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Abstract

Ebola virus disease (EVD), is a savere, often fatal disease in humans
with very high mortality rate. Currently, there are neither licenced
vaccines nor approved medication for the disease. In this study, a within
host model of Ebola virus disease incorporating treatment as a control
strategy has been formulated. Local and global stability analyses of
the infection free, (IFE) and endemic equilibrium, (EE) points of the
model have been done. It is shown that if the basic reproduction number
Rw0 < 1 , the IFE is both locally and globally assymptotically stable and
that when Rw0 > 1 , the disease persists in the population of the cells.
The impact of treatment on the infection has also been established. The
study indicates that a higher efficacy of treatment helps to tackle the
disease within an individual.
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1 Introduction

Ebola Virus Disease is a highly infectious and deadly illness that first emerged
in 1976 in Sudan and Zaire [16]. Since then, several outbreaks of the disease
have been witnessed in several countries. These include Uganda, Democratic
Republic of Congo, Liberia, Sierra Leone, Guinea, Nigeria among other coun-
tries. The virus is transmitted to people from wild animals and spreads in the
human population through human to human transmission.

So far, the largest outbreak of Ebola occured in West Africa in Guinea,
Sierra Leone and Liberia in 2014 [1]. Due to air travel and human mobility,
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the outbreak eventually spread to Nigeria, Senegal and the United States of
America. The virus that caused this outbreak belongs to the Zaire Species.
As at December 2014, The World Health Organisation reported 4656 cases of
Ebola virus deaths with most cases occuring in Liberia [5].

There is an ongoing infection of Ebola virus disease in DRC in North Kivu
and Ituri provinces. This began in August 2018. By end of August 2019, about
3000 cases and 2000 deaths had been reported [9] and according to WHO , by
10th April 2020, cases were 3,456 and deaths were 2,276 . This is the largest
ever outbreak recorded in DRC and the world’s second largest in history. It
was declared a Public Health Event of International Concern (PHEIC) on 17th
July 2019 by the WHO Director General [4].

The search for a vaccine for the virus is ongoing and currently, there is no
licenced antiviral drug treatment for the Disease. However, clinical trials are
going on for several antiviral drugs [12].

Apart from the clinical trials of the drug therapies, Ebola patients usually
receive supportive care which comprises providing fluids and electrolytes (body
salts) through infusion into the vein (intravenously), offering oxygen therapy
to maintain oxygen status, using medication to support blood pressure, re-
duce vomiting and diarrhea and to manage fever and pain and treating other
infections, if they occur [3]. These in turn boosts the immune system.

Mathematical models can project how infectious diseases progress, showing
the likely outcome of an epidemic and help inform public health interventions.
Models are built on basic assumptions usually with a view to estimating the
necessary intervention strategies [19]. The models can be within host, between
host or multiscale. In this study, we develop and analyse a within host model
for Ebola Virus Disease.

There are several within-host studies and mathematical models of Ebola
which have been done. These include studies by Vincent et.al [18], Sophia
et. al [14], Thomas et.al [15] and Lasisi et.al [7]. In this paper, we have
modified one of the early within host models, regarded as the standard model
for modeling virus reproduction was used by Nowak and May [10] and by
Perelson and Nelson [11] to model HIV, by including logistic growth of the
target cells, a saturated incidence rate and the effect of treatment. Treatment
here encompasses all the Ebola treatment drugs undergoing clinical trials in
various parts of the world.
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2 The Model

The model considers three distinct populations and is given by the following
three-dimensional non-linear system of ordinary differential equations;

dX(t)

dt
= mX(t)(1− X(t)

Q
)− (1− ρ)β

L(t)X(t)

1 + kL(t)
− αX(t),

dY (t)

dt
= (1− ρ)β

L(t)X(t)

1 + kL(t)
− ηY (t),

dL

dt
= cY (t)− γL(t) (1)

With initial conditions X(0) = X0 , Y (0) = Y0 , L(0) = L0. We study the
system (1)in the closed set Λ = (X(t), Y (t), L(t)) ∈ R3

+

Here, X(t), Y(t) and L(t) represents the number of target cells (Monocytes/
Macrophages and dendritic cells for the case of Ebola), infected cells and virions
respectively. The uninfected cells grow logistically at the rate m and die at
the rate α . Q is the carrying capacity. The target cells, X(t) interact with
the virions L(t) at a constant infectivity rate β . This interaction produces
infected cells Y(t) which in turn produce infectious virions L(t) at the rate c
and ρ (0 ≤ ρ ≤ 1) measures the efficacy of treatment. The infected cells die
at the rate η and k determines the saturation level when the virion population
is large. The virions die at the rate γ .

3 Positivity and Boundedness of the solutions

We establish the positivity and boundedness of solutions to Equations of Model
(1) using the lemma below.

Lemma 1. Let t0 > 0 . In the Model (1), if the initial conditions satisfy
X(0) > 0, Y (0) > 0 and L(0) > 0 , then for all t ∈ [0, t0] , X(t), Y (t) and
L(t) will remain positive and bounded in R3

+.

Proof. The first two of the equations of Model (1) represents the population
of cells and the last one represents population of virions. These are always
positive. Therefore , we can place lower bounds on each of the equations given
in the model. Thus, for the first equation,

dX(t)

dt
= mX(t)(1− X(t)

Q
)− (1− ρ)β

L(t)X(t)

1 + kL(t)
− αX(t),

> −(1− ρ)β
L(t)X(t)

1 + kL(t)
− αX(t) (2)
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Solving for X(t) yields X(t) > X(0)e−αt−β
∫ L(t)

1+kL(t)
dt > 0 .

Similarly, the second and third equations yield Y (t) > Y (0)e−ηt > 0 and
L(t) > L(0)e−γt > 0
respectively.
In all these three solutions, X(0) , Y (0) and L(0) are constants of integration.
Thus for all t ∈ [0, t0] , X(t), Y (t) and L(t) will be positive and remain in
R3

+.
Next, we show that all the three equations are ultimately bounded for t ≥ 0 .
For the first equation, the viral infection reduces the population of the target
cells so at the onset of infection , the population of uninfected cells must be
greater than or equal to the total cell population at t > 0 . The second and
third equations reduce to zero at the IFE.
This leaves us with first equation and since the target cells grow logistically,
the number of cells is given by

X(t) =
QX(0)

X(0) + (Q−X(0))e−mt
(3)

For initial population values below the carrying capacity Q, the population of
cells grows to Q as time increases as shown below;

lim
t→∞

X(t) = lim
t→∞

QX(0)

X(0) + (Q−X(0))e−mt
(4)

= Q (5)

Thus, the Model (1) is bounded above by Q and bounded below by 0.
Since Model (1) is positive and bounded, it is mathematically and epidemio-
logically well posed in the region Λ.

4 Stability Analysis of the Infection Free Equi-

librium

Infection Free Equilibrium(IFE) point of a model is its steady state solution in
the absence of infection (or disease). It is obtained by setting the right hand
side of Model (1) to zero and solving for the state variables with Y (t) = L(t) =
0. This gives X(t) = Q− αQ

m
. Therefore the IFE is [X0, Y 0, L0]= [Q− αQ

m
, 0, 0] .
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4.1 Basic Reproduction number

The basic reproduction number is the average number of secondary infections
due to a single infectious cell introduced in a fully susceptible population of
cells during the entire period of infectivity.
Using the method of next generation matrix [17], the basic reproduction num-
ber, Rw

0 for the Model (1) is given by

Rw
0 =

(1− ρ)βcQ(1− α
m

)

ηγ
. (6)

4.2 Local Stability Analysis of the Infection Free Equi-
librium

The goal here is to perturb the system from equilibrium and study the behav-
ior of the system. The eigenvalues of the Jacobian matrix evaluated at the
equilibrium gives insight into the stability properties at that equilibrium.

Theorem 1. If Rw
0 < 1 , then E0 = [Q − αQ

m
, 0, 0] is locally asymptotically

stable.

Proof. The Jacobian matrix of model (1) is given by

J =

m− α− 2mX(t)
Q
− (1− ρ) βL(t)

1+kL(t)
0 − (1−ρ)βX(t)

(1+kL(t))2

(1− ρ) βL(t)
1+kL(t)

−η (1−ρ)βX(t)
(1+kL(t))2

0 c −γ

 (7)

At Infection Free Equilibrium (IFE), Y (t) = L(t) = 0 and X(t) = Q − αQ
m

.
Evaluating the Jacobian matrix (7) at IFE, we have

J(E0) =

α−m 0 −(1− ρ)β(Q− αQ
m

)

0 −η (1− ρ)β(Q− αQ
m

)
0 c −γ

 (8)

One of the eigenvalues of matrix (8) is

λ = α−m (9)

which is negative since m > α .(The population of target cells must always be
greater than zero. For this to be possible, birth/ growth rate must be greater
than death rate.) To determine the nature of the remaining eigenvalues, the
following reduced matrix is considered;

JR =

(
−η ηγ

c
Rw

0

c −γ

)
(10)
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The trace of the Matrix (10) is given by −(η + γ) < 0 and the determinant
is given by ηγ(1 − Rw

0 ) . This determinant is positive when ηγ(1 − Rw
0 ) > 0 ,

that is Rw
0 < 1 .

The Routh Hurwitz criterion of a negative trace and a positive determinant
which guarantee the existence of eigenvalues with negative real part has been
met. Therefore the IFE is locally asymptotically stable when Rw

0 < 1 and
unstable otherwise.
Epidemiologically this means that if a single virion is introduced into a fully
susceptible population of target cells, the infection would die out whenever
Rw

0 < 1 . Otherwise the infection would spread to other cells.

5 Global Stability Analysis of the Infection

Free Equilibrium

In this section, the global asymptotic stability of the infection free equilibrium
is analyzed using the theorem by Castillo et. al [2]. The model (1) is rewritten
in the form;

dM(t)

dt
= F (M(t), Z(t))

dZ(t)

dt
= G(M(t), Z(t)), G(M(t), 0) = 0 (11)

where M(t) = X(t) and Z(t) = (Y (t), L(t)) , with M(t) ∈ R+ denoting
the total number of uninfected cells and Z(t) ∈ R2

+ denoting the number of
infected cells and the number of free virions respectively. The infection free
equilibrium is now denoted by

E∗0 = (M0, 0) where M0 = Q− αQ

m

The technique stipulates that the following conditions H1 and H2 must be
met to guarantee global asymptotic stability.

H1 for dM(t)
dt

= F (M(t), 0), E∗0 is Globally Asymptotically Stable.

H2 for G(M(t), Z(t)) = PZ(t)− Ĝ(M(t), Z(t)), Ĝ(M(t), Z(t)) ≥ 0
for ((M(t), Z(t)) ∈ Λ where P = DZG(E∗0 , 0) is a metzler matrix (the off
diagonal elements of P are non-negative) and Λ is the region where the model
makes biological sense.

Theorem 2. The fixed point E∗0 = (M0, 0) is Globally Asymptotic Stable
equilibrium of Equation (1) provided R0 < 1 and the assumptions H1 and H2

are satisfied.
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Proof. We have

dM(t)

dt
= F (M(t), Z(t)) = mX(1− X

Q
)− (1− ρ)β

L(t)X(t)

1 + kL(t)
− αX(t)

At the I.F.E, Z(t)=0 so F (M(t), 0) = mX(1− X

Q
)− αX(t)

dZ(t)

dt
= G(M(t), Z(t)) =

(
(1− ρ)β L(t)X(t)

1+kL(t) − ηY (t)

cY (t)− γL(t)

)
and G(M(t), 0) = 0

Therefore

dM(t)

dt
= F (M(t), 0) = mX(1− X

Q
)− αX(t)

P = DZG(M0, 0) =

(
−η (1− ρ)βQ(1− α

m
)

c −γ

)
PZ(t) =

(
−η (1− ρ)βQ(1− α

m
)

c −γ

)(
Y (t)
L(t)

)
=

(
(1− ρ)βM0L(t)− ηY (t)

cY (t)− γL(t)

)
(12)

and Ĝ(M(t), Z(t)) =

(
Ĝ1(M(t), Z(t))
Ĝ2(M(t), Z(t))

)
=

(
0
0

)
(13)

since M0 =
X(t0)

1 + kL(t0)
(14)

It is clear that Ĝ(M(t), Z(t)) ≥ 0 . Conditions H1 and H2 are satisfied
and thus E∗0 is Globally Asymptotically Stable for Rw

0 < 1 .

6 Stability Analysis of the Endemic Equilib-

rium

The endemic equilibrium state is the state where the infection cannot be to-
tally eradicated but remains in the population of the cells. Ebola virus infec-
tion within the host is endemic or persistent in the population of the cells if
X∗(t), Y ∗(t), L∗(t) exists for all t > 0 .

Lemma 2. The Ebola virus infection exists and is persistent in the population
of infected cells, Y ∗(t) > 0 whenever Rw

0 > 1 .

Proof. The limiting value of X(t) In Model (1) is Q− αQ
m

.

At Endemic equilibrium, cY ∗(t)− γL∗(t) = 0 which gives L∗(t) = cY ∗(t)
γ

.

Substituting this and the limiting value of X(t) in the equation for infected
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cells
(1− ρ)β L(t)X(t)

1+kL(t)
− ηY (t) = 0 gives

βQ(1− ρ)(1− α

m
)

cY ∗(t)

γ + kcY ∗(t)
− ηY ∗(t) = 0. (15)

Equivalently, Equation (15) can be written as

ηRw
0

γ + kcY ∗(t)
− η = 0 (16)

On further simplification, Equation (16) gives

Y ∗(t) =
γ

kc
[Rw

0 − 1] (17)

which shows that Y ∗(t) > 0 iff Rw
0 > 1 . This completes the proof.

6.1 Endemic Equilibrium Point

Using Equation (17), L∗(t) can now be written as

L∗(t) =
1

k
[Rw

0 − 1] (18)

Making X(t) the subject in the equation for the uninfected cells in Model
(1) and substituting the value of L∗(t) from Equation (18) gives X∗(t) =
(1−ρ) βQ

kmRw0
(1−Rw

0 ) + (1− α
m

)Q The Endemic Equilibrium point is thus given

by

[X∗(t), Y ∗(t), L∗(t)] = [(1− ρ)
βQ

kmRw
0

(1−Rw
0 ) + (1− α

m
)Q,

γ

kc
(Rw

0 − 1),
1

k
(Rw

0 − 1)] (19)

6.2 Stability of The Endemic Equilibrium Point

The stability of the endemic equilibrium point of Model (1) can be studied
using the Center Manifold Theorem [8] as illustrated below.

Theorem 3. Consider the following general system of ordinary differential
equations with a parameter φ
dx
dt

= f(x, φ), f : Rn × R→ Rn and f ∈ C2(Rn × R)
Without loss of generality, it is assumed that zero is an equilibrium point for
system (1) for all values of the parameter φ , ( that is f(0, φ) ≡ 0,∀φ) . Let

1 . z = Dxf(0, 0) = ( ∂fi
∂xi

(0, 0)) is the linearized matrix of system (1)
around the equilibrium 0 with φ evaluated at zero.
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2 . Zero is a simple eigenvalue of z and all other eigenvalues of z have
negative real parts.

3 . Matrix z has a right eigenvector w = (w1, w2, w3)
T and a left eigen-

vector v = (v1, v2, v3)
T corresponding to the zero eigenvalue

Let fk be the kth component of f and

s? =
n∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0),

r? =
n∑

k,i=1

vkwi
∂2fk
∂xi∂β?

(0, 0)

The dynamics of the system around the equilibrium point 0 is totally determined
by the signs of s? and r? . Particularly;

(i) s? > 0; r? > 0 when β? < 0 , with |β? < 0| � 1 , (0,0) is locally
asymptotically stable and there exist a positive unstable equilibrium; when
0 < β? � 1 , (0,0) is unstable and there exists a negative and locally
asymptotically stable equilibrium.

(ii) s? < 0; r? < 0 , when β? < 0 with |β?| � 1 (0,0) is unstable; when
0 < β? � 1 , (0,0) is locally asymptotically stable, and there exists a
positive unstable equilibrium.

(iii) s? > 0; r? < 0 , when β? < 0 with |β?| � 1 , (0,0) is unstable and there
exists a negative and locally asymptotically stable equilibrium, when 0 <
β? � 1 , (0,0) is stable and there exists a positive unstable equilibrium.

(iv) s? < 0; r? > 0 , when β? < 0 changes from negative to positive, (0,0)
changes its stability from stable to unstable. Correspondingly, a negative
unstable equilibrium becomes positive and locally asymptotically stable.

Applying theorem (3),we proceed as follows;
Let X = u1, Y = u2 and L = u3 . The Model 1 can be written in the form

dU

dt
= F (u)

where

U = (u1, u2, u3)

F = (f1, f2, f3)
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so that

du1
dt

= mu1(1−
u1
Q

)− (1− ρ)β
u3u1

1 + u3
− αu1,

du2
dt

= (1− ρ)β
u3u1

1 + ku3
− ηu2,

du3
dt

= cu2 − γu3 (20)

The Jacobian of system (20) at the IFE is given by (8)
To analyze the dynamics of Model (20), we compute the right and left eigen-
vectors of its Jacobian matrix at the IFE. Thusα−m 0 −(1− ρ)β(Q− αQ

m
)

0 −η (1− ρ)β(Q− αQ
m

)
0 c −γ

w1

w2

w3

 =

 0
0
0

 (21)

This gives the entries of the right eigenvector as w1 = w2η
α−m , w2 = w2 > 0 and

w3 = cw2

γ

To obtain the left eigenvector, we have

( v1 v2 v3 )

α−m 0 −(1− ρ)β(Q− αQ
m

)

0 −η (1− ρ)β(Q− αQ
m

)
0 c −γ

 = ( 0 0 0 ) (22)

This gives the entries of the left eigenvector as v1 = 0, v2 = γv3
(1−ρ)βQ(1− α

m
)

and

v3 = v3 > 0
We calculate s? as follows;
For the transformed Model (20), the associated nonzero partial differentials of
f evaluated at the IFE, (E0) are each 0 except

∂2f2
∂x1∂x2

(0, 0) = (1− ρ)β

Therefore

s? = (1− ρ)β
v2ω2

2η

γ(α−m)
< 0

Consider the case when Rw
0 = 1 and choose β = β∗ as a bifurcation parameter.

Solving for β∗ from Rw
0 = 1 gives

β∗ =
ηγ

(1− ρ)cQ(1− α
m

)
(23)

Similarly, in getting r? ,the associated nonzero partial differentials of f eval-
uated at the IFE, (E0) are each 0 except

∂2f2
∂x1∂β

(0, 0) = (1− ρ)
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and

∂2f2
∂x3∂β

(0, 0) = (1− ρ)Q(1− α

m
)

Therefore

r? = v2w1
∂2f2
∂x1∂β

(0, 0) + v2w3
∂2f2
∂x3∂β

(0, 0)

= (1− ρ)v2ω2

[ η

α−m
+
cQ

γ
(1− α

m
)
]
> 0

Since s? < 0 and r? > 0 , theorem (3) holds. Thus, Model (20) has a unique
endemic equilibrium which is locally asymptotically stable whenever Rw

0 > 1
and unstable when Rw

0 < 1 .

7 Numerical Simulations of the Model

In this section, simulations have been performed using matlab software to get
numerical solutions describing the theoretical results for the model (1) obtained
in the previous sections.
The parameters used in the simulations are listed in the table 1 and the results
depicted in Figure 1 to Figure 4 .

Table 1: Parameter Values for the Model
Parameter Relevant Biological Description units Value source

m Growth rate of target cells ml−1day−1 0.1-10 [15]
Q Carrying capacity mm−3 1500 [13]
ρ Efficacy of treatment day−1 (0 ≤ ρ ≤ 1) varies
β Transmission rate day−1 0.0027 [15]
k Saturation factor day−1 0.001 [13]
α Death rate of target cells day−1 0.02 [15]
η Death rate of Infected cells day−1 0.24 [15]
c Rate of production of new virions day−1 2.4 [13]
γ Death rate of free virus particles day−1 2 [13]

When we use the parameters as given in Table 1 with Y (t) = 0 and L(t) =
0 , the model (1) has an IFE, I0[1200, 0, 0] and it is globally asymptotical stable
as depicted in Figure 1 above.

Figure 2 above shows the variation of target cells population with time for
different efficacies of treatment. We assume that when treatment begins, the
target cells do not increase. It is expected that the number of target cells
reduce with time since some of the cells get infected whenever Rw

0 > 1 . When
treatment efficacy is very low (e.g ρ = 0.1), the target cells are depleted faster
as opposed to when the treatment efficacy is higher (e.g ρ = 0.4). When
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Figure 1: Stability of IFE

Figure 2: Effect of varrying ρ on Evolution of Target cells

ρ = 0.7 , the target cells reduce at a slower rate and they don’t get depleted.
However, when ρ = 0.95 , there are no new infections since Rw

0 = 0.81 < 1 .
This makes the target cells to grow and reach the Infection free equilibrium.
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Figure 3: Effect of varrying ρ on Evolution of Virions

Figure 4: Effect of varrying ρ on Evolution of Infected cells

It can be observed from Figure 3 that the number of virions increase sharply
within the first few days because of poor immune response resulting from a
low efficacy of treatment, reaching the peak of about 700 virions per mililitre
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in day 18 (depicted by the blue line)when ρ = 0.1 . Consequently, the number
of infected cells increase in a similar manner since they are generated by the
free virions, as shown in Figure 4. However, when the efficacy of treatment is
higher (e.g ρ = 0.7) thereby lowering RW

0 , the number of free virions and the
infected cells is kept low.
Ebola virus has been noted to evade detection by the body’s immune system
within the first few days of invasion. This is because Ebola virus attacks
the dendritic cells which are responsible for displaying signals of an infection
on their surfaces to activate the white blood cells that could destroy other
infected cells before the virus replicates further. This makes the virus to start
replicating immediately and very quickly [6] in the first few days and especially
in the case of low and medium efficacy of treatment. However, after some
days, the sharp increase noted begins to decline. This may be attributed to
the fact that the invading pathogen has been identified and an appropriate
immune response mounted with the help of treatment strategies employed.
When treatment has a very high efficacy (ρ = 0.95), RW

0 < 1 and hence no
new infections realised and hence no new virions produced. This is clearly
depicted in Figure 3and Figure 4.

8 Conclusions

A within host model has been developed and analysed in this study. Stability
analysis of the results show that the IFE is both locally and globally stable.
Center manifold Theorem has been used in the analysis to prove that the sys-
tem has a unique EE that is stable. From numerical simulations, it can be
concluded that the efficacy of treatment should be higher in order to tackle
EVD within an individual.
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