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Abstract

We review the known intricate connections between the concentra-
tion ellipsoid of statistics [1, 2] and the inertia ellipsoid of mechanics
[3, 4]. We then contribute a new relationship involving the eccentric-
ities of their principal cross-sections. We conclude with an exhaustive
treatment of their shared degeneracies.
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1 Preliminaries

At first sight, mathematical statistics and classical (as opposed to statisti-
cal) mechanics appear to be disjoint in their subject matter. However, closer
examination reveals that both subjects employ certain ellipsoids in their an-
alytical investigations. Perhaps this geometrical connection between them is
not so surprising when one considers their common ancestry as evidenced by
Laplace’s two masterpieces Théorie analytique des probabilités and Traité de
mécanique céleste. Yet, what is most assuredly surprising is that these ellip-
soids are distinct in three dimensions while the corresponding two dimensional
ellipses essentially coincide!

In what follows, we first develop the concentration ellipsoid of statistics
and the inertia ellipsoid of mechanics. The known relationships between these
two ellipsoids are then presented and a new relationship concerning the eccen-
tricities of their principal cross-sections is revealed. Finally, it is observed that
the previously derived relationships imply that both ellipsoids degenerate to
spheroids and spheres under identical conditions. These degeneracy conditions
are given exhaustive treatment.
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2 Concentration Ellipsoid

Consider the set of n data points in R3 with coordinates {(xi, yi, zi)}n
i=1

with centroid (x̄, ȳ, z̄) defined by the mean values

x̄ =
1

n

n∑
i=1

xi, ȳ =
1

n

n∑
i=1

yi, z̄ =
1

n

n∑
i=1

zi. (1)

Furthermore, let us introduce the variances

σ2
x =

1

n

n∑
i=1

(xi − x̄)2, σ2
y =

1

n

n∑
i=1

(yi − ȳ)2, σ2
z =

1

n

n∑
i=1

(zi − z̄)2, (2)

the covariances

pxy =
1

n

n∑
i=1

(xi−x̄)·(yi−ȳ), pyz =
1

n

n∑
i=1

(yi−ȳ)·(zi−z̄), pzx =
1

n

n∑
i=1

(zi−z̄)·(xi−x̄),

(3)
and (assuming that σx · σy · σz �= 0) the correlation coefficients

rxy =
pxy

σx · σy

, ryz =
pyz

σy · σz

, rzx =
pzx

σz · σx

(4)

associated with these points.
Defining the covariance matrix as

C :=

⎡
⎢⎣

σ2
x pxy pzx

pxy σ2
y pyz

pzx pyz σ2
z

⎤
⎥⎦ , (5)

it is readily established that

det (C) = σ2
xσ

2
yσ

2
z

∣∣∣∣∣∣∣

1 rxy rzx

rxy 1 ryz

rzx ryz 1

∣∣∣∣∣∣∣
. (6)

Furthermore, observe that �v := [a b c]T implies that

�vT C�v = E{[a(x − x̄) + b(y − ȳ) + c(z − z̄)]2} ≥ 0, (7)

where E is the averaging operator E{u} = 1
n

∑n
i=1 ui, with equality if and only

if the data all lie on the plane

a(x − x̄) + b(y − ȳ) + c(z − z̄) = 0. (8)

Thus, planarity of the data corresponds to a zero eigenvalue of the positive
semidefinite matrix C and the corresponding eigenvector is normal to this
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plane. Of course, the data may further degenerate to a line or a point and the
reader is referred to [5] for such considerations.

Note that if σ2
x = 0 then the data lie on the plane x = x̄, if σ2

y = 0 then
they lie on the plane y = ȳ, and if σ2

z = 0 then they lie on the plane z = z̄.
Hence, we assume without loss of generality that σ2

x · σ2
y · σ2

z �= 0 so that rxy,
ryz, and rzx are always well defined.

Furthermore, by the Cauchy-Buniakovsky-Schwarz inequality,

p2
xy ≤ σ2

x · σ2
y (i.e. − 1 ≤ rxy ≤ 1) (9)

with equality if and only if (yi − ȳ) ∝ (xi − x̄), in which case the data lie on
the plane

y − ȳ =
pxy

σ2
x

· (x − x̄) =
σ2

y

pxy

· (x − x̄), (10)

since pxy �= 0 in this instance. Thus, we may also restrict −1 < rxy < 1. Note
that rxy = ±1 ⇒ rzx = ±ryz and the correlation determinant appearing in
Equation (6) consequently vanishes.

Likewise, ryz = ±1 implies that the data lie on the plane

z − z̄ =
pyz

σ2
y

· (y − ȳ) =
σ2

z

pyz
· (y − ȳ), (11)

while rzx = ±1 implies that the data lie on the plane

x − x̄ =
pzx

σ2
z

· (z − z̄) =
σ2

x

pzx
· (z − z̄). (12)

Thus, without loss of generality, we restrict −1 < ryz < 1 and −1 < rzx < 1.
Finally, suppose that the correlation determinant vanishes with rxy �= ±1,

ryz �= ±1, and rzx �= ±1. In this case, the data lie on the plane

(pxypyz−pzxσ
2
y)·(x−x̄)+(pxypzx−pyzσ

2
x)·(y−ȳ)+(σ2

xσ
2
y−p2

xy)·(z−z̄) = 0. (13)

Cyclic permutation of {x, y, z} produces equivalent forms of Equation (13).
The above analysis accounts for all ways in which det (C) may vanish. Thus,
without loss of generality, we will assume that C is positive definite in the
ensuing analysis.

The concentration ellipsoid (also known as a correlation ellipsoid) (Figure
1) is defined by

(�r − r̄)T C−1(�r − r̄) = 5, (14)

which has the same first and second moments about the centroid as does the
data [2, p. 300]. In this sense, it is the ellipsoid which is most representative of
the data points without any a priori statistical assumptions concerning their
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Figure 1: Concentration Ellipsoid

Figure 2: Principal Semiaxes and Sections of Concentration Ellipsoid

origin. The reciprocal of the concentration ellipsoid, obtained by replacement
of C−1 by C in the quadratic form of Equation (14), will be referred to as the
ellipsoid of residuals [1].

The principal semiaxes of the concentration ellipsoid are shown if Figure 2.
The longest, intermediate, and shortest of these semiaxes are, respectively, the
semimajor, semimean, and semiminor axes. The planar cross-sections passing
through the centroid and perpendicular to these semiaxes are the correspond-
ing principal sections of the concentration ellipsoid.

Denoting the eigenvalues of C−1 by νmin < νmid < νmax, the length of the
semiminor axis equals 1/

√
νmax and its direction is given by the corresponding

eigenvector, �vmax; the length of the semimean axis equals 1/
√

νmid and its
direction is given by the corresponding eigenvector, �vmid; and the length of the
semimajor axis equals 1/

√
νmin and its direction is given by the corresponding

eigenvector, �vmin [6, p. 364].
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The plane which minimizes the mean square distance of the points from the
plane is called the orthogonal regression plane and may be thought of as the
plane which best fits the data. Likewise, the line which minimizes the mean
square distance of the points from the line is called the orthogonal regression
line and may be thought of as the line which best fits the data.

The following important facts were first established by Pearson [1] and now
form the basis for so-called orthogonal regression. The smallest eigenvalue of
C equals the minimum mean square deviation from the orthogonal regression
plane which passes through the centroid and is normal to the corresponding
eigenvector. Thus, the orthogonal regression plane contains the principal sec-
tion that is perpendicular to the minor axis of the concentration ellipsoid. In
addition, the orthogonal regression line passes through the centroid and is par-
allel to the eigenvector corresponding to the largest eigenvalue of C and the
minimum mean square deviation from it equals the sum of the two smallest
eigenvalues of C. Thus, the orthogonal regression line contains the major axis
of the concentration ellipsoid.

3 Inertia Ellipsoid

Referring to Figure 3, we next focus our attention on orthogonal linear
regression which selects (α, β, γ), the direction angles of a line, L, passing
through the centroid, so as to minimize

r2(α, β, γ) =
n∑

i=1

{[cos γ · (yi − ȳ) − cos β · (zi − z̄)]2

+[cos α · (zi − z̄) − cos γ · (xi − x̄)]2 (15)

+[cos β · (xi − x̄) − cos α · (yi − ȳ)]2},

which is the total square distance of the data from L [7, p. 514]. Alternatively,
r2(α, β, γ) may be viewed as the moment of inertia with respect to L of unit
masses located at the data points [3, p. 66].

In any event, the mean square deviation is given by

1

n
· r2(α, β, γ) = cos2 γ · σ2

y − 2 cosβ cos γ · pyz + cos2 β · σ2
z

+ cos2 α · σ2
z − 2 cos γ cos α · pzx + cos2 γ · σ2

x (16)

+ cos2 β · σ2
x − 2 cosα cos β · pxy + cos2 α · σ2

y .

Now, along L, mark off the two points at a distance �(α, β, γ) = 1√
r2(α,β,γ)

from the centroid. As α, β, and γ vary, these points sweep out an ellipsoid
centered at the centroid. We see this as follows. Since cos α = (x − x̄)/�,
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α

γ
β

Figure 3: Construction of Inertia Ellipsoid

cos β = (y − ȳ)/�, and cos γ = (z − z̄)/�,

1

�2
= r2(α, β, γ) = Ixx · (x−x̄)2

�2
+ Iyy · (y−ȳ)2

�2
+ Izz · (z−z̄)2

�2

+2Ixy · (x−x̄)(y−ȳ)
�2

+ 2Iyz · (y−ȳ)(z−z̄)
�2

+ 2Izx · (z−z̄)(x−x̄)
�2

, (17)

where {Ixx = n · (σ2
y + σ2

z), Iyy = n · (σ2
z + σ2

x), Izz = n · (σ2
x + σ2

y)} and
{Ixy = −n · pxy, Iyz = −n · pyz, Izx = −n · pzx} are, respectively, the moments
of inertia and the products of inertia about the coordinate axes [3, p. 67].

Equation (17) may be rewritten in matrix form as

(�r − r̄)TI(�r − r̄) = 1, (18)

where �r = (x, y, z)T , r̄ = (x̄, ȳ, z̄)T , and the inertia matrix I is defined as

I :=

⎡
⎢⎣

Ixx Ixy Izx

Ixy Iyy Iyz

Izx Iyz Izz

⎤
⎥⎦ . (19)

That this quadric surface is an ellipsoid follows from the relation

I = n · [tr(C)I − C], (20)

so that the positive definiteness of I follows directly from that of C. This
ellipsoid with �2(α, β, γ) = 1/(moment of inertia) is called the inertia ellipsoid
(also known as the momental ellipsoid) because of its role in rotational me-
chanics [3, p. 66]. Replacement of I by I−1 in the quadratic form of Equation
(18) yields the reciprocal ellipsoid of gyration [4, p. 233].
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The minimum value of r2(α, β, γ) is achieved precisely when �2(α, β, γ)
assumes its maximum value which will, of course, correspond to the semimajor
axis of the inertia ellipsoid. Therefore, the minimum total square deviation is
given by

s2 := r2(α∗, β∗, γ∗) = 1/(semimajor axis)2 = λmin, (21)

where (α∗, β∗, γ∗) are the direction angles of the major axis and λmin is the
smallest eigenvalue of I whose corresponding eigenvector points along the ma-
jor axis of the inertia ellipsoid. Alternatively, the orthogonal regression line
is parallel to the eigenvector corresponding to the largest eigenvalue of the
ellipsoid of gyration.

In stark contrast to the two-dimensional scenario [5], the inertia ellipsoid
is not homothetic (i.e., ‘similar’) to the concentration ellipsoid. However, as
we now will see, they are indeed closely related.

4 Ellipsoidal Relationships

Equation (20) indicates that there is an intimate relationship between the
inertia and concentration ellipsoids, a state of affairs which we now explore. In
this investigation, we will denote the eigenvalues of I as λmin < λmid < λmax,
the eigenvalues of C as μmin < μmid < μmax, and the eigenvalues of C−1

as νmin < νmid < νmax. The degenerate case of multiple eigenvalues will be
subsequently studied.

One immediate consequence of Equation (20) is that λi = n · (μ1 + μ2 +
μ3 −μi), where numerical subscripts now reflect a disregard for the magnitude
of the eigenvalues, in consequence of which we have the relations

λmax = n · (μmid + μmax) with same eigenvector as μmin,

λmid = n · (μmin + μmax) with same eigenvector as μmid, (22)

λmin = n · (μmin + μmid) with same eigenvector as μmax.

Inverting these expressions we arrive at the complementary relations [4, p.
230]

μmin =
λmin + λmid − λmax

2n
,

μmid =
λmin − λmid + λmax

2n
, (23)

μmax =
−λmin + λmid + λmax

2n
.

Observe that the positive definiteness of C implies the important inertia matrix
inequality λmax < λmin + λmid [4, p. 231].
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Furthermore, Equations (22) and (23) together imply the desired relation-
ship between the spectra of the inertia and concentration ellipsoids:

νmax =
1

μmin
=

2n

λmin + λmid − λmax
with same eigenvector as λmax,

νmid =
1

μmid
=

2n

λmin − λmid + λmax
with same eigenvector as λmid, (24)

νmin =
1

μmax
=

2n

−λmin + λmid + λmax
with same eigenvector as λmin.

Thus, the corresponding major, mean, and minor axes of the inertia and con-
centration ellipsoids are parallel.

In addition, Equations (22) and (24) together imply the trio of inequalities:

λmin

λmid

>
νmin

νmid

,
λmid

λmax

>
νmid

νmax

,
λmin

λmax

>
νmin

νmax

. (25)

Thus, not only are the principal axes of the inertia and concentration ellipsoids
parallel, but each principal section of the inertia ellipsoid is less eccentric than
the corresponding principal section of the concentration ellipsoid. This general
observation is believed to appear here for the first time.

5 Shared Degeneracies

Figure 4: Degenerate Ellipsoids: Prolate Spheroid (left); Oblate Spheroid
(right)

An auxiliary consequence of the preceding considerations is that the iner-
tia and concentration ellipsoids share degeneracies, i.e. multiple eigenvalues
(Figure 4). Recall that a prolate spheroid is obtained by revolving an ellipse
about its major axis, while an oblate spheroid is obtained by revolution about
its minor axis. If a spheroid is both prolate and oblate then we, of course,
obtain the ultimate degeneracy, a sphere. That is,

λmid = λmax iff νmid = νmax ⇒ prolate spheroids,
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λmin = λmid iff νmin = νmid ⇒ oblate spheroids,

λmin = λmax iff νmin = νmax ⇒ spheres.

We next investigate the conditions under which such degeneracies arise.
We commence with the straightforward observation that the concentration

ellipsoid also shares degeneracies with the ellipsoid of residuals except that
now, due to their reciprocal relationship, a prolate spheroid for one corre-
sponds to an oblate spheroid for the other and vice versa. The characteristic
polynomial of C is called the discriminating cubic [8, p. 45, 9, p. 166] and mul-
tiplicity of its roots is equivalent to degeneracy of the ellipsoid. Fortunately,
necessary and sufficient conditions for a double or triple root are readily avail-
able [8, pp. 53-57, 9, pp. 167-169, 10, pp. 74-76, 11, pp. 205-211].

The necessary and sufficient conditions for a triple eigenvalue are simply
μ = σ2

x = σ2
y = σ2

z and pxy = pyz = pzx = 0 [10, p. 75]. When these conditions
are satisfied, the concentration ellipsoid is a sphere and both the orthogonal
regression line and the orthogonal regression plane are indeterminate. Note
that when this occurs, degeneration of the concentration ellipsoid to a sphere
thereby indicates that the corresponding data is, intuitively speaking, the very
antithesis of ‘being planar’ or ‘being linear’. Without loss of generality, let us
now assume that all of these conditions are not simultaneously satisfied.

Then, for a double eigenvalue of C, it is necessary and sufficient that [11,
pp. 210-211]

(σ2
z −μ) · (σ2

x−μ) = p2
zx, (σ2

x−μ) · (σ2
y −μ) = p2

xy, (σ2
x−μ) ·pyz = pzxpxy. (26)

Two equivalent sets of conditions are obtainable by cyclic permutation of
{x, y, z} in Equation (26).

If pxypyzpzx �= 0 then we have the eigenvalues [11, p. 210]

μ1 = μ2 = σ2
x −

pxypzx

pyz
; μ3 = σ2

y + σ2
z − σ2

x + 2 · pxypzx

pyz
, (27)

provided that the following conditions are satisfied.

(σ2
z − σ2

x +
pxypzx

pyz
) · pxypzx

pyz
= p2

zx, (σ2
y − σ2

x +
pxypzx

pyz
) · pxypzx

pyz
= p2

xy. (28)

Furthermore, if 2σ2
x−σ2

y −σ2
z > 3pxypzx/pyz then μ3 < μ1 implying that the

smallest eigenvalue of C−1 is repeated with third eigenvector [1/pyz 1/pzx 1/pxy]
T

so that the concentration ellipsoid is an oblate spheroid, the orthogonal regres-
sion line is indeterminate, and the orthogonal regression plane is given by

x − x̄

pyz

+
y − ȳ

pzx

+
z − z̄

pxy

= 0. (29)
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If this inequality is reversed then it is the largest eigenvalue of C−1 that is
repeated so that the concentration ellipsoid is a prolate spheroid, the orthogo-
nal regression line is parallel to this eigenvector, and the orthogonal regression
plane is indeterminate although its normal vector must be perpendicular to
this eigenvector.

If pxypyzpzx = 0 then a double eigenvalue necessitates that two of these
factors vanish [11, p. 211]. Suppose that pxy = pzx = 0. Then p2

yz = (σ2
y −

σ2
x) · (σ2

z − σ2
x) if and only if μ1 = μ2 = σ2

x in which case μ3 = σ2
y + σ2

z − σ2
x. If

σ2
y = σ2

x, σ2
z �= σ2

x then the eigenvector corresponding to μ3 = σ2
z is parallel to

the z-axis. If σ2
z = σ2

x, σ2
y �= σ2

x then the eigenvector corresponding to μ3 = σ2
y

is parallel to the y-axis. If pyz �= 0 then the eigenvector corresponding to μ3 is
parallel to [0 pyz σ2

z − σ2
x]

T or, equivalently, [0 σ2
y − σ2

x pyz]
T .

As above, if μ3 < μ1 (i.e. σ2
y + σ2

z < 2σ2
x), then the concentration ellipsoid

is an oblate spheroid with indeterminate orthogonal regression line and de-
terminate orthogonal regression plane. Otherwise, the concentration ellipsoid
is a prolate spheroid with determinate orthogonal regression line and indeter-
minate orthogonal regression plane. The remaining cases of pyzpxy = 0 and
pzxpyz = 0 may be treated by cyclic permutation of {x, y, z}.
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