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Abstract 

 

      Given a set of observations from the pair of variables 𝑦1  and 𝑦2  which are 

continuous and non- negative, an orthogonal transformation is applied to the 

deviations of  𝑦1  and 𝑦2  from their respective estimated means to form the 

transformed variables 𝑠1 𝑎𝑛𝑑 𝑠2 . Each 𝑠𝑖 is then a linear function of 𝑦1 and 𝑦2. Let  

𝑠1  be the transformed variable of which the coefficients are of different signs. The 

marginal distribution of the variable 𝑠1 is estimated by a power-normal distribution 

of which the first four moments are the same as those based on the observed 𝑠1. 

Given a value of 𝑠1, the conditional distribution of the variable 𝑠2 is estimated by a 

distribution derived from a quadratic function of two power-normal random 

variables. The derived conditional distribution is chosen to have about the same 

first four moments as those computed from some selected observed values of 𝑠2. 

From the product of the above marginal and conditional distributions, we can obtain 

the joint probability density function of 𝑦1 and 𝑦2. The proposed fitting procedure 

is applied to a set of 100 values of ( 𝑦1 , 𝑦2) generated from a bivariate Weibull 

distribution. A comparison of the fitted and actual marginal and conditional 

distributions indicates that the proposed procedure is satisfactory. 
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1.  Introduction  
 

Bivariate data have a wide application in the situation when we are interested in the 

relationship between two variables, denoted as  𝑦1  and 𝑦2 , or the probability of 

certain events which are expressed in terms of 𝑦1  and 𝑦2 .The following are some 

examples. 

(1)    When 𝑦1 is an explanatory variable and  𝑦2 the response variable, we might 

be interested in the distribution of 𝑦2  when the value of 𝑦1 is given.  

(2)   When 𝑦1  is the strength of a system which is subjected to stress 𝑦2 , the 

probability 𝑃(𝑦1 − 𝑦2 > 0) measures the system performance. 

(3)   In the situation in which  𝑦𝑖 denotes the lifetime of the i-th component in a 

series (or parallel) system of two correlated components, the probability that the 

time to failure of the system is bigger than a chosen value T is given by 𝑃(𝑦1 >
𝑇 𝑎𝑛𝑑 𝑦2  > 𝑇) (𝑜𝑟 𝑃(𝑦1 > 𝑇 𝑜𝑟 𝑦2  > 𝑇)). 
(4)   When 𝑦1  and 𝑦2 are respectively the future lifetimes of the husband and wife, 

the insurance companies need to know the distribution of the joint life status given 

by the minimum of 𝑦1  and 𝑦2 in determining the premium of a fixed term joint life 

assurance policy. 

     A direct way of investigating the relationship between two variables 𝑦1  and 𝑦2 

,and the probabilities of the events of interest, is one which makes use of the 

bivariate probability density function (pdf) of the two variables. There are various 

methods of constructing bivariate pdf . In what follows some of the important 

methods are outlined. 

        One of the methods is based on the copula (see [1]) which is a bivariate 

distribution function 𝐶(𝑢1, 𝑢2)  with uniform marginal over the unit square in the  

𝑢1 − 𝑢2  plane. Let 𝐹𝑖(𝑦𝑖) be the marginal distribution function of 𝑦𝑖  , 𝑖 = 1,2 . 

Then   𝐹(𝑦1, 𝑦2)=𝐶[𝐹1(𝑦1), 𝐹2(𝑦2)]  is a bivariate distribution of 𝑦1  and 𝑦2. 
    Another method is one which is based on the standard bivariate normal 

variables (𝑢1, 𝑢2)  with correlation 𝜌  (see [3,4]). A bivariate distribution for 

(𝑦1, 𝑦2) can be obtained by transforming to 𝑢𝑖 to 𝑦𝑖  via  

                    𝑢𝑖=𝛾𝑖+𝛿𝑖ℎ𝑖((𝑦𝑖-휁𝑖)/𝜆𝑖), 𝑖 = 1,2, 

where 𝛾𝑖, 𝛿𝑖,휁𝑖  𝑎𝑛𝑑 𝜆𝑖 are parameters, and ℎ𝑖(𝑣) is a selected one-to-one function 

of 𝑣. 
       In [5], Marshall and Olkin  obtained bivariate distribution H for  𝑦1  and 𝑦2 by 

forming integral using the mixture distribution 𝐾(𝜃1, 𝜃2)  for non-negative values 

of the parameters 𝜃1 and 𝜃2  , together with the distribution functions  

 𝐹1(𝑦1) and 𝐹2(𝑦2) : 

          H(𝑦1,𝑦2) = ∫ ∫ 𝐹1
𝜃1∞

0

∞

0
(𝑦1)𝐹2

𝜃2(𝑦2)𝑑𝐾(𝜃1, 𝜃2).    

      When a set of bivariate non-negative data is given, we may need to go through 

the process of finding the distribution functions 𝐹1(𝑦1) and 𝐹2(𝑦2) and a suitable 

copula, (or mixture distribution) in order to find a joint pdf to fit the data. Such a 

process in practice could be quite challenging. 
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      In this paper, a straightforward method of fitting distributions to the observed 

bivariate non-negative data is proposed. In the method, deviations of the variables 

𝑦1  and 𝑦2  from their respective observed means are transformed by using an 

orthogonal matrix to 𝑠1 and 𝑠2. Suppose the range of 𝑠1 is (-∞, ∞) and that of 𝑠2 is 
[𝑠2
∗(𝑠1),∞) where 𝑠2

∗(𝑠1) is dependent on  𝑠1 . The first four moments of 𝑠1  are 

calculated using the observed values of 𝑠1. The method of moments is then used to 

find a power-normal distribution (see [6]) to estimate the marginal distribution of 

𝑠1. When 𝑠1takes on a particular value, say  𝑠1
∗, the observed values of 𝑠2 of which 

(𝑠1, 𝑠2) lies in a selected region in the 𝑠1 − 𝑠2 plane are used to calculate the first 

four moments of 𝑠2  given that 𝑠1 = 𝑠1
∗  (denoted as  𝑠2|𝑠1 = 𝑠1

∗  ). From the 

distribution derived from a certain quadratic function of two power-normal random 

variables, we use the method of moments to find a conditional distribution for 

𝑠2|𝑠1 = 𝑠1
∗. From the marginal distribution of 𝑠1and the conditional distribution for 

𝑠2|𝑠1 = 𝑠1
∗, we find the joint pdf for the point (𝑠1

∗, 𝑠2). 
       This paper has five sections. Section 2 describes the computation of the pdf of 

the variable formed by a certain quadratic function of two power-normal random 

variables. Section 3 deals with the estimation of the marginal distribution of 𝑠1and 

the conditional distribution of 𝑠2|𝑠1 = 𝑠1
∗. In Section 4, the method in Section 3 is 

used to fit distributions to the data generated by using the bivariate Weibull 

distribution. Section 5 concludes the paper. 

  

2.  Pdf of Quadratic Function of Two Power-normal Variables  
 

In [6], the authors introduced the following power transformation of the standard 

normal random variable z: 

 

휀̃ = 𝜓(𝜆+, 𝜆−, 𝑧) =

{
 
 

 
 [(𝑧 + 1)

𝜆+ − 1] 𝜆+⁄ ,       (𝑧 ≥ 0, 𝜆+ ≠ 0)

log(𝑧 + 1),                         (𝑧 ≥ 0, 𝜆+ = 0) 

−[(−𝑧 + 1)𝜆
−
− 1] 𝜆−⁄ , (𝑧 < 0, 𝜆− ≠ 0)

− log(−𝑧 + 1),                  (𝑧 < 0, 𝜆− = 0) 
              

where 𝜆+ and 𝜆− are constants. The distribution of the resulting random variable 휀̃ 
is referred to as the power-normal distribution with parameters 𝜆+ and 𝜆−. 

Let 𝑤 = 𝑑𝑣 + 𝑒   
where d and e are constants, v=𝑣1+𝑣2, 𝑣𝑖=휀𝑖

+2, 휀𝑖
+=𝑐𝑖+휀𝑖, 

𝑐1and 𝑐2 are constants,  

휀𝑖 = [휀�̃� − 𝐸(휀�̃�)] [𝑣𝑎𝑟(휀�̃�)]⁄
1
2⁄ ,  

휀�̃�  has a power-normal distribution with parameters 𝜆𝑖
+  and 𝜆𝑖

−  , and 휀1̃  , 휀2̃  are 

independent. The above definition of w implies that the pdf of w is zero for   w < 

𝑒  and takes on a non-negative value if 𝑤 ≥ 𝑒. 

To find the pdf of 𝑣, we first find the pdf of 𝑣𝑖 from the pdf 𝑓𝜀𝑖 of 휀𝑖 using  

𝑓𝑣𝑖(𝑣𝑖) =
𝑓𝜀𝑖(−𝑐𝑖 − √𝑣𝑖) + 𝑓𝜀𝑖(−𝑐𝑖 +√𝑣𝑖)

2√𝑣𝑖
. 
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The pdf of 𝑣 evaluated at a given value, say 𝑣∗, may be expressed as  

𝑓𝑣(𝑣
∗) = ∫ 𝑓𝑣1(𝑡)

𝑣∗

0

𝑓𝑣2(𝑣
∗ − 𝑡)𝑑𝑡. 

When 𝑡 is near zero, 𝑓𝑣𝑖(𝑡) may be approximated by the following power function: 

                                                    𝑓𝑣𝑖(𝑡) ≅ 𝛼𝑖𝑡
−𝛽𝑖 ,𝑖 = 1,2 

where 𝛼𝑖  and 𝛽𝑖  are constants. A way to estimate the values of 𝛼𝑖  and 𝛽𝑖  is by 

solving the equations 

𝑓𝑣𝑖(𝑎) = 𝛼𝑖𝑎
−𝛽𝑖 

and  

𝑓𝑣𝑖(2𝑎) = 𝛼𝑖(2𝑎)
−𝛽𝑖 

for a small positive value of a. Let 𝑚  be a large positive integer. Suppose ℎ > 0 is 

such that 𝑚ℎ = 𝑣∗. Then the interval (0, 𝑣∗) may be partitioned into m intervals 

each of length ℎ, and 𝑓𝑣(𝑣
∗ ) may be approximated by 

 

𝑓𝑣(𝑣
∗) = 𝛼1  

ℎ1−𝛽1

1 − 𝛽1
𝑓𝑣2 (𝑚ℎ −

ℎ

2
) + ∑ 𝑓𝑣1(𝑗ℎ)𝑓𝑣2

𝑚−2

𝑗=1

(𝑣∗ − 𝑗ℎ)ℎ

+ 𝛼2  
ℎ1−𝛽2

1 − 𝛽2
𝑓𝑣1 (𝑚ℎ −

ℎ

2
). 

   

3.  Estimation of Marginal and Conditional Distributions  
 

Suppose the non-negative random variables 𝑦1and 𝑦2 have respectively the means 

𝜇1 and 𝜇2 ,and the variance-covariance matrix  

                           𝑴 = {𝐸{[𝑦𝑖 − 𝐸(𝑦𝑖)][𝑦𝑗 − 𝐸(𝑦𝑗)]}}. 

      

     Let 𝒚𝑘 = (𝑦1𝑘, 𝑦2𝑘)
𝑇 ,𝑘 = 1,… , 𝑛, be a set of bivariate observations from the 

variables 𝑦1and 𝑦2 . The mean 𝜇𝑖 of 𝑦𝑖 may be estimated by  

�̂�𝑖 = �̅�𝑖 =
1

𝑛
∑ 𝑦𝑖𝑘

𝑛

𝑘=1
, 𝑖 = 1,2 

while the variance-covariance matrix 𝑀 may be estimated by using 

�̂�𝑖𝑗 =
1

𝑛
∑ [𝑦𝑖𝑘 − �̅�𝑖]

𝑛

𝑘=1
[𝑦𝑗𝑘 − �̅�𝑗] 

Let �̂�  be the 2× 2 orthogonal matrix formed by the two 2 × 1 eigenvectors of �̂�. 
The vector formed by the deviation of 𝒚𝑘  from �̂� may be rotated by  �̂�𝑇  to the 

rotated variable   𝒔𝒌 = [𝑠1𝑘 , 𝑠2𝑘]𝑇 : 
                                                     𝒔𝒌=  �̂�𝑇[𝒚𝑘 − �̂�]. 
We may consider  𝒔𝒌 as the k-th observed value of the rotated variable 𝒔. The rows 

in the matrix �̂�𝑇 are typically such that the entries in one of the rows have opposite 

signs while those of the other row have the same sign. Thus the range of one of the 

component, say 𝑠1 , of 𝒔  will typically be (-∞, ∞) while that of the other component  

𝑠2 is  [𝑠2
∗(𝑠1),∞) where 𝑠2

∗(𝑠1) is dependent on  𝑠1. 
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     To find an approximate distribution for  𝑠1 ,we may first use the n observed 

values of  𝑠1  to compute the observed mean   �̂�𝑠1 = 𝑚𝑠1
(1)

 and the second to fourth 

central moments  𝑚𝑠1
(𝑙), 𝑙 = 2,3,4  of  𝑠1: 

𝑚𝑠1
(1)
=
1

𝑛
∑ 𝑠1𝑘

𝑛

𝑘=1
 

                    𝑚𝑠1
(𝑙) =

1

𝑛
∑ (𝑠1𝑘 −𝑚𝑠1

(1)
)
𝑙

𝑛
𝑘=1 , 𝑙 = 2,3,4. 

From the computed central moments, we find the following estimated standard 

deviation, coefficient of skewness and coefficient of kurtosis of  𝑠1: 

 �̂�𝑠1 = [𝑚𝑠1
(2)]

1/2

, 𝑆�̂�𝑠1 =
𝑚𝑠1
(3)

�̂�𝑠1
3 , 𝑎𝑛𝑑 �̂�𝑠1 =

𝑚𝑠1
(4)

�̂�𝑠1
4 . 

We next find a power-normal distribution of which the corresponding coefficients 

of skewness and kurtosis are the same as those of 𝑠1. Let the resulting parameters 

of this power-normal distribution be 𝜆1
+ and 𝜆1

− . The random variable  𝑠1  may then 

be equated to  

                             𝑠1 = �̂�𝑠1 +  �̂�𝑠1 [휀1̃ − 𝐸(휀1̃)] [𝑣𝑎𝑟(휀1̃)]⁄
1
2⁄                                        (1) 

where 휀1̃has a power-normal distribution with parameters 𝜆1
+ and 𝜆1

−. Equation (1) 

then provides the estimated marginal distribution of 𝑠1. 

      When the value of 𝑠1is fixed at a certain value, say 𝑠1
∗, the value of 𝑠2 will lie in 

[𝑠2
∗(𝑠1

∗),∞) where 𝑠2
∗(𝑠1

∗) is the value of 𝑠2 for the point of intersection of the line 

𝑦1 = 0  (or 𝑦2 = 0 ,  depending on the value of  𝑠1
∗) and the line 𝑠1 = 𝑠1

∗. In what 

follows, we attempt to derive an approximate distribution for 𝑠2|𝑠1 = 𝑠1
∗ . 

       Let �̅�1
∗ be the value of 𝑠1for the point of intersection of the line 𝑦2 = 0  (or 

𝑦1 = 0 ) and the line 𝑠2 = 𝑠2
∗(𝑠1

∗). We next let 

       𝑃(𝑠1
∗) = {(𝑦1, 𝑦2): 𝑠2 ≥ 𝑠2

∗(𝑠1
∗), 𝑠1 is in between �̅�1

∗ and 𝑠1
∗}, 

and denote the number of observed values of  (𝑦1, 𝑦2)  in 𝑃(𝑠1
∗)  as 𝑁(𝑠1

∗). 
It is possible that the distribution of 𝑠2 in [𝑠2

∗(𝑠1
∗),∞)  is the same for any given 

value of  𝑠1 in between �̅�1
∗ and 𝑠1

∗ . To check the equality of distributions of 𝑠2 in 
[𝑠2
∗(𝑠1

∗),∞)  , we may first 

1.  regress the values of 𝑠2 on 𝑠1 for all the values of (𝑠1, 𝑠2) derived from the 

values of (𝑦1, 𝑦2) in 𝑃(𝑠1
∗) to obtain the line of fit  

𝑠2 = �̂�0 + �̂�1
(1)𝑠1, 

2. regress the values of [𝑠2 − �̂�0 − �̂�1
(1)𝑠1]

𝑙

 on 𝑠1 for all the values of (𝑠1, 𝑠2) 

derived from the values of (𝑦1, 𝑦2) in 𝑃(𝑠1
∗) to obtain the slope �̂�1

(𝑙)
 of the 

regression line, 𝑙 = 2,3,4 

In the case when we can establish that  𝛽1
(𝑙)

 for 𝑙 = 1, . . ,4 are all insignificant when 

the relevant t-tests are applied, then we get an indication that the distribution of 𝑠2 

in [𝑠2
∗(𝑠1

∗),∞)  is the same for any given value of  𝑠1  in between �̅�1
∗ and 𝑠1

∗  . We 

may then use the observed values of 𝑠2 in 𝑃(𝑠1
∗) to compute the first four moments 

of 𝑠2. A quadratic function w of two power-normal random variables introduced in 

Section 2 may next be found such that the computed first two moments of 𝑠2 are 

equal to those of the quadratic function w, while the computed third and fourth  
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moments of 𝑠2 are as close as possible to those of w. The distribution of w may now 

be used to approximate that of  𝑠2|𝑠1 = 𝑠1
∗. 

     After transforming  (𝑦1, 𝑦2)
𝑇  to (𝑠1, 𝑠2)

𝑇 , the joint pdf of (𝑦1, 𝑦2)
𝑇may be 

computed as the product of the marginal pdf of 𝑠1 and the conditional pdf of 𝑠2 

given the value of 𝑠1. 
 

4.  A Numerical Example  
   

Consider the two-parameter Weibull distribution (see [2]) which has the following 

survival function: 

                        �̅�(𝑦1, 𝑦2) = 𝑒𝑥𝑝 {− [(
𝑦1

𝜆1
)

𝛾1
𝛼
+ (

𝑦2

𝜆2
)

𝛾2
𝛼
]

𝛼

}                                           (2)                                  

                     where     0 ≤ 𝛼 ≤ 1;  0 < 𝜆1, 𝜆2 < ∞;  0 < 𝛾1, 𝛾2 < ∞. 
     A total of 𝑛 = 100  observations of (𝑦1, 𝑦2)  are generated from the above 

bivariate Weibull distribution with parameters 𝜆1 = 𝜆2 = 1, 𝛾1 = 𝛾2 =
1.5 𝑎𝑛𝑑 𝛼 = 0.8. The corresponding values of [�̅�1, �̅�2] and  �̂� are  

[�̅�1, �̅�2] = [0.9321,0.9258], 

                               and  �̂� = [
0.5593 0.8289
−0.8289 0.5593

] 

     Figure 1 exhibits the marginal pdf of 𝑠1 estimated from the 100 observed values 

of 𝑠1 , and that based on the theoretical Weibull pdf obtained by differentiating 

partially the survival function given in (2). The figure shows that the estimated pdf 

bears a fairly striking resemblance to the theoretical pdf. 

 

 

 
 

 

Figure 1. Estimated and theoretical marginal pdf of  s1 in the bivariate Weibull 

model with parameters  λ1 = λ2 = 1, γ1 = γ2 = 1.5 and α = 0.8 . (n = 100) 
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Before estimating the moments of  𝑠2|𝑠1 = 𝑠1
∗  ,we may investigate whether the 

distribution of  𝑠2  in [𝑠2
∗(𝑠1

∗),∞)   is  the same for any given value of  𝑠1   in 

between  �̅�1
∗ and 𝑠1

∗ . For example, when 𝑠1
∗ = −0.1875,  𝑁(𝑠1

∗) is found to be 40. 

If we regress the values of 𝑠2 on 𝑠1 for all the 40 values of (𝑠1, 𝑠2) derived from the 

values of (𝑦1, 𝑦2) in (𝑠1
∗) , the line of fit is found to be 𝑠2 = 0.6089 𝑠1 − 0.1680. 

The absolute values of the t-statistics are respectively found to be  

|𝑇(1)| =0.9507, |𝑇(2)| = 1.8908 , |𝑇(3)| = 1.1691, and  |𝑇(4)| = 1.6909. 

These absolute values show that the slope parameters 𝛽1
(𝑙), 𝑙 = 1,2,3,4   are all 

insignificantly different from zero at the 5% level. 

      Table 1 shows that when the number 𝑁(𝑠1
∗) of points in 𝑃(𝑠1

∗) is fairly large, 

the estimated mean �̂�𝑠2, standard deviation �̂�𝑠2, coefficient of skewness 𝑆�̂�𝑠2  and 

coefficient of kurtosis �̂�𝑠2 of 𝑠2|𝑠1 = 𝑠1
∗ are quite comparable to the corresponding 

theoretical values. 

 

Table 1. Estimated and theoretical values of mean, standard deviation, coefficient 

of skewness, and coefficient of kurtosis of s2|s1 = s1
∗. 

 

 

No 

 

𝑠1
∗           N(𝑠1

∗)  
𝑠2
∗(𝑠1

∗) 

            Estimated Values 

 

        Theoretical Values 

 

 

  �̂�𝑠2          �̂�𝑠2        𝑆�̂�𝑠2      �̂�𝑠2 
 

𝜇𝑠2         𝜎𝑠2         𝑆𝐾𝑠2      𝐾𝑠2 
 

 

1 -1.5 52 -0.11 0.46 0.48 1.15 3.89 0.73 0.53 0.91 3.60 

2 -1.3125 59 -0.24 0.36 0.49 1.22 4.19 0.62 0.54 0.93 3.70 

3 -1.125 62 -0.37 0.27 0.52 1.22 4.16 0.50 0.55 0.95 3.79 

4 -0.9375 65 -0.49 0.21 0.54 1.13 3.92 0.39 0.55 0.97 3.87 

5 -0.75 67 -0.62 0.11 0.56 1.18 4.33 0.27 0.56 0.98 3.94 

6 -0.5625 68 -0.74 0.01 0.55 1.23 4.82 0.15 0.57 1.00 4.01 

7 -0.375 61 -0.87 -0.03 0.61 1.04 4.03 0.03 0.58 1.02 4.08 

8 -0.1875 40 -1.00 -0.10 0.66 1.22 4.52 -0.10 0.59 1.03 4.12        

9 0 23 -1.12 -0.09 0.73 1.35 4.70 -0.23 0.60 1.05 4.14 

10 0.1875 3 -1.25 -0.33 0.41 0.48 1.50 -0.40 0.64 1.04 4.01 

11 0.375 30 -1.10 -0.10 0.69 1.27 4.72 -0.18 0.61 1.01 4.01 

12 0.5625 65 -0.82 -0.03 0.58 1.10 4.29 0.08 0.58 1.00 4.01 

13 0.75 68 -0.54 0.16 0.55 1.16 4.17 0.32 0.56 1.00 3.95 

14 0.9375 62 -0.27 0.32 0.50 1.19 4.11 0.56 0.53 0.98 3.84 

15 1.125 44 0.01 0.55 0.47 1.12 3.80 0.81 0.51 0.94 3.68 

16 1.3125 25 0.29 0.85 0.41 1.09 3.74 1.05 0.49 0.89 3.46 

17 1.5 17 0.57 1.05 0.35 1.33 3.90 1.29 0.46 0.82 3.19 

18 1.6875 11 0.85 1.21 0.34 1.14 2.91 1.53 0.42 0.72 2.90 

19 1.875 4 1.12 1.59 0.30 -0.22 1.89 1.76 0.38 0.60 2.60 

20 2.0625 3 1.40 1.73 0.19 0.37 1.50 1.99 0.34 0.45 2.33 
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      When 𝑁(𝑠1
∗) is very small, the estimated moments may no longer be reliable. 

However, it is possible to use the results of the neighboring rows in the table to 

obtain  estimates of the moments by means of interpolation or extrapolation. 

     Figures 2 and 3 show the estimated and theoretical marginal pdf of 𝑠2|𝑠1 = 𝑠1
∗ 

when 𝑠1
∗=-1.5 and -0.1875 respectively. The figures reveal that the estimated pdf 

bear some resemblance to the theoretical pdf. 

 

 
 

Figure 2. Estimated and theoretical pdf of s2|s1 = s1
∗  in the bivariate Weibull 

model with parameters  λ1 = λ2 = 1, γ1 = γ2 = 1.5 and α = 0.8 . (n = 100, s1
∗ =

−1.5) 

 
Figure 3. Estimated and theoretical pdf of s2|s1 = s1

∗  in the bivariate Weibull 

model with parameters  λ1 = λ2 = 1, γ1 = γ2 = 1.5 and α = 0.8 . (n = 100, s1
∗ =

−0.1875) 
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       As the estimated marginal pdf of 𝑠1 and the estimated conditional pdf of 

𝑠2|𝑠1 = 𝑠1
∗  are both resembling the corresponding theoretical distributions, we 

would expect the product of the above marginal and conditional pdf to be a 

reasonable estimate of the theoretical joint pdf of 𝑠1 and 𝑠2 (or 𝑦1 and  𝑦2). 

 

 

5.  Concluding Remarks 
 

The method proposed in this paper works reasonably well for the data generated 

from the bivariate Weibull distribution. The reason is that the power-normal 

distribution and the distribution derived from a quadratic function of two power-

normal random variables are able to fit the underlying marginal and conditional 

distribution functions which are unimodal and taking on the zero value at the 

boundary point in the x-axis (or y-axis). When there is departure from unimodality 

of distribution and zero pdf at the boundary point, we may consider using a mixture 

of two power-normal distributions, and non-negative distribution which takes on 

nonzero value at the boundary point.  

     In the case of multivariate non-negative distribution with dimension larger than 

two, we may attempt to extend the method given in this paper. However, there 

would then be the need to tackle the issue of long computing time. 
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