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Abstract 

  

An early exponential equation for interpolation of four-point rectangles did not apply 

to every case of this design. A new exponential equation for the same four-point 

design is illustrated by examples. It is more versatile than the older equation and it is 

easy to apply. Alternative exponential equations for the four-point design are also 

illustrated by examples.    
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1. Introduction  
 

Classical methods for the design of experiments recommend a four-point rectangle 

with a positive number at each vertex of the rectangle. See rectangle ABDC in Fig. 1. 

It is desirable to have different interpolation equations for Fig. 1 so that experimental 

data can be analyzed in different ways. This opportunity permits more than one 

interpretation of laboratory results. 

        C   D 

 

        A   B 

 

           Fig. 1. A four-point rectangle 

 

The standard method for interpolating Fig. 1 is the bilinear equation. The equation 

does not render curvature estimates. This deficiency can be overcome by means of a  
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bi-quadratic equation originally derived by operational methods [1,2]. The first 

exponential equation for Fig. 1 was also derived by operational methodology [2]. It is 

easy to apply but it has the deficiency that it often interpolates with complex 

numbers. A remedy in these cases applies only the real parts of the complex 

numbers. This method is illustrated in [2].  

 

A new exponential equation for the four-point rectangle has the advantage that it 

seldom generates complex numbers. It consists of sixteen additive terms. This 

inconvenience is encountered only once: on inserting the equation into a computer 

program for numerical mathematics. The new equation is tested on a substitute-and-

see basis. The author has not discovered an example of a complex or an imaginary 

number as an interpolated result within the rectangle ABDC. The new equation 

applies in the x = –1 .. 1, y = –1 .. 1 coordinate system.  

 

2. Exponential interpolation equation for a four-point rectangle 
 

A diagram of an eight-point cube assists the derivation of the new equation.   

See Fig. 1. An exponential equation for the eight-point cube is Eq. (14) in [3].     

  

                                             A B

C D

I

F

H

G

 
        Fig. 1. An eight-point cube  

 

The first step is to put z = –1 in the cited Eq. (14) in [3]. That operation implies 

vertices F, G, H, and I in Fig. 1 approach indefinitely close to vertices A, B, C, and 

D, respectively. Using the equation for which z = –1, find its limiting form as vertex 

F approaches vertex A. That is the second step. On this result, find the limit as G 

approaches B. That is the third step. On the third step, find the limit as H approaches 

C. On the fourth step, find the limit as I approaches D. That is the fifth step. The 

sixth step is to convert the result of the fifth step to a rational form. If these steps 

have been completed satisfactorily, the result is a symbolic equation for a four-point 

rectangle as developed stepwise. The numerator has sixteen added terms.  Double-

letter combinations AB, AC, BD, CD represent (A–B)2, (A–C)2, (B–D)2, (C–D)2 

respectively.  

 

Q1 = (–C)((BD)/(AC))(1/2)                     (1) 
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Q2 = (–1)(((BD)/(AC))x((BD)/(AC)))(1/4)(D)                   (2) 

 

Q3 = (((BD)/(AC))x(BD)/(AC))(1/4)((CD)/(AB))(1/2)(B)                (3) 

 

Q4 = (–1)(((CD)/(AB))y(CD)/(AB))(1/4)(D)                   (4) 

 

Q5 = (–1)(((BD)/(AC))x((BD)/(AC)))(1/4)(((CD)/(AB))y((CD)/(AB)))(1/4)(C)    (5) 

 

Q6 = (–1)(((BD)/(AC))x((BD)/(AC)))(1/4)(((CD)/(AB))y((CD)/(AB)))(1/4)(B)    (6) 

 

Q7 = (–1)((CD)/(AB))(1/2)(B)                      (7) 

 

Q8 = (–1)(((BD)/(AC))x((BD)/(AC)))(1/4)((CD)/(AB))(1/2)(A)                 (8) 

 

Q9 = (((CD)/(AB))y((CD)/(AB)))(1/4)(C)((BD)/(AC))(1/2)                 (9) 

 

Q10 = (–1)(((CD)/(AB))y(CD)/(AB))(1/4)(A)((BD)/(AC))(1/2)                          (10) 

 

Q11 = (D)                                 (11) 

 

Q12 = (((CD)/(AB))y((CD)/(AB)))(1/4)(B)                            (12) 

 

Q13 = (((BD)/(AC))x((BD)/(AC)))(1/4)(C)                                  (13) 

 

Q14 = ((CD)/(AB))(1/2)(A)((BD)/(AC))(1/2)                            (14) 

 

Q15 = (((BD)/(AC))x((BD)/(AC)))(1/4)(((CD)/(AB))y((CD)/(AB)))(1/4)(D)       (15) 

 

Q16 = (((BD)/(AC))x((BD)/(AC)))(1/4)(((CD)/(AB))y((CD)/(AB)))(1/4)(A)   (16) 

 

Q17 = ((CD)/(AB))(1/2)((BD)/(AC))(1/2) – ((CD)/(AB))(1/2) – ((BD)/(AC))(1/2) + 1    (17)  

 

The numerator of the new exponential equation for rectangle ABDC is the sum of the 

sixteen terms denoted (Q1) to (Q16). The denominator of the new interpolation is 

equation is (Q17). The new interpolation equation is represented by Eq. (18). The 

equation applies in the x = –1 .. 1, y = –1 .. 1 coordinate system. 

  

z = (Q1+Q2+Q3+Q4+Q5+Q6+Q7+Q8+Q9+Q10+Q11+Q12+Q13+Q14+Q15+Q16)/(Q17) (18) 

 

The denominator of the equation, Q17, can be factored as in Eq. (19). This serves as a 

check on Eq. (17).  
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Q17 = (((B–D)2/(A–C)2)(1/2) – 1)(((D–C)2/(B–A)2)(1/2) – 1)                         (19) 

 

It is easy to make mistakes when transferring Eqs. (1)–(17) from a computer to a 

printed page, or from a printed page to a computer. The preceding derivation can be 

repeated to verify that an error was not made in either transfer.  

 

3. Applications of Eq. (18) 
 

Equation (18) is an exponential interpolation equation for a four point rectangle. The 

equation applies to positive numbers at vertices A, B, D, C in Fig. 1. If these 

numbers are all different, Eq. (18) is usually a satisfactory method for generating 

exponential interpolation equations for the four-point rectangle in Fig. 1. If 

[A,B,C,D] are [2,8,128,512], respectively, the interpolation equation is Eq. (20). If 

[A,B,C,D] are [12,18,138,522], respectively, the interpolation equation is Eq. (21). If 

[A,B,C,D] are [1,9,49,81], respectively, the interpolation equation is Eq.  

(22). The numerical coefficients in the following examples have been rounded.                    

 

                               z = (32)(16x)(1/4)(4096y)(1/4)                                      (20) 

 

                                    z = (32)(16x)(1/4)(4096y)(1/4) + 10                    (21) 

 

                               z = (39.19)(2.250x)(1/4)(16.00y)(1/4) – 15                                 (22) 

 

The preceding examples suggest that this method always generates simple 

interpolation equations but that is misleading. Some examples make this clear. If 

[A,B,C,D] are [1,9,49,25], the interpolation equation is Eq. (23).  

 

z = 13.00 – (20.78)(0.1111x)(1/4) + (24.00)(0.1111x)(1/4)(9.000y)(1/4)        (23) 

 

If [A,B,C,D] are [16,9,49,25], respectively, the interpolation equation is Eq. (24). All 

examples of the interpolation equations have rounded coefficients.  

 

z = 2.412 + (17.52)(0.2351x)(1/4)(11.76y)(1/4)                     (24) 

 

If [A,B,C,D] are [4,64,25,9] the interpolation equation is Eq. (25).  

 

z = 59.59 – (43.62)(6.859x)(1/4) – (47.84)(0.07111y)(1/4)  

  

      + (53.49)(6.859x)(1/4)(0.07111y)(1/4)                               (25) 

 

If [A,B,C,D] are [64,4,9,25] the interpolation equation is Eq. (26).  
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z = –43.62(0.1458x)(1/4) + 53.49(0.1458x)(1/4)(0.07111y)(1/4) + 59.59 

 

           –  47.84(0.07111y)(1/4)                       (26) 

 

If [A,B,C,D] are [64,512,125,27] the interpolation equation is Eq. (27), 

z = 178.2 – (101.8)(63.22x)(1/4) – (83.54)(0.04785y)(1/4) 

                            + (132.6)(63.22x)(1/4)(0.04785y)(1/4)                      (27) 

 

If [A,B,C,D] are [16,256,64,32] the interpolation equation is Eq. (28).  

 

z = –(43.51)(21.78x)(1/4) – (51.48)(0.01778y)(1/4)  

                          

                   + (67.52)(21.78x)(1/4)(0.01778y)(1/4) + 91.52                  (28) 

 

4. Special case of a four-point rectangle 
 

Let [A,B,C,D] in Fig. 1 be [4,1,1,4], respectively. Equation (18) fails in this case.  

Another method must be applied. As an example, Eq. (29) can be used to form four 

simultaneous equations in the (x = –1 .. 1, y = –1 .. 1) coordinate system as applied to 

Fig. 1. The four equations are Eqs. (30)–(33).  

 

 

    z = 2(P(x)+Q(y)+R(xy)+S)         (29) 

 

    z = 2(–P–Q+R+S) – 4 = 0         (30) 

    z = 2(P–Q–R+S) – 1 = 0         (31) 

    z = 2(–P+Q–R+S) – 1 = 0                    (32) 

    z = 2(P+Q+R+S) – 4 = 0         (33) 

Simultaneous Equations (30)–(33) render P = 0, Q = 0, R = 1.000, S = 1.000. The  

The interpolation equation for the four cited data is Equation (34).  

 

     z = 2(1+ xy)          (34) 

Equation (34), an exponential equation, renders z = 2.000 as the center point estimate 

for the rectangle ABDC with A = 4, B = 1, C = 1, D = 4 as in Fig. 1. In the 

laboratory, the true center point is usually estimated by an experiment.     
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Equation (29) above is an alternative to Eq. (18) for the representation of many four-

point rectangles by an exponential equation. A potential alternative is Eq. (35). In 

most cases both Eq. (18) and Eq. (29) are preferred to Eq. (35).  

 

    z = 2(P(x)+Q(y)+R(xy)) + S                    (35) 

 

5. Another exponential method for a four-point rectangle  
 

Section (2) of [4] illustrates an exponential method for rectangle ABDC in Fig. 1. 

That method applies Eq. (36), P = 2, and Q = (xc)x+(yc)y+(xyc)xy.  

 

         z = (P)Q + T                     (36) 

 

The datum at vertex A in Fig. 1 should be the smallest of the four numbers. That was 

not made clear in [4]. By this rule, let new data be [A,B,C,D] = [12,18,138, 522], 

respectively. See Fig. 1. Now solve four simultaneous equations in the (x = 0 .. 2, y = 

0 .. 2) coordinate system as illustrated by Eqs. (3)–(6) in [4].  

 

                         T – 11 = 0                                           (37)  

  

       22xc + T – 18 = 0          (38) 

 

      22yc + T – 138 = 0                     (39) 

 

         2(2xc + 2yc + 4xyc) + T – 522 = 0         (40) 

 

Using rounded numbers, Eqs. (37)–(40) have the solution: T = 11, xc ≈ 1.4036775, 

yc ≈ 3.4943423, xyc ≈ –0.20684320. See Eqs. (36) and (41). 

 

z ≈ 2(1.4036775x + 3.4943423y – 0.19971503xy) + 11                                  (41)  

 

Now adapt Eq. (41) to the x = –1 .. 1, y = –1 .. 1 coordinate system: substitute (x+1) 

in place of (x) and (y+1) in place of (y) in Eq. (41). The result is Eq. (42). That 

equation interpolates the data rotated so that the smallest number (A = 12) appears in 

the lower left hand vertex of rectangle ABDC in Fig. 1. All numerical coefficients 

have been rounded for the sake of simplicity.    

 

z ≈ 2(4.8980198 + 1.4036775x + 3.4943423y – 0.19971503(x+1)(y+1)) + 11                                    (42) 

 

Let the original data be rotated so that [A,B,C,D] are now [18,512,12,138]. Change 

the former coordinate letter (x) into (–y) and former letter (y) into (x) in Eq. (42).  
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Test the new equation to verify that it reproduces the new numbers at A, B, C, D in 

Fig. 1. The coordinate system is x = –1 .. 1, y = –1 .. 1 in Fig. 1. See Eq. (43). 

 

z ≈ 2(4.8980198 + 3.4943423x – 1.4036775y – 0.19971503(x+1)(1–y)) + 11                                    (43) 

 

Let a new equation be formed by another rotation of rectangle ABDC. That is, let A 

= 512, B = 138, C = 18, D = 12. Now change (x) into (–x) and y into (–y) in Eq. (41). 

The new interpolation equation for the new data is Eq. (44).  

 

  z ≈ 2(4.8980198 – 1.4036775x – 3.4943423y – 0.19971503(1–x)(1–y)) + 11       (44) 

 

As another example, let [A,B,C,D] be [138,12,522,18] in Fig. 1. Change (x) into (y) 

and old (y) into (–x) in Eq. (41). The new equation for this arrangement of the 

original data is represented by Eq. (45). 

 

  z ≈ 2(4.8980198 – 3.4943423x + 1.4036775y – 0.19971503(y+1)(1–x)) + 11               (45) 

 

Equations (40)–(45) interpolate the original rectangle and that design in other 

positions as obtained by successive rotations of the rectangle through right angles. 

Numerical coefficients in all of the equations have been rounded. In each case, the 

rectangle center point is approximately 36.96155.  

  

Equations (36)–(45) illustrate an exponential method for interpolation of four 

positive numbers in a rectangular array. It does not substitute for the method in 

section (2) above or any other exponential method for a four-point rectangle. An 

easy, alternative approach uses a biquadratic equation for the four point rectangle 

ABDC in Fig. 1. The cited equation is exact on positive bilinear numbers and their 

squares. See Eq. (46) below and Eq. (7) in [1].  

 

 

z = [(B + C)A2 + (–2D(B + C) – (C – B)2)A + (B + C)D2 – D(C – B)2]  

      / [2(C + D – A – B)(D + B – A – C)] 

 

   + (B + D – A – C)(x/4) + (C + D – A – B)(y/4) + (D + A – B – C)(xy/4)  

 

      + (D + A – B – C)(D + B – A – C)x2/(8(C + D – A – B))  

 

      + (D + A – B – C)(C + D – A – B)y2/(8(D + B – C – A))         (46) 
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6. Conclusion  
 

A new exponential-type interpolation equation for a four-point rectangle is illustrated 

by illustrated by Eq. (18). That method applies to most data that arise in the 

laboratory. It fails when two or more data are identical such as [A,B,C,D] = 

[1,9,49,49]. The method in Section (5) can then be applied. It renders z = 2P in which 

P ≈ [4.392317+1.584963(x)+2.807355(y)–0.792481(x+1)(y+1))]. The methods in 

Sections (4) and (5) can also be useful.  
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