(l) = aa,(n).

_6Z(t) + Mﬁn(t) + Nﬁn(g(t)) = f(t7 5n—1(t)7 ﬁn—l(‘g(t)))
+MBn-1(t) + NB,—1(0(t)), teJ,
ﬁn(()) =0, ﬂn(” = @ﬁn(n)'

Therefore there exist p, r such that ag = «, [y = 3 such that lim,,_,, o, (t) =
p(t), lim,, . B, (t) = r(t) uniformly on J. Clearly, p, r are solutions of (1.2).
Finally, we prove that if x € [ag, §o] is any solution of (1.2), then p(t) <
x(t) < r(t) on J. To this end, we assume, without loss of generality, that
an(t) < z(t) < B,(t) for some n. Since ag(t) < z(t) < Fy(t), from property
(b), we can get
Qi1 (t) < z(t) < Boga(t), ted

Hence we can conclude that
an(t) < z(t) < B,(t), for all n,
Passing to the limit as n — 0o, we obtain
p(t) <z(t) <r(t), ted

This ends the proof.
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