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Abstract
In this paper, we present properties of connected components in the
case of a network (which is defined as a family of pretopologies). The
network can be analyse by the union or by the intersection or by the
composition of the different pretopologies.
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1. Introduction

In Pretopology (see [1][2][5]), a network is defined as a family of pretopolo-
gies. Most often, it is studied by the union or by the intersection or by the
composition of the different pretopologies constituting it (see [6]).

We have already studied the case of the strong connectivity (see [3][4]).
So we highlight algorithms for searching the connected components (which is
equivalent for searching the greatest connected subspaces (see [5])) of a network
given the connected components of each pretopological space of the network.

2. Different Types of Pretopological Spaces (see [1][2][3])
Definition 1. Let X be a non empty set. P(X) denotes the family of

subsets of X. We call pseudoclosure on X any mapping a from P(X) onto P(X)
such as :
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a(p) =0
VACX, AcCa(A)

(X, a) is then called pretopological space.
We can define 4 different types of pretopological spaces.
1- (X, a) is a V type pretopological space if and only if

VACX,VBCX,ACB= a(A) C a(B).

2- (X, a) is a Vp type pretopological space if and only if
VAcCX,VBCX, a(AUB)=a(A)Ua(B).
3- (X, a) is a Vg type pretopological space if and only if
VACX, a(A) =U,eqal{z}).
4- (X, a) a Vp type pretopological space, is a topological space if and only
if
VACX, a(a(A)) = a(A).

Property 2. If (X, a) is a Vs space then (X, a) is a Vp space. If (X, a)
is a Vp space then (X, a) is a 'V space.

Example 3. Let X be a non empty set and R be a binary relationship
defined on X.

The pretopology of descendants, noted a4, is defined by :
VACX, ai(A)={xe X/ Rx)NA#g¢}UAwithR(x)={ye X/xRy
}.

The pretopology of ascendants, noted a,, is defined by :
VACX, a,(A)={xe X/ R'(x)NA#0}UAwith R'(x)={yeX/
y R x}.

These pretopologies are Vg ones.

The pretopology of ascendant-descendants, noted a,q, is defined by :
VACK, agq(A)={xeX/R'(x)NA#oand R(x) N A #¢}UA.
This pretopology is only V' one.

3. Different Pretopological Spaces Defined from a Space
(X, a) and Closures (see [1][2][6])
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Definition 4. Let (X, a) be a V' pretopological space. Let A C X. Ais a
closed subset if and only if a(A) = A.

We note V A C X, a’°(A) = A and Vn, n> 1, a"(A) = a(a"!)(A).

We name closure of A the subset of X, denoted F,(A), which is the smallest
closed subset which contains A.

F’, , the inverse of the closure generated by a, is defined by : V A C X,
Fu(A) = {yeX/F({yhNAFo}

We note a” = F’, ® F, (a” is the composed of the mapping F’, and F,)
and F”, the closure according to a”.

Remark 5. F,(A) is the intersection of all closed subsets which contain
A. In the case where (X, a) is a "general” pretopological space (i.e. is not a
V' space, nor a Vp space, nor a Vs space, nor a topological space), the closure
may not exist.

Proposition 6. Let (X, a) be a V space. Let A C X. If one of the two
following conditions is fulfilled :

- X is a finite set

- a 1s of Vs type
then Fo(A) =, ~0a™(A).

Remark 7. If a is of V type then ", F, , a” and F”, also are of V' type
and F’, is of Vs type. If a is of Vg type then o, F, , a”, F’, and F”, are also
of Vs type.

Definition 8. Let (X, a) be a V' pretopological space. Let A C X. We
define the induced pretopology on A by a, denoted a4, by :

V C CA, as(C) =a(C)nA.
(A, aa) (or more simply A) is said pretopological subspace of (X, a).
We note (F,)a the closing obtained by restriction of closing F, on A. (F,)4 is
such as V C C A, (F,)a(C) = F,(C) N A.

4. Connectivity in (X, a) (see [1][2][5][7][8][9][10][11])
Definition 9. Let (X, a) be a V' pretopological space.
(X, a) is connected if and only if V C C X, C # ¢, F,(C) = X or

Fo(X - Fo(C)) N Fu(C) # 0.

Definition 10. Let (X, a) be a V pretopological space. Let A a non
empty subset of X. Let B a non empty subset of X. There exists a chain in (X,
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a) from B to A if and only if B C F”,(A).

Proposition 11 (see [7]). Let (X, a) be a V' pretopological space.
IfV x € X andV y € X, there exists a chain in (X, a) from {y} to {z} then
(X, a) is connected.

Proposition 12 (see [7]). Let (X, a) be a Vs pretopological space.
i- (X, a) is connected < ¥V © € X and ¥V y € X, there exists a chain in (X,
a) from {y} to {x}.
it- (X, a) is connected < ¥V z € X and ¥V y € X, there exists a sequence
TQenrnarnns r, of elements of X such as xq = x, x,= y with ¥Vj = 0,....... , n-1,

rin€ o({z;}) orz;€ a({zjn}).

Definition 13. Let (X, a) be a V pretopological space. Let A C X with
A non empty.

A is a connected subset of (X, a) if and only if A endowed with (F,)4 is
connected.

A is a connected component of (X, a) if and only if A is a connected subset
of (X, a) and VB, A C B C X with A # B, B is not a connected subset of (X,
a).

A is a connected subspace of (X, @) if and only if (A, a4), as a pretopological
space, is connected.

A is a greatest connected subspace of (X, a) if and only if (A, ay) is a
connected subspace of (X, a) and V B, A C B C X and A # B, (B, ap) is not
a connected subspace of (X, a).

Proposition 14 (see [5]). Let (X, a) be a V' pretopological space. Let A C
X with A non empty.

A is a connected component of (X, a) if and only if A is a greatest connected
subspace of (X, a).

Proposition 15. Let (X, a) be a V pretopological space. Let A C X with
A non empty.

i- IfV v € A andV y € A, there exists a chain in (A, as) from {y} to {x}
then A is a connected subset of (X, a).

- IfV x e A andV y € A, there exists a sequence xq......... x, of elements
of A such as vo = x, x,= y with Vj = 0,....... , n-1, i€ a{x;}) or x;€
a({xj41}) then A is a connected subset of (X, a).

Proof.
i-IfVx € Aand Vy € A, there exists a chain in (A, a4) from {y} to {x}



Connected components of a network in pretopology 253

Then (A, a4) is a connected subspace of (X, a) (Proposition 11 and Defi-
nition 13)

and then A is a connected subset of (X, a) (see [5]).

ii- If Vx e AandVy € A, there exists a sequence zg......... x,, of elements of
A such as zg = x, z,=y with Vj = 0,....... -1, 2501 € a({z;}) or z;€ a({xj11})

then Vx € A and Vy € A, there exists a chain in (A, a4) from {y} to {x}
(see [7])

then A is a connected subset of (X, a) (Proposition 15-1).

Remark 16. Generally speaking, if Vx € A and V y € A, there exists a
chain in (X, a) from {y} to {x} then A is not a connected subset of (X, a).

Example 17. Let (X, a) a pretopological space with X = { a, b, ¢, d }
and A = { a, d }. Let a pretopology of descendants defined by the following
graph 1 :

X R(x)

a @

b {a,c}
C 0

d {c}

Graph 1

Vx € AandVy € A, there exists a chain in (X, a) from {y} to {x} but A
is not a connected subset of (X, a).

Remark 18. Generally speaking, the converse of ii- is not true.

Example 19. Let (X, a) a pretopological space with X = { a, b, ¢ }. Let
a pretopology of ascendant-descendants defined by the following graph 2 :

X R(x)

a {c}

b {a,c}

c {b}
Graph 2

F.({a}) = {a} and F,({b}) = Fo({c}) = X with Fo({ b, ¢ }) = X so Fy(
X-F.({a})) N F,({a}) = {a} # o then (X, a) is connected.

But there does not exist a sequence xzqg......... z,, of elements of X such as xg
=c, ,= a with Vj = 0,....... ,n-1, x;00€ a({z;}) or x;€ a({zj41}).
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Proposition 20. Let (X, a) be a Vs pretopological space. Let A C X with
A non empty.

i- If A is a connected subset of (X, a) then ¥ x € A and ¥V y € A, there
exists a chain in (X, a) from {y} to {z}.

it- If A is a connected subset of (X, a) then ¥ z € A and ¥V y € A, there

erists a sequence xg......... xn of elements of X such as vy = x, x,= y with Vj
=0,....... , n-1, x; € a({z;}) or ;€ a({xj}).
Proof.

i- A is a connected subset of (X, a)

SoVCCA, C#g, (1) F (C)NnA=Aor(2) Fo(A- (F,(C)NA)) N F,(C)
N A #o.

Vxe A F7,({x}) N A C Aand F”,({x}) N A # 0.

Let’s show that F”,({x}) N A does not verify (2) so that

Fu(A - (Fa(F"o({x}) N A) 1 A)) N Fo(F7({(x) N A) N A = 0.

We have F,(F”,({x}) N A) N A =F",({x}) N A.

Indeed, F”,({x}) N A C F",({x})

So Fo(F7,({x}) N A) C F7,({x}) (F”.({x}) is closed for F,)

And then F,(F”,({x}) N A) N A C F”,({x}) N A.

We have also F”,({x}) N A C F,(F".({x}) N A)

Then F7,({x}) NANACF,(F'.({x}) nA) N A

And then F”,({x}) N A C F,(F",({x}) N A) N A.

We must show that F (A - (F”,({x}) N A)) N F’,({x}) N A = 0.

F”o({x}) is closed for F’ soVy € X - F”,({x}), v ¢ F'o(F".({x}))

Then ¥y € A - (F",({x}) N A), Fa({y}) N Fa({x}) = 0

So Fo(A-(F?,({x}) N A) N F’,({x}) N A =g.

In result, (2) is not verified so (1) is verified and we have F,(F”,({x}) N
A)NA=F,{x})nA=A

So A C F",({x})

And thenVx € A,Vy e A,y € F”,({x}) and the result.

ii- A is a connected subset of (X, a)

then Vx € A and Vy € A, there exists a chain in (X, @) from {y} to {x}
(see i-)

and then V x € A and V y € A, there exists a sequence xg......... x, of
elements of X such as xy = x, z,= y with Vj = 0,....... ,n-1, z;00€ a({z;}) or

z;€ a({zji1}) (see [7]).

Remarks 21.
1- Generally speaking, the converses of i- and ii- are not true (see previous
example 17) .
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2- If A is a connected subset of (X, a) then, generally speaking, it is
possible that there exists x € A and y € A such as there does not exist a chain
in (A, ay) from {y} to {x}.

3- If A is a connected subset of (X, a) then, generally speaking, it is
possible that there exists x € A and y € A such as there does not exist a
sequence I......... x, of elements of A such as z¢y = =y withVj=0,..... ,

nl, 25€ a({z;}) or ;€ al{a;i}).

Example 22. Let (X, a) a pretopological space with X = { a, b, ¢ } and
A ={a,b}. Let apretopology of descendants defined by the following graph
3

X R(x)
a {c}
b 0
c {b}
Graph 3
A is a connected subset of (X, a) but there does not exist a chain in (A,
ay) from {a} to {b}. Morever, there does not exist a sequence xy......... x,, of
elements of A such as zy = a, x,= b with Vj = 0,....... ,n-1, z;4,€ a({z;}) or

7;€ a({zj}).

5. Definition of a Network and Different Closures (see

[6])

Definition 23. Let X a non empty set. Let I a countable family of indices.
The family { (X, a@;), i€l } of pretopological spaces is a network on X.

Definition 24. Let X a non empty set. For any pretopologies a; and ay
defined on X, for any subset A of X, we define the three following mappings :

(a1 U a2)(A) = a1(A) U ap(A) [union of pretopologies]

(o ﬂ a)(A) = a1(A) N ax(A) [intersection of pretopologies]

(a1 ©® a)(A) = ay(az(A)) [composition of pretopologies]

More generally, in a network { (X, a;), 1€l } such as for any i€l q; is of V
type, we note F,; the closure according to a;, F, (respectively Fp) the closure
according to |J,.; a; (vespectively (,c; a;), Fup (respectively Fnp) the closure
according to |J..; Fai (respectively (..; Fai), F”u the closure according to (
Uie] ai)”'

We define the mapping, denoted [],.; a;, from P(X) onto P(X) by :

el el
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VA CX, [e;a(A)= { x€X/ there exists ncl such as x € a,( ap_1( ... (
m(A).) 1
And we denote Fyj the closure according to Hie ; a; and Fryp the closure ac-
cording to [[,c; Fui-

Proposition 25 (see [6]). Let { (X, a;), i€ } a network such as for any
€1, a; is of V' type.

i- FU = FuF - FHF — FH

ii-VACX, Fn(A) C Frp(A).

6. Connected Components in a Network

Definition 26 (see [1]). Let X a non empty set. Let a; and ay two
pretopologies on X.
ap is thinner than ay if and only if V A C X, a;(A) C ax(A).

Remark 27 (see [1]). Let X a non empty set. Let a; and ay two V type
pretopologies on X.
If a; is thinner than ay then F,; is thinner than F,,.

Proposition 28. Let X a non empty set. Let a; and ay two V type
pretopologies on X such as ay thinner than ay. Let A C X with A non empty.
If A is a connected subset of (X, ay) then A is a connected subset of (X,

az).

Proof.

A is a connected subset of (X, ;) @ VC C A, C#9, (1) Fir(C)N A =
Aor (2) For(A - (Fai(C) NA)) NFui(C) N A # ¢ (by definition).

Let’s show that V. C C A, C # ¢, (1') Fea(C) N A = A or
(2") Faa(A - (Fua(C) NA)) N Fua(C) N A # 0.

We note that Fo1(F2(C) N A) N A =F,(C) NA.

Indeed, FQQ(C> NnA C Fal(Fa2<C) N A) and FGQ(C) NnA C A

Then Foo(C) N A C For(Fae(C) N A) NA.

Conversely, Fu1(Fa2(C) N A) C Fua(Fa2(C) N A) (Remark 27)

Then F,1(Fa2(C) N A) C Faa(C)

And then F,;(F,2(C) N A) NA C Fae(C) N A.

We have Fy2(C) N A C A with A connected subset of (X, a;), so :

-if (1) For(Fa2(C) N A)N A=A

Then F,2(C) N A = A (see previous remark)

And then (17) is verified.

3 (2) Far(A - (Fan(Fia(€) 1 A) 1 A)) N Fan(Faa(C) N A) N A £ 0
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(see previous remark)

Then Fal(A - (FQQ(C> N A))
F ¢ (Remark 27)

N
And then Fyo(A - (Fe2(C) N A)) N Faa(C)
So (2’) is verified.

> e
N

Proposition 29. Let { (X, a;), i€l } a network such as for any i€, a; is
of V type. Let A C X with A non empty.

i- The following assertions are equivalent :

(1) A connected subset of (X, |U;c; ai)

(2) A connected subset of (X, |U;c; Fai)

(3) A connected subset of (X, [[;c;ai)

(4) A connected subset of (X, [[;c; Fai)-

ii- If A is connected subset of (X, (\,c;ai) then A is connected subset of

(X: ﬂiel Fai)'

Proof.

i- Let’s show that (1) is équivalent to (2) :

A is a connected subset of (X, |J,c; a;)

SVCCA C#o, (1) Fu(C)NnA=Aor

(2) FU(A - (Fu(C) mA)) N Fu(C) N A # ¢ (by definition)
SVCCA C#o, (1) Fup(C)NA=Aor

(2) Fur(A - (Furp(C) NA)) N Fur(C) N A # ¢ (Proposition 25-1)
& A is a connected subset of (X, (J;c; Fui)-

iel

Let’s show that (1) is équivalent to (4) :

A is a connected subset of (X, |J,c; a;)

SVCCA C#g, (1) Fu(C)NnA=Aor

(2) FU(A - (Fu(C) M A)) N Fu(C) N A # ¢ (by definition)
SVCCA C#g, (1) Fgr(C)NA=Aor

(2) Fiir(A - (Fpr(C) N A)) N Fpr(C) N A # ¢ (Proposition 25-i)
& A is a connected subset of (X, [[,.; Fui) -

Let’s show that (3) is équivalent to (4) :

A is a connected subset of (X, [];c; @)

SVCCA C#9, (1) Fp(C)NA=Aor

(2) FpA- (Fp(C)NnA) NF(C) NA #¢

SVCCA C#9, (1) Fpr(C)NA=Aor

(2) Frpr(A - (Fpr(C) NA)) N Frpe(C) N A # ¢ (Proposition 25-i)
< A is a connected subset of (X, [],c; Fui) -

ii- (");¢; @i is thinner than (7,.; Fu.

Indeed, V A C X, V i€l, a;(A) C Fgi(A)

Then miel ai(A) - mie[ Fai<A)'

and the result according to Proposition 28.
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Corollary 30. Let { (X, a;), i€l } a network such as for any i€l, a; is of
V type. Let A C X with A non empty.
The following assertions are equivalent :
(1) A connected component of (X, \J;c; as)
(2) A connected component of (X, U,c; Fai)
(3) A connected component of (X, [[.c;a:)
(4) A connected component of (X, [[,c; Fai)-

Proof.
Obvious from Proposition 29-i and Definition 13.

Consequence. Decomposing (X, (J,; ;) into connected components is
equivalent to decomposing (X, J],;; a;) into connected components. So we will
propose algorithms to look for connected components in a network in the case
of the union and in the case of the intersection of the different pretopologies.

Proposition 31. Let { (X, q;), i€1} a network such as for any i€1, a; is
of V type. Let A C X with A non empty.

i- If there exists i € I such as A connected subset of (X, a;) then A is
connected subset of (X, |U;c; ai).

ii- If A is connected subset of (X, )
subset of de (X, a;).

se1 @i) then for any i€l A is connected

Proof.

i- V i€l qg; is thinner than | J
sition 28.

ii- V iel, N
sition 28.

.1 @i~ We get the result according to Propo-

;er @i 1s thinner than a;. We get the result according to Propo-

Remark 32. The converses of i- and ii- are not true generally speaking.

Examples 33.

i- Let { (X, @;), i€l } a network with X ={ a,b,c},I1={1,2}, a and
as pretopologies of descendants defined respectively by the following graphs 4
and 5 :

X R(x)
a {b}
b @

C [0]
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Graph 4
X R(x)
a @
b @
¢ {b}
Graph 5

X is connected subset of (X, (J,c; ;) but X is not connected subset of (X,
a;) and X is not connected subset of (X, ag).

ii- Let { (X, @), i€l } a network with X = {a,b,c }, I1={1,2 1}, o
and ay respectively pretopology of ascendants and pretopology of descendants
defined by the following graph 6 :

X R(x)
a {c}
b {c}
C 19

Graph 6

X is connected subset of (X, ;) and connected subset of (X, az) but X is
not connected subset of (X, (., a;).
Indeed, (a1 N ag)({a}) = al({a}) N (lg({a}) = {a} = Famag({a}) with Famag({a})
# X and Fy1ne2(X - {a}) N {a} ={b,c} n{a} =0

Consequence. It does not seem possible to find a more judicious algo-
rithm from the study of each g; for the study of (,.;a;. We will take into
account only the case of (J;; a;.

Proposition 34. Let { (X, a;), i€} a network such as for any i€l, a; is
of V type. Let { Sk, k€K } a family of subsets non empty of X such as :
1- Uper Sk = X
2-V ke K, there exists { A;, jeJ } a family of subsets non empty of X such
as:
2-]- Sk - UjEJ A]
2-2-V jeJ, there exists i€l, A; connected component of (X, a;)
2-3-Y jeJ, ¥ j°€J, there exists a sequence jy...J. of elements of J such
asjo =75, Jr =j and ¥ 1 = 0,...,r-1, Ay N Aji1 # 0
2-4-Y A C X, A’ ¢ { A;, jeJ }, if there exists i€l such as A’ connected
component of (X, a;) then A’ N Sp= 0.
We have :
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i- V k€K, Sy, is a connected subset of (X, |J;c;ai).

it~ If for any €1, a; is of Vs type, { Sk, k€K } is the family of connected
component of (X, U,c;ai) -

iti- { Sk, ke K } is a partition of X.

Proof.

i- V jeJ, there exists i€l, A; connected component of (X, a;)
then V jeJ, A; is connected subset of (X, | J,c; a;) (Proposition 31-i).

Morever, the union of two connected subsets with a non empty intersection
is a connected subset (see [1]) hence the result.

ii- V k€K, Sy is a connected subset of (X, [ J,c; as) (see i-).
Let’s show that Sj is connected component of (X, |J,c; ai)-

If Sy, is not connected component of (X, | J,.; a;) then there exists B such as
Sk C B € X with S, # B and such as B is a connected subset of (X, J,; a;).

But (J;c; @i is of Vg type (see [1]), so there exists B such as S, ¢ B € X
with S # B and V x € B and V y € B, there exists a sequence xg......... x, of
elements of X such as xg = x, x,=y with V1= 0,....... ,0-1, x40 € Uy ai({1})
or x; € U,y ai({®i41}) (Proposition 20-ii).

Then there exists B such as S, € B C X with Sy # B and V x € S; and V
y € B - Sy, there exists a sequence xg......... x,, of elements of X such as xy = x,
X,=y withV1=0,....... ,0-1, x40 € Uy ai({an}) or xi € Uy ai({ziga })

Then there exists B such as S, € B C X with S; # B and there exists x €
Sk and there exists y € B - Sy, such as x € {J,c;ai({y}) or y € U,y ai({2})

So there exists B such as S, € B C X with S, # B and there exists x € S,
there exists y € B - Sy and there exists i€l such as x € a;({y}) ory € a;({x})

And then there exists B such as S, C B C X with S; # B and there exists x
€ Sk, there exists y € B - Sy and there exists i€l such as { x, y } is connexted
subset of (X, a;) (Proposition 15-ii)

And there exists A’ such as { x, y } C A’ C X and A’ connected component
of (X, ¢;) withx € A’N Sy and A’ ¢ { A, jeJ }

So there exists A’ such as { x,y } C A’ C X and A’ connected component
of (X, a;) with A’ N Sy # ¢ and A’ ¢ { A;, jeJ }

Which is in contradiction with 2-4.

In result, Sy, is a connected component of (X, (J,c; @)

iii- It is sufficient to show that V k€K, V k’eK with £k # k’, S, N S = o
which is ensured by 2.

Remark 35. Generally speaking, if there exists 1€, a; is of V' type but
not of Vg type then Sj, is not connected component of (X, (J;c; as).

Example 36. Let { (X, @;), 1€l } anetwork with X ={ a,b,c,d,e},I=
{ 1,2}, @y and ay prétopologies of ascendant-descendants defined respectively
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by the following graphs 7 and 8 :
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{b}
Graph 8

(CH NN Rel Ronl B+

Let Ay = { a, b, ¢ }. Aj is connected component of (X, a;). Let Ay =
{a}, A3 = {b}, Ay= {c}. A,, Az, A, are connected component of (X, ay).
Let S=A; U Ay U Az U A, S checks the conditions of the Proposition so S
is connected subset of (X, (J,c; a;) but S is not connected component of (X,
U,es @i)- Indeed, X is connected component of (X, | J,c; as).

Remark 37. Generally speaking, S, C F”(Sg) with S # F”(Sk).

Example 38. See the previous example 36. Indeed, the connected compo-
nent of (X, a;) are A; = { a, b, ¢}, As = {d, e }. The connected component
of (X, ap) are Ay = {a}, A3 = {b}, Ay = {c}, Ag = {d} and A; = {e}. So we
have S; = { a, b, ¢ } and Sy = { d, e } and then F(S;) = X. The result is S;
C qu(sl) with Sl 7é F”U(Sl)-

Remark 39. V k€K, F”(S) is a connected subset of (X, (J,.; a;) (Propo-
sition 34-i and Propositin 5.5 of [8]).

Consequence. The Proposition 5.13 of [8] can be applied iteratively to {
Sk, k€K } because it is a family of connected subset of (X, (J,; @;) which is a
partition of X. So we can build a greatest partition noted { F*;, k€K* } such
as V keK*, F”(F*;) = F*;. Indeed, we can apply the next Proposition (see
Propoition 5.19 of [8]).
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Proposition 40. Let { (X, a;), i€ } a network such as for any i€l, a;
1s of V type. The same conditions apply as in Proposition 34.

Let { F*,, ke K* } the family which is iteratively built from { S, k€K }
such as ¥ ke K*, F”,(F*,) = F*. (see Proposition 5.13 of [8]).

Let A C X with A non empty.

A is connected component of (X, J;c; @)

=

1- It exists Ja C K™ such as A = U e;, F'*;

And 2 -V CC A, C# 9, C =;c; F*; with J C Ja, we have F,(C) N
A=AorFy(A-(F,(C)NA)NF,(C)NA#y

And 3-V B, A C BC X with A# B, B =, Fx; with Jo C Jpg C K*
and J5 # Jpg, there exists C C B, C # g, C' = UjejF*j with J C Jp, such as
F,(C)N B# Band F,(B - (F,(C)n B)) N F,(C)N B = g.

Proof.
See Proposition 34, Propositions 5.13 and 5.19 of [8].

7. Conclusion

Finally, if X is a finite set, we can give two algorithms to find connected
components of (X, (J,c; a;) (i-e. of (X, [[,c; @)
In the case where for any i, a; is of V' type, we can use the first algorithm :
- For any i€l, find the connected components of (X, g;)
- Build { Sg, k€K } by joining step by step all connected components with
a non empty intersection (Proposition 34)
- For any k€K, compute F”(S)
- while there exists k€K such as S, C F”(Sg) with S # F”(Sg), do :
- build { Fyr, £’€K’ } by joining step by step all F”(S;) with a non
empty intersection (see [8])
-K=K
- For any k’eK’, k =k’ and S, = Fy
- For any k€K, compute F”(S)
- End while
-K*¥=K
- For any k€K, k£’ = k and F*,, = S,
- build the subset defined as in Proposition 40. There are the connected
components of (X, (J,c; a:) (ie. (X, [[;e; @i)).

In the case where for any €I, a; is of Vg type, we can use the second
algorithm :
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- For any i€l, find the connected components of (X, g;)
- Build { Sg, k€K } by joining step by step all connected components with

a non empty intersection. There are the connected components of (X,(J,.; @)

(i.e.

(X, [Lics @i)) (Proposition 34-ii).
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