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Abstract

One of the key elements in economic growth theory is that population
growth exponentially. In this paper we reformulate the Ramsey model of eco-
nomic growth by assuming that the law describing population growth verifies
two stylized facts: 1) population is strictly increasing and bounded and 2) the
rate of growth of population is strictly decreasing to zero. In particular we
use the von Bertalanffy population growth law. Our model is represented by
a system of differential equations with population and per capita consumption
and capital as state variables. We show the existence of a steady state and
we study its stability. In particular we show that the equilibrium is a saddle
point with two dimensional basins of attraction. We also compare the results
with the classical Ramsey model, showing that the modified model improves
long run values of capital and consumption per capita.
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1 Introduction

This paper describes a generalization of the Ramsey optimal economic growth
model that allows population growth rate to diminish over time. The original
Ramsey model ([8], [12], [15]) assumes that labor force L grows at a constant
rate n > 0. In continuous time it is natural to define this growth rate as:

n =
L̇

L
=

∂L
∂t

L
(1)

which implies that the labour force growths exponentially and for any initial
level L0, at time t the level of the labour force is

L(t) = L0e
nt (2)

The simple Malthusian model can provide an adequate approximation to such
growth only for an initial period because, growing exponentially, labor force
approaches infinity when t goes to infinity, which is clearly unrealistic. The ex-
ponential model does not accommodate growth reductions due to competition
for environmental resources such as food and habitat. Verhulst [16] consid-
ered that a stable population would have a characteristic saturation level; this
limit for the population size is usually called the carrying capacity1 of the
environment (denoted herein as L∞) and forms a numerical upper bound on
the population size. Several studies support the hypothesis that the world’s
population growth rate is deceasing and tends toward zero (see, for example,
[10]). Therefore, as described by Maynard Smith [13], a more realistic model
of the growth of the labor force L(t) must exhibit the following properties:

1. when population is small enough in proportion to environmental carrying
capacity L∞, then L grows at a constant rate n > 0 and when population
is large enough in proportion to environmental carrying capacity L∞, the
economic resources become more scarce and this affect negatively growth
of the population:

L(0) = L0 > 0; L̇(t) > 0 and lim
t→+∞

L(t) = L∞

2. population relative growth rate n(t) = L̇(t)
L(t)

decreases to 0 over time:

ṅ(t) < 0 for all t ≥ 0 and lim
t→+∞

L(t) = 0

1In [3] the reader can find detailed information about the concept of carrying capacity of
human population.
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In this paper we assume that the labour force L(t) exhibits all these prop-
erties. In particular, we introduce the von Bertalanffy equation [4].2 This
model is widely used in population studies and data analysis and is one of
the simplest realistic models of population dynamics that incorporate all the
properties previously introduced. The von Bertalanffy function is the solution
of the initial value problem: {

L̇ = r (L∞ − L)
L(0) = L0

(3)

where L∞ is a theorical maximum asymptote size of the labor force (carrying
capacity), L0 is the labor force at time 0 and r is a constant which determines
the speed at which the labor force reaches the asymptote.

This equation has only one steady state at L∞ and has solution:

L(t) = L∞ − (L∞ − L0)e
−rt (4)

The three main properties of the von Bertalanffy growth are:

1. lim
t→+∞

L(t) = L∞, the population will ultimately reach its carrying capac-

ity.

2. The relative growth rate is:

n(t) =
L̇(t)

L(t)
=

r (L∞ − L (t))

L (t)
=

r (L∞ − L0)

(L0 − L∞) + L∞ert
(5)

which decreases monotonically to 0 as t tends to infinity.

3. The growth curve is sigmoidal and the inflection point is is localized
approximately at 30% of the final size

2 The modified Ramsey model

There are three key elements to the model:

2See [1], [5], [6], [7] and [14] for similar generalizations applied to the Solow model. In [9]
there is an application of the von Bertalanffy equation to predict body growth for Macoma
balthica and Xiao [17] uses the von Bertalanffy model to calculate the parameters from a
set of tagging data concerning times at liberty, lengths at release, and lengths at recapture
of a Lates calcarifer. In [2] the speed of growth of Cyprinus carpio was estimated with
data including length and weight of Cyprinus carpio, a work in which they employ the von
Bertalanffy equation. Finally, [11] compare three approaches to the multivariate analysis of
Oreochromis niloticus growth, based upon the von Bertalanffy equation.
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• The production function, i.e. how the inputs of capital K and labour L
are transformed into output Y

• How the labour and capital change over time

• The utility function, i.e., what are the preferences of agents for consump-
tion C

As usual, we shall assume that:

1. the production function Y = F (K, L) satisfy the following conditions:

(a) F (λK, λL) = λF (K, L), ∀λ, K, L ∈ R+

(b) F (K, 0) = F (0, L) = 0, ∀K, L ∈ R+

(c) ∂F
∂K

> 0, ∂F
∂L

> 0, ∂2F
∂K2 < 0, ∂2F

∂L2 < 0

(d) lim
K→0

∂F
∂K

= lim
L→0

∂F
∂L

= +∞; lim
K→+∞

∂F
∂K

= lim
L→+∞

∂F
∂L

= 0

2. the utility u(c) of consumption verifies that u′(c) > 0 and u′′(c) < 0

3. output is consumed or invested

Y (t) = C(t) + I(t) (6)

and capital stock changes K̇ (t) equal the gross investment I(t) minus
the capital depreciation δK (t):

K̇(t) = I(t) − δK(t). (7)

4. the labour force L(t) follows the von Bertalanffy law:{
L̇ = r (L∞ − L)
L(0) = L0 > 0

(8)

The last assumption is the unique difference with the original Ramsey
model. If k = K

L
, y = Y

L
and c = C

L
are income, capital and con-

sumption per worker respectively, then f(k) = F
(

K
L
, 1
)

= F (k, 1) is the
production function in intensive form and we have that:

• f(0) = 0;

• f ′(k) > 0, ∀k ∈ R+

• lim
k→+∞

f ′(k) = 0
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• lim
k→0+

f ′(k) = +∞

• f ′′(k) < 0, ∀k ∈ R+

From (6) and (7) we obtain

Y (t)

L(t)
=

C(t)

L(t)
+

K̇(t)

L(t)
+

δK(t)

L(t)
(9)

i.e.

y(t) = c(t) +
K̇(t)

L(t)
+ δk(t) (10)

But

k̇ =
LK̇ − KL̇

L2
=

K̇

L
− k

L̇

L
=

K̇

L
− k

r (L∞ − L)

L
(11)

and then

y = c + k̇ +

(
r (L∞ − L)

L
+ δ

)
k (12)

We therefore have the condition

k̇ = f(k) − c −
[
r (L∞ − L)

L
+ δ

]
k (13)

Then the per capita problem of optimal growth is to maximize the discounted
value of utility subject to equations (8) and (13); i.e.

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

maxc

∫∞
0

u(c)e−ρtdt

k̇ = f(k) − c −
[
r (L∞ − L)

L
+ δ

]
k

L̇ = r (L∞ − L)
k(0) = k0 > 0, L(0) = L0 > 0

0 ≤ c ≤ f(k).

(14)

The current value Hamiltonian of the problem is

Hc = u(c) + λ

[
f(k) − c −

[
r (L∞ − L)

L
+ δ

]
k

]
+ μr (L∞ − L) (15)
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with first order conditions

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂Hc

∂c
= u′(c) − λ = 0

λ̇ = −∂Hc

∂k
+ ρλ = −λ

{
f ′(k) −

[
r (L∞ − L)

L
+ δ + ρ

]}

k̇ = f(k) − c −
[
r (L∞ − L)

L
+ δ

]
k

L̇ = r (L∞ − L)

(16)

If we differentiate the condition u′(c) = λ with respect to t we have that

u′′(c)ċ = λ̇ (17)

and then it is

u′′(c)ċ = −λ

{
f ′(k) −

[
r (L∞ − L)

L
+ δ + ρ

]}
(18)

and using that u′(c) = λ, this condition can be expressed as:

−u′′(c)
u′(c) ċ = f ′(k) −

[
r
(
1 −

(
L

L∞

)α)
+ δ + ρ

]
(19)

But σ (c) = − cu′′(c)
u′(c) is the measure of relative risk aversion and then it is

ċ =

{
f ′(k) −

[
r (L∞ − L)

L
+ δ + ρ

]}
c

σ (c)
(20)

From this and (16), we obtain the equations of motion for the modified Ramsey
model which describes how consumption and capital per worker varies over
time:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ċ = c
σ(c)

{
f ′(k) −

[
r (L∞ − L)

L
+ δ + ρ

]}

k̇ = f(k) − c −
[
r (L∞ − L)

L
+ δ

]
k

L̇ = r (L∞ − L)

(21)
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3 Equilibria and stability

The equilibria of the model are the solution of the system⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

c
σ(c)

{
f ′(k) −

[
r (L∞ − L)

L
+ δ + ρ

]}
= 0

f(k) − c −
[
r (L∞ − L)

L
+ δ

]
k = 0

r (L∞ − L) = 0

(22)

If we exclude the trivial solutions obtained by considering c = 0, k = 0 or

L = 0, then the model has a unique positive equilibrium
(
ĉ, k̂, L̂

)
verifying:

⎧⎨
⎩

L̂ = L∞
f ′(k̂) = δ + ρ

ĉ = f(k̂) − δk̂

(23)

Note that the parameters of the population law do not enter in the formula
of ĉ and k̂. The steady state values of consumption and capital per worker
depend only on the parameters of technology and on the discount factors δ and
ρ. In particular we note that the equilibrium values ĉ and k̂ are not affected
by the intrinsic rate of population growth n(t) this is an important difference
with the classical Ramsey model, where an increase in the intrinsic rate of
population growth leads to lower levels of these variables. Note also that when
we substitute exponential growth of population by the von Bertalanffy law,
the equilibrium values are improved.

To study the stability of the equilibrium
(
ĉ, k̂, L̂

)
we consider the linear

approximation of the system around this point. The Jacobian matrix of the
linear approximation is given by

JG

(
ĉ, k̂, L̂

)
=

⎛
⎜⎜⎝

0
f ′′(k̂)ĉ

σ (ĉ)

rĉ

L∞σ (ĉ)
−1 ρ r

L∞
0 0 −r

⎞
⎟⎟⎠ (24)

Then the characteristic polynomial of this matrix is

−
(

X2 − ρX +
f ′′(k̂)ĉ

σ (ĉ)

)
(X + r) (25)

and, being ρ > 0 and
f ′′(k̂)ĉ

σ (ĉ)
< 0, this polynomial has two negative roots and

one positive root. Then the steady state
(
ĉ, k̂, L̂

)
is a saddle point and the

stable manifold is two-dimensional.
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Remark: Note that the form of the population law plays no role in the
proof of our results. Then it is plausible to induce that the results will be unal-
tered if, instead of the von Bertalanffy equation, we use any other autonomous
differential equation exhibiting properties 1 and 2 of the Introduction of this
paper to model population growth. This will be conduced as future research
and extensions of this paper.

4 Sumary and conclusions

In this paper we have developed an improved version of the Ramsey growth
model suggesting a more realistic approach by considering that population
growth is strictly increasing and bounded and that its rate of growth is strictly
decreasing to zero. In particular we use the von Bertalanffy equation to model
population growth. Dynamics of the model is described by a system of three
differential equations that have a unique non trivial steady state. We show
that this steady state is unstable. In particular, we show that the equilibrium
is a saddle point with two-dimensional stable transitional manifold. The paper
shows that when population verifies the more realistic conditions, the param-
eters of the von Bertalanffy equation play no role in determining the long run
equilibrium levels of per capita consumption, capital and output, while with
exponential population growth an increase in the intrinsic rate of population
growth leads to lower levels of these variables. We also show that equilibrium
per capita levels of consumption, capital and output are greater than those of
the classical model. Thus, in the long run, economic growth is improved if la-
bor force growth rate decreases. This is a motivation for policy makers to have
an efficient population growth rate. In the equilibrium of the classical Ramsey
model, aggregate capital and consumption tends unrealistically to infinity as
t tends to infinity, because population grows to infinity. This situation is im-
proved in our model, where in equilibrium, aggregate capital and consumption
tends to the finite values L̂ĉ and L̂k̂.

Some possible extensions of the exercise can involve the use of different
population laws. For example, we can use the logistic or the Richards law. Or,
we can use a general autonomous differential equation to represent population
growth, were the solution is strictly increasing and bounded and that its rate
of growth is strictly decreasing to zero.
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