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Abstract

In this paper, we present a method and circuit for the preparation of
GHZ-type state, and discuss its measurement characteristics in detail.
Finally, we present an evolution characteristic of H(θ)-gate acting on
single qubit. These results can be well used in the design of quantum
communication protocols.
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1 Introduction

Quantum communication is a new interdisciplinary subject which combines
quantum mechanics with classical communication, and it has been widely con-
cerned by scholars. In 1993, Bennett et al.[1] first proposed the idea of quan-
tum teleportation, which transmits an unknown two-particle state or a qubit
from a sender Alice to a receiver Bob via a quantum channel. Afterwards,
Hillery et al.[2] proposed the first quantum secret sharing (QSS) scheme using
Greenberger-Horne-Zeilinger state. Later, Karlsson et al.[3] proposed a secret
sharing scheme using two-particle entangled states, referred to as the KKI pro-
tocol. Subsequently, a large number of quantum commubication solutions[4-8]
were proposed.
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However, most communication protocols are based on entangled states as
quantum channels. In 2010, Li et al.[9] proposed two semiquantum secret
sharing protocols by using maximally entangled GHZ states. In 2014, Liao et
al.[10] proposed a new dynamic quantum secret sharing (DQSS) protocol using
the measurement property of GHZ state and the controlled-NOT gate. Based
on the important value of entanglement in quantum communication, we use
the combination of H-gate and controlled-Not gate to study the preparation
of GHZ-type entangled state. In addition, the measurement characteristics of
the GHZ-type entangled state and the effect of H(θ)-gate on single qubit are
discussed in detail.

2 Preliminaries

2.1 Quantum bit

Arbitrary single qubit can be represented by unit vector in the two-dimensional
complex vector space,

|ψ〉 = α|0〉+ β|1〉, (1)

where |0〉 = (1, 0)T , |1〉 = (0, 1)T , α and β belong to the complex set, and
satisfy |α|2 + |β|2 = 1.

Bell state is defined as

|ϕ〉 =
1√
2

(|00〉+ |11〉) =
1√
2

(|+ +〉+ | − −〉), (2)

where, |+〉 = 1√
2
(|0〉+ |1〉), |−〉 = 1√

2
(|0〉 − |1〉).

As we all know, the general form of GHZ state is as follows,

|GHZ〉n =
1√
2

(|0〉⊗n + |1〉⊗n). (3)

Based on its special quantum entanglement property, it is used in many quan-
tum communication protocols.

Next, we introduce the n-particle GHZ-type state of the following form:

|ϕ〉n =
1√
2

(|+〉⊗n + |−〉⊗n), (4)

where ⊗ represents the tensor product, and n indicates the number of particles.
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2.2 Quantum gate

The Hadamard gate is defined as

H = |+〉〈0|+ |−〉〈1|, (5)

and its operation results for single qubits |0〉 and |1〉 are H|0〉 = |+〉, H|1〉 =
|−〉.

The controlled-NOT gate is defined as

UCN = |00〉〈00|+ |01〉〈01|+ |11〉〈10|+ |10〉〈11|, (6)

its function is given by |s〉|t〉 −→ |s〉|t⊕s〉, namely, UCN |00〉 = |00〉, UCN |01〉 =
|01〉, UCN |10〉 = |11〉, UCN |11〉 = |10〉.

3 GHZ-type state |ϕ〉n generating circuit

In order to prepare multiparticle entangled GHZ-type state, we give the fol-
lowing mathematical conclusions:

Lemma 3.1. We know that the controlled-NOT gate UCN makes UCN |00〉 =
|00〉, UCN |01〉 = |01〉, UCN |10〉 = |11〉, UCN |11〉 = |10〉, then there are, UCN | +
+〉 = |+ +〉, UCN |+−〉 = | − −〉, UCN | −+〉 = | −+〉, UCN | − −〉 = |+−〉.

Proof. Since |+ +〉 = 1√
2
(|0〉+ |1〉)⊗ 1√

2
(|0〉+ |1〉), namely,

|+ +〉 =
1

2
(|00〉+ |01〉+ |10〉+ |11〉), (7)

so the following derivation is obvious,

UCN · |+ +〉 =UCN ·
1

2
(|00〉+ |01〉+ |10〉+ |11〉)

=
1

2
(UCN · |00〉+ UCN · |01〉+ UCN · |10〉+ UCN · |11〉)

=
1

2
(|00〉+ |01〉+ |11〉+ |10〉) = |+ +〉.

(8)

Similarly verifiable, UCN |+−〉 = |−−〉, UCN |−+〉 = |−+〉, UCN |−−〉 = |+−〉.

From Lemma 3.1, we can get the following facts:

UCN0→1(|+〉0 ⊗ |ϕ〉n12...n) =UCN0→1 [|+〉0 ⊗
1√
2

(|+〉⊗n + |−〉⊗n)12...n]

=
1√
2

(|+〉⊗(n+1) + |−〉⊗(n+1))012...n.
(9)
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That is to say, the controlled-NOT gate can evolve a n-particle GHZ-type state
|ϕ〉n and a single particle |+〉 into |ϕ〉n+1.

According to the function of H-gate and the result of formula (9), the
corresponding experimental quantum circuit of GHZ-type state |ϕ〉n+1 is shown
in Figure 1.

Fig.1 Quantum circuit of |ϕ〉n+1.

4 Measurement characteristics of |ϕ〉n

For the convenience of discussion, let n = 3, then

|ϕ〉3 =
1√
2

(|+〉⊗3 + |−〉⊗3)123 =
1

2
(|000〉+ |011〉+ |101〉+ |110〉)123, (10)

here, the subscripts 1, 2 and 3 are just a sign of particles in the |ϕ〉3.
If one performs measurements with {|0〉, |1〉} basis on each particle of |ϕ〉3

respectively, and notes the measurement results as MR = {MR1,MR2,MR3},
Where |0〉 represents the classic bit “0”, |1〉 represents the classic bit “1”. Ac-
cording to equation (2), the measurement results satisfy the following charac-
teristics:

MR1 = MR2 ⊕MR3. (11)

Similarly, one performs measurements with {|0〉, |1〉} basis on each particle of
the |ϕ〉n, the measurement results MR = {MR1,MR2,. . . ,MRn} satisfy:

MR1 = MR2 ⊕MR3 ⊕ · · · ⊕MRn, (12)

so the above measuring properties of n-particle GHZ-type states can be well
used for multi-party secret sharing.
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5 Characteristics of H(θ)-gate

Definition 5.1. A set of orthogonal basis {|i〉, |i〉} in two-dimensional com-
plex vector space is expressed as

|i〉 =
1

2
{(1 + i)|0〉+ (1− i)|1〉},

|i〉 =
1

2
{(1− i)|0〉+ (1 + i)|1〉}.

(13)

Corollary 5.2. Let H(θ) = |+〉〈0|+eiθ|−〉〈1|, θ = π
2
or 3π

2
, then the following

unitary evolution holds.
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6 Conclusion

This paper theoretically gives a preparation method of multi-particle GHZ-
type entangled state, which provides a theoretical model for physical experi-
ments. Secondly, the measurement characteristics of the GHZ-type state are
discussed in detail. Finally, the mathematical corollary of H(θ)-gate acting on
single qubit is also given, which can be used in the design of quantum commu-
nication protocols.
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