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Abstract. We generalize some recent results on the spectra of tridiagonal
matrices, providing explicit expressions for the characteristic polynomial of
some perturbed tridiagonal k-Toeplitz matrices. The calculation of the eigen-
values (and associated eigenvectors) follows straightforward.
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1. PRELIMINARIES

An n xn matrix A = [a;;] is said tridiagonal if a;; = 0, whenever |i —j| > 1,
ie.,

(1.1.1) A= :

with non-mentioned entries equal to zero. Since our aim will be the study
of the characteristic polynomial of some tridiagonal matrices, the cases when
by b,y =0o0rc---c,.1 =0 (ie., when A is reducible) can be reduced
to small order cases. In fact, throughout we will assume that b,c, > 0, for
(=1,... ,n—1.

IThis work was supported by CMUC (Centro de Matematica da Universidade de
Coimbra).
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Tridiagonal matrices have many applications on pure and applied mathe-
matics, engineering, physics, etc. Since the study of the eigenvalues of these
kind of matrices is somehow elementary, they have been thoroughly studied
on several fields for a long time, yet with technics and purposes quite different
with researchers ignoring each others.

There is a very special kind of these matrices, known as tridiagonal k-
Toeplitz matrices.

Definition 1.1. Given two positive integer numbers k£ and N such that £ <
N, a tridiagonal k-Toeplitz matriz is a matrix of the form

a;
b1
ap  Cp
by a1 ¢
(1.1.2) by . e CV N,
ap Cp
by a1 ¢
b1

Notice that if k£ = 1, then we have a tridiagonal Toeplitz matrix.

These particular kind of matrices has many applications such as in the so-
called chain models on finding the solutions of a stationary Schrodinger equa-
tion (cf., e.g., [1, 8]), or in Maxwell’s equations for guided waves of some fibers
(cf. [9]). Our aim here is to study the characteristic polynomial and the
eigenvalues of tridiagonal k-Toeplitz matrices, with some perturbations on the
extreme entries (1,1) and (N, N), generalize some recent related results (cf.,
e.g., [10, 18]) and bring them together in one place. Our approach is based on
orthogonal polynomials theory. We provide some numerical examples.

2. ORTHOGONAL POLYNOMIALS

An orthogonal polynomial sequence (OPS) {P,},>0 is characterized by a
three-term recurrence relation

(2.2.1) 2Py (x) = ayPri1(x) + GnPo(x) + YPri(x), m=0,1,2,...
with initial conditions P_;(x) = 0 and Py(x) = const. # 0, where {a, },>o0,

{Bn}n>0 and {7, }n>0 are sequences of complex numbers such that o, v,4+1 # 0
foralln =0,1,2,.... We can give a matrix form to this three-term recurrence
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relation:
Py(x) Py(x) 0
T b (x) = Jni1 h (x + a, Poy1(7) e
P,(x) P,(x) 1
where J,1; is a tridiagonal matrix of order n + 1, defined by
Bo o
M B
Jng1 = Yoo e T ., forn=0,1,2,....
-1
Yo Fn
Hence each zero of the polynomial P,, say A,; (for j =1,...,n), is an eigen-

value of the corresponding tridiagonal matrix .J,, of order n, and an associated
eigenvector is

(2.2.2) (PoAnj)s Pr(Mng)s -y Pai(Mnj))'
The (monic) characteristic polynomial of J,, is precisely P,, with «,, = 1, i.e.,
P,(x)=det(zl, — J,), n=1,2...,

where [,, denotes the identity matrix of order n.
It is important to point out that, since we are interested on the eigenvalues
of tridiagonal matrices, the eigenvalues of .J,, are the same of the matrix

Bo 1
may B 1
Yor;

1

Yn—10n—2 ﬁn—l
or
Bo v 710
V1o 153} V201

VvV 201

B vV Tn—1CGn—2
VvV n—10n—2 ﬁn—l
Since all these matrices have the same characteristic polynomial, we will simply
consider

Bo 1
M G 1
jn = Y2 ' s

TYn—1 ﬁn—l
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with positive v;’s, according to our original assumption. It follows from this
fact the uselessness of the separation in three ”different” families of tridiagonal
matrices made in [10].

3. CHEBYSHEV POLYNOMIALS OF SECOND KIND

The Chebyshev polynomials of second kind, denoted by {U, },>0, are a very
useful example of a (monic) OPS. These polynomials satisfy the three-term
recurrence relations

(3.3.1) Upi1(x) = 2Uy(x) — Up—q(x), foralln=1,2,...
with initial conditions Uy(z) = 1 and Uy (x) = 2x. Since each U, satisfies

' 1
(3.3.2) Un(z) = W , withz =cosf (0<6<m),

foralln=0,1,2... , we can deduce the orthogonality relations
1
/ Un(2)Up(2) V1 — 22d2 = § 6nm
1

(cf. 2], e.g.). It is also well known the explicit formula for Chebyshev polyno-
mials of second kind

(/2] B
Un(z) = Z<—>'“m(@_?;i>! ()"

Consider now the n x n real tridiagonal Toeplitz matrix 7,, defined by

(333) TTL — T 6 RTLX’H, ,
UV
b a
with b > 0. The characteristic polynomial of T}, is P,(\) = (vVb)"U, (’2\—\’/‘5>
and it is follows immediately that the eigenvalues of T,, are

l
/\g:a—f-Q\/l_)COS( T ) ,

n—+1

for £ =1,2...  n, since they are the zeros of P,, with associated eigenvectors

(i (15 s (27 . s (225

from (2.2.2).

Notice that if b < 0, then P, (\) = (iv/—b)"U,, (23‘_%)
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4. EIGENVALUES OF TRIDIAGONAL 2-TOEPLITZ MATRIX

In 1966, Rézsa held a seminar at University of Hamburg on tridiagonal k-
Toeplitz matrices, called at that time as ”periodic continuants”, motivated
mainly by some problems of lattice dynamics, of ladder networks and of struc-
tural analysis. In this occasion, Elsner and Redheffer had the idea to use
Chebyshev polynomials of the second kind to derive formulas to the charac-
teristic polynomial and the eigenvectors of that matrices in some particular
cases. They published some new results one year later in [3] and indepen-
dently, but slightly later, Rézsa in [16] presented similar propositions using
some tools from theory of matrices. Later, these results were generalized to
periodic block-tridiagonal matrices by Rézsa and Romani [17].

Recently the study of general tridiagonal k-Toeplitz matrices was considered
again by the author and Petronilho in [6], after the characteristic polynomial
of a tridiagonal 2-Toeplitz matrix had been considered by Gover [7], Marcelldn
and Petronilho [14] and Fonseca and Petronilho [5]. Based on this last paper,
recently Alvarez-Nodarse, Petronilho and Quintero [1] studied the spectra of
tridiagonal 2 and 3-Toeplitz matrices motivated by some Quantum Physics
problems already mentioned.

Considering the tridiagonal 2-Toeplitz matrix

aq 1
b1 (05} 1
(4.4.1) T = b 1 ,

b

NXN

let us define the polynomials
mo(r) = (x — a1)(z — az)

and

- () (522

It is well known (cf. [5, 7, 14]) that the eigenvalues of the matrix (4.4.1) are
the solutions of the polynomial )y defined by

Qai11(2) = (x — a1) P (ma(x))
and
Qo () = P (me(x)) + b Py_y(ma()).
In the case of N = 2n + 1, eigenvalues of T](\,2 ) are a; and

_ 2 k
Q“La?i\/M+b§+bg+2\/blb2cos( T )
n

2 4 +1
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for k=1,... ,n. If N =2n, the eigenvalues are

a +a ay; — ag)?

. : 2 i\/( ! 7 2) + b2 4 b2 + 2+/byby €08 O,
for k = 1,... ,n, where each 6,, is a nonzero solution of the trigonometric
equation

Vi sin((n +1)0) + /bysin(n) =0, with 0 < 0 < 7.

Both spectral formulas generalize the particular cases considered in [10, 18].

5. EIGENVALUES OF PERTURBED TRIDIAGONAL 2-TOEPLITZ MATRIX

Next we will consider the case when to the (1,1) and (N, N) entries of the
tridiagonal 2-Toeplitz matrix (4.4.1) we add real numbers « and f3, respectively.
First suppose that N = 2n+ 1. Using the linear property of the determinant
on columns (or rows), the characteristic polynomial of the tridiagonal matrix

o+ ap 1
bl a9 1
bg aq 1
(5.5.1) by -
a9 1
b2 ﬂ + aq

Popii(z) = (v —ay —a— B) Py (ma(z)) + (af(x — az) — aby — Bba) Py (ma(z)).

If N is even, say N = 2n, then the characteristic polynomial of the tridiag-
onal matrix

at+a; 1
bl (05} 1
b2 aq 1
by -
aq 1
b1 ﬁ + as

is Py, (z) =
Pr(ma(z)) + (alag — ) + Blar — o) + af + by) Py (ma(x))afby Py_y(m2())).

The expressions for the characteristic polynomials of these matrices are quite
more general than the formulas one can find in the main results of [10, 18].
From them, the determination of the eigenvalues (and associated eigenvectors),
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for some particular a and [, as considered in the references just cited follows
straightforward. For example, if

b b
aff = £+/biby  and &<1:F”b_l> +ﬁ<1:F”b_2> =ay —ay ,
2 1

then a1 + a + 8 and, respectively,

_ 2 Qk
i i\/wM%bgw\/blecos( il )

2 2n+1
fork=1,... ,n,or
ai + as (a1 — az)? k
£ —— b2+ b2+ 2/b1b
> \/ p ot Evhbcos| o T )

for k = 1,...,n, are the eigenvalues of the matrix TJS?) with N = 2n + 1.
According to the above formulas, the eigenvalues of

3/2 1
1 -1 1
4 1/2 1
1 -1 1
4 1/2 1
1 -1 1
4 5/2
are
T and —li @—FZICOS(%—W),
2 4 16 7

for k =1,2,3. We leave the details to the reader.

6. EIGENVALUES OF TRIDIAGONAL k-TOEPLITZ MATRIX

For k > 3, we consider now the general k-Toeplitz matrix

aq 1
b
Qe 1
bk aq 1
(6.6.1) T = by
Qe 1
bk aq 1
by

NXxXN
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For j > 1, define the polynomial in x of degree 7 —i + 1
T — a; 1

bz‘ T — Ai4+1 1
Aij(x) = bit1 )
' 1

bj,1 T — ay

and for j <, set
0 it j<i—1
rx—a; if j=1.

We consider also the polynomial of degree k

oue) = 5 { Duta) + 1 (e )}

where y? = by - - - by, and

T —ap 1 1
b1 T — Q2 1

by

1
by bp—1 T —ay

Theorem 6.1. [6] The characteristic polynomial Py of the tridiagonal k-Toeplitz
matric T](f ) ds

*LN/kJ blbrbk
7 Py(x) = Av(2)Unyk) (@k(fl?))JrT

for0<r<k-—1and N =rmodk.

Ar+2,k71(x)UL(N—k)/kJ (or(x)) -

Notice that this theorem is in fact a generalization the results presented by
Elsner and Redheffer in [3] and by Rézsa in [16] for the cases when the residue
mod k of N is equal to 0 or £ — 1.

Notice that if N = (k — 1) mod k, then

Py(z) = pNM A (2) Ul (9r(2))

and the eigenvalues of Tﬁf ) are the k—1 zeros of Aj ;—1(x) and all the solutions
of the | N/k| algebraic equations of degree k

Jkm ,
@k(f)ZQMCOSma j:17277LN/kJ7

generalizing the main results on eigenvalues in [1].
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The procedure used in the section 5 can be used to determine the eigen-
values (and naturally the eigenvectors by (2.2.2) of any perturbed tridiagonal
k-Toeplitz matrix, with a perturbation similar to the one occurred in the tridi-
agonal 2-Toeplitz matrix.
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18]
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