
Applied Mathematical Sciences, Vol. 15, 2021, no. 7, 347 - 355
HIKARI Ltd, www.m-hikari.com

https://doi.org/10.12988/ams.2021.914517

Variable-order Legendre Polynomials

and Application 1

Xiaoling Liu

Department of Mathematics, Hanshan Normal University
Chaozhou, 521041 China

Xuan Liu

Department of Mathematics, Hanshan Normal University
Chaozhou, 521041 China

This article is distributed under the Creative Commons by-nc-nd Attribution License.

Copyright c© 2021 Hikari Ltd.

Abstract

A new orthogonal function named variable-order Legendre polyno-
mial (VOLP) is proposed. Several useful formulas for VOLP are directly
generalized from the classic Legendre polynomial. The fractional differ-
ential expression for VOLP of variable order is derived. As an appli-
cation, it is successful to solve the variable-order fractional differential
equation with initial value problem by the method of VOLP tau.

Keywords: Legendre polynomials, variable-order fractional derivative,
fractional differential equation

1 Introduction

Legendre equation is a kind of differential equation often encountered in physics
and other technical fields. It is used to solve the three-dimensional Laplace
equation in spherical coordinates. As early as 1785, Legendre studied the at-
traction between spheres and the line of star motion by introducing Legendre

1This work was partly supported by Characteristic innovation project of Guangdong
Provincial Department of Education under No. 2017KTSCX124.
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equation, and its solution is obtained by series solution. The form of the solu-
tion is called Legendre polynomial. Polynomial is one of the most important
function sets in mathematical physics, which has a wide range of applications
in physics and engineering. As a very important application, Legendre spec-
tral methods are very successful to solve the numerical solution to the various
differential equations, including integer and fractional order. Through google
scholar search, there are almost 64,000 articles from 1980 to 2020 on using
Legendre spectral methods to research various problems, such as numerical
method ([1]), random regression analysis ([2]), segmentation method capable
([3]), fingerprint research ([4]), optimum control ([5]), and so on. Recently,
many authors ([6, 7, 8, 9, 10])devote to apply Müntz orthogonal polynomials
to solve fractional differential equations (FDE). Inspired by these literatures,
we defined a new orthogonal polynomials named variable-order Legendre poly-
nomials, the order function α(x) of which is depend on the variable x. In partic-
ular, when α(x) = 1, VOLPs degenerate into the classic Legendre polynomials;
when α(x) = α(0 < α < 1), VOLPs are transformed into the fractional order
Legendre polynomials proposed in ([10]). Further more, using the method of
VOLPs tau to obtain some variable-order FDE is better than the one based
on other orthogonal polynomials.

2 Preliminaries

In this section, we introduce several definitions and lemmas, which are further
used in this article. First, let’s make the following assumptions. For β(x) > 0,
the functions ua(x) = (x− a)β(x), x > a and ub(x) = (b− x)β(x), x < b, mean
that when doing the orthogonalization for ua(x) and ub(x), β(x) is seen as the
usual function, otherwise, we treat β(x) is a constant function. For example,
u′a(x) = β(x)(x − a)β(x)−1; u′b(x) = −β(x)(b − x)β(x)−1. Such assumptions is
needed due to the definition of variable-order fractional derivative introduced
following.

Definition 2.1 For m − 1 < α(x) ≤ m, m ∈ Z+, then left-side Riemann-
Liouville fractional derivative of variable is defined by

aD
α(x)
x u(x) =

[
1

Γ(m− α(x))

∂m

∂ζm

∫ ζ

a
(ζ − ξ)m−1−α(x)u(ξ)dξ

]
ζ=x

. (1)

Definition 2.2 For m− 1 < α(x) ≤ m, m ∈ Z+, then right-side Riemann-
Liouville fractional derivative of variable is defined by

xD
α(x)
b u(x) =

[
1

Γ(m− α(x))

∂m

∂ζm

∫ b

ζ
(ξ − ζ)m−1−α(x)u(ξ)dξ

]
ζ=x

. (2)
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Definition 2.3 [11]For 0 < α(x) ≤ 1, the left-side Caputo fractional deriva-
tive of variable is defined by

C
aD

α(x)
x u(x) =

1

Γ(1− α(x))

∫ x

a
(x− ξ)−α(x)u′(ξ)dξ. (3)

Definition 2.4 For 0 < α(x) ≤ 1, then right-side Caputo fractional deriva-
tive of variable is defined by

C
xD

α(x)
b u(x) =

1

Γ(1− α(x))

∫ b

x
(ξ − x)−α(x)u′(ξ)dξ. (4)

Definition 2.5 For 0 < α(x) ≤ 1, the Riesz variable-order fractional
derivative of Caputo is defined by

CRα(x)u(x) = c(α(x))
[
aD

α(x)
x +x D

α(x)
b

]
u(x) =

∂α(x)u(x)

∂|x|α(x)
. (5)

with c(α(x)) = 1
0.5πα(x)

.

Then, for α(x), β(x) > 0 and constant C, we have

C
aD

α(x)
x C = 0, (6)

C
aD

α(x)
x (x− a)β(x) =

{
0, β(x) ∈ N+, α(x) > β(x),

Γ(β(x)+1)
Γ(β(x)−α(x)+1)

(x− a)β(x)−α(x),
(7)

C
b D

α(x)
x (b− x)β(x) =

{
0, β(x) ∈ N+, α(x) > β(x),

Γ(β(x)+1)
Γ(β(x)−α(x)+1)

(b− x)β(x)−α(x),
(8)

Definition 2.6 The Mittag-Leffler function with single-function is defined
by

Eα(x)(x) :=
∞∑
k=0

xkα(x)

Γ(kα(x) + 1)
, α(x) > 0. (9)

Lemma 2.7 Suppose f(x) ∈ [x0, b] is an infinitely α(x)-differentiable func-
tion. Then for α(x) > α0 = α(0) > 0, f(x) has the variable-order power series
expansion of the form

f(x) =
∞∑
j=0

( C
x0
Djα(x)
x f)(x0)

Γ(jα(x) + 1)
(x− x0)jα(x), (10)

and

f(x) =
∞∑
j=0

( C
xD

jα(x)
b f)(b)

Γ(jα(x) + 1)
(b− x)jα(x). (11)
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Proof. Assume f(x) has the expansion

f(x) =
∞∑
j=0

Ci(x− x0)jα(x)+1.

Apply the variable-order fractional derivative to the both sides of the above
equation and let x = x0, we have C0 = f(0), repeat this process n-times and
until infinite, we have

C1 =
( C
x0
Dα(x)
x f)(x0)

Γ(α(x) + 1)
, · · · , Cn =

( C
x0
Djα(x)
x f)(x0)

Γ(jα(x) + 1)
, · · ·

which yield the equation (11). In particular, when x0 = 0, we have

f(x) =
∞∑
j=0

( C
0 D

jα(x)
x f)(0)

Γ(jα(x) + 1)
xjα(x). (12)

Example 2.8 Suppose α(x) > α0 > 0. Consider the variable-order power
series expansion of the function Eα(x)(x) defined by (9). From the Definition
2.3 and equation (8), we derive

Eα(0)(0) = 1,
(
C
0 D

jα(x)
x Eα(x)(x)

)
(0) = 1, j = 1, 2, · · ·

Then, by equation (12), we have

Eα(x)(x) =
∞∑
k=0

xkα(x)

Γ(kα(x) + 1)
.

Similarly, we have

1

1− xα(x)
= 1 + xα(x) + x2α(x) + · · ·+ xnα(x) + · · ·

3 Variable-order Legendre Polynomials

In this section, we introduce the definition of VOLPs and some useful formulas.
The classic Legendre polynomials, denoted by Ln(z), are orthogonal on the
interval [−1, 1], which is∫ 1

−1
Ln(z)Lm(z)dz =

2

2n+ 1
δnm, (13)

where δnm is the Kronecker function.
we take the change variable z = 2y−1 to Legendre polynomials, and denote

Ln(2y − 1) by SLn(y), that is∫ 1

−1
SLn(y)SLm(y)dy =

1

2n+ 1
δnm. (14)
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We call SLn(y) the shifted Legendre polynomials, also can be obtained by the
following three-term recurrence relations

(n+ 1)SLn+1(y) = (2n+ 1)(2y + 1)SLn(y)− nSLn−1(y),

SL0(y) = 1 and SL1(y) = 2y − 1. The analytic form of the shifted Legendre
polynomials is given by

SLn(y) =
n∑
j=0

(−1)n+j (n+ j)!yj

(n− j)!(j!)2
.

Now, for α(x) > α0 > 0, in order to apply Legendre polynomials on the
interval [0, 1], we define the VOLPs by introducing the change variable of

z =
[
2xβ + 1

]
β=α(x)

, which means that when doing the orthogonalization for

VOLPs we treat the change variable as the function z = 2xα(x) + 1, otherwise
z is treated as power function. We need such assumption due to the Definition
2.3. The VOLPs, denoted by V Lα(x)

n (x), are orthogonal polynomials with the
weight function w(x) = xα(x)α′(x) lnx+ α(x)xα(x)−1, that is∫ 1

0
V Lα(x)

n (x)V Lα(x)
m (x)w(x)dx =

1

2n+ 1
δnm.

In Figure ??, we plot the first six terms of VOLPs. The following are some
useful formulas about VOLPs, which are directly generalized from the classic
Legendre polynomials.

1. The analytic form of VOLPs:

V Lα(x)
n (x) =

n∑
j=0

bj,nx
jα(x), bj,n =

n∑
j=0

(−1)n+j (n+ j)!

(n− j)!(j!)2
. (15)

2. The three-term recurrence relations for VOLPs:

(n+ 1)V L
α(x)
n+1(x) = (2n+ 1)(2xα(x) + 1)V Lα(x)

n (x)− nV Lα(x)
n−1(x),

with V L
α(x)
0 (x) = 1 and V L

α(x)
1 (x) = 2xα(x) − 1.

3. Derivative recurrence relations for VOLPs:

(4n+ 2)V Lα(x)
n (x) = xα(x)−1

(
V L

α(x)
n+1(x)− V Lα(x)

n−1(x)
)′

4. The boundary value of VOLPs:

V Lα(0)
n (0) = (−1)n, V Lα(1)

n (1) = 1, n = 0, 1, 2, · · ·
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5. Legendre’s differential equation of variable-order:[(
(x− xβ+1)

(
V Lα(x)

n (x)
)′)′

+ β2n(n+ 1)xβ−1V Lα(x)
n (x)

]
β=α(x)

= 0.

Lemma 3.1 Let α(x) > α0 > 0, and

d
α(x)
i,j =

∫ 1

0

C
0 D

α(x)
x V L

α(x)
i (x)V L

α(x)
j (x)w(x)dx, i, j = 0, 1, 2, · · ·

Then we have

d0,j = 0; d
α(x)
i,j =

i∑
n=1

j∑
m=0

bn,ibm,j
Γ(nα(x) + 1)

Γ((n− 1)α(x) + 1)(n+m)
, i ≥ 1.

Proof. By (6), we have d0,j = 0. Then for i ≥ 1, formulas (15), (6) and (8)
lead to

d
α(x)
i,j =

∫ 1

0

i∑
n=0

bn,i
C
0 D

α(x)
x xnα(x)

j∑
m=0

bm,jx
mα(x)w(x)dx

=
∫ 1

0

i∑
n=1

bn,i

[
Γ(nβ + 1)

Γ((n− 1)β + 1
)

]
β=α(x)

x(n−1)α(x)
j∑

m=0

bm,jx
mα(x)w(x)dx

=
i∑

n=1

j∑
m=0

bn,ibm,j
Γ(nα(x) + 1)

Γ((n− 1)α(x) + 1)(n+m)
. (16)

From Lemma 3.1, we easily have

C
0 D

α(x)
x V L

α(x)
i (x) =

i−1∑
j=0

(2j + 1)d
α(x)
i,j V L

α(x)
j (x)

with d
α(x)
i,j is given by (16).

4 Application

In this section, we apply the method of VOLPs tau to solve the variable-order
fractional differential equation{

C
0 D

α(x)
x u(x) + u(x) = f(x),

u(0) = 0.
(17)

Suppose f(x) =

[
Γ(2β + 1)

Γ(β + 1)

]
β=α(x)

· xα(x) + x2α(x). Then the exact solution for

(17) is u(x) = x2α(x). Now we use the method of VOLPs tau to obtain it. Let

u(x) '
n−1∑
i=0

ciV L
α(x)
i (x) = CTφ(x), (18)
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with CT = [c0, c1, · · · , cn−1] and φ(x)T = [V L
α(x)
0 (x), V L

α(x)
1 (x), · · · , V Lα(x)

n−1(x)].
From Lamma 3.1, we have

C
0 D

α(x)
x u(x) '

n−1∑
i=0

ci
C
0 D

α(x)
x V L

α(x)
i (x) = CTDα(x)

n φ(x), (19)

with the matrix Dα(x)
n = {di,j}n×n, where di,j is given by (16). Assume

f(x) '
n−1∑
i=0

fiV L
α(x)
i (x) = F Tφ(x), (20)

with F T = [f0, f1, · · · , fn−1], where fi = (2i + 1)
∫ 1

0 f(x)V L
α(x)
i (x)w(x)dx, i =

0, 1, · · · , n− 1. Set n = 3. Then

V L
α(x)
0 (x) = 1, V L

α(x)
1 (x) = 2xα(x)−1, V L

α(x)
2 (x) = 6x2α(x)−6xα(x)+1, (21)

f0 =
Γ(2α(x) + 1)

2Γ(α(x) + 1)
+

1

3
, f1 =

Γ(2α(x) + 1)

2Γ(α(x) + 1)
+

1

2
, f2 =

1

6
.

By (18), (19) and (20), we have

CTD
α(x)
3 + CT = F T

with three order matrix

D
α(x)
3 =

(
0 0 0 ; d1,0 d1,1 d1,2 ; d2,0 d2,1 d2,2

)
,

which in accordance with u(0) =
∑2
i=0 ciV L

α(0)
i (0) = c0 − c1 + c2 = 0 yields

CT = [1
3
, 1

2
, 1

6
]. Finally, (21) and (18) lead to the exact solution to (17).
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Figure 1: The first six terms of VOLPs for α(x) = 0.5 + 0.5 cos(0.5πx).
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Figure 2: The first six terms of VOLPs for α(x) = 1− 0.5 cos(0.5πx).
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