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Abstract

Hamilton-Jacobi-Bellman equation is a powerful tool for optimality
of a control with respect to a cost function. It has been widely used in
financial mathematics to make the optimal strategy with successful re-
sult but in road management it has not yet been used. Thus this paper
is one of the first attempt to base a road strategy on this method. The
equation used in this paper is a multi-lane multi-class traffic flow model
developed to fill Daganzo’s criticism of second-order approximation and
the arising of stochastic process in traffic flow. In his conclusion, he
claims to evolve toward an Aw-Rascle model instead of a second or-
der model. Moreover, we recast the partial differential equation in a
stochastic differential equation. Then we develop the optimal strategy
with the Hamilton-Jacobi-Bellman based on the SDE. The simulation
shows that the road manager should increase awareness of driver to
keep distance between vehicle, provide a preselect lane at either off and
on-ramp.

Keywords: Macroscopic model; Hamilton Jacobi Bellman; Dynamic pro-
gramming; Optimal control
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1 Introduction

The development of towns has involved some new considerations on road miti-
gation. From the fundamental diagram of Greenshield [4] to now the concept of
traffic flow has become a multidisciplinary field. Traffic modeling has borrowed
many theories to transportation engineering, general and applied mathemat-
ics and now with the spreading of data through connecting tool data analysis
is the new orientation of traffic mitigations. But to reach this level a good
optimization strategy gives us better insight before data analysis. The first
modern traffic model, the LWR [9][11], was macroscopic one globally describ-
ing the flux. From the LWR model followed many other like the one of Payne
, Zhang [13] willing to compensate gradually the previous model shortcoming.
Most of those research focused on the development of model close to the ideal
model with successful results. For a literature review of the evolution of traffic
modeling we advise you to [12].

Optimal control is an arising field in traffic mitigation since the first relevant
work traced back to early 2000. But in a general viewpoint, the control problem
was treated both in deterministic and stochastic aspect. In this review, we
will focus on control in stochastic PDE. To justify the choice of our model as
SPDE, we refer to [1] states that SPDE is useful in the turbulence model flow,
perturbation coming from a physical system. Among these solutions drafts to
solve are the dynamic programing, the HJB equation, the approximation of
optimal control, and so on.

In traffic flow [8] used discrete-time optimal control with numerical solution
based on a feasible-direction algorithm. For each case, the effect of optimal
controls strategy was observed on the traffic. The result demonstrates its
efficiency. [5] proposed a predictive control model based on METANET model.
He extended the METANET model with a model for dynamic speed limits
and main-stream origins. Its reduces traffic congestion and implicitly lower
total time spent. [2] used an integrated motorway network traffic control
problem involving ramp metering and Variable Speed Limit control measures
is formulated as a constrained discrete-time optimal control problem and is
solved efficiently even for large-scale networks by a suitable feasible direction
algorithm.

Most of the control states were based on deterministic models but nowadays
stochastic models have proved to better represent physical problems. Since the
HJB method has been widely used in finance optimal control with satisfactory
results. We will used it in this paper to make our traffic control strategy. Thus
in this paper, we recast the Multi-Lane Multi Cast model in [10] in a stochastic
traffic state equation. Then we will base our control traffic strategy on this
recast equation.
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2 Preliminaries and notations

In this section, we define some basics concepts on stochastic calculus which
will be used in the development of the optimal control. Those ones are: Ω,
π − system, σ − field and random variables properties.

2.1 Review of some definitions of stochastic calculus

Let Ω the set of sample to be study. Each element of the set changes its
positions at different time . It yields to a set of d-dimensional Brownian
motion B = (Bt)t>00

• Ω the set of sample define by Rd is a polish space. A polish space is a
separable, completely metrizable topological space. Hence we can define
a measure on a metric space from Ω.

• B(Ω) define a σ − algebra.

• (Ω, B(Ω)) is our Borel space or measurable set

• (Ω, B(Ω), P ) describe our probability space such that P define the prob-
abilities to the event in B(Ω)

Definition 1: From [3], we consider the set Ω and define P (Ω) the power
set of Ω:

• A non-empty class of subsets of Ω, F ⊂ P (Ω), is called a π − system if
it is closed under finite intersections.

• The σ − field is a class of subset of Ω closed under complements and
countable union.

Definition 2: A complete probability space (Ω,F ,P) is endowed with a
filtration {F ts}s≥t if {F ts}s≥t is a σ − field such that {F ts} ⊂ {F tr} ⊂ F
whenever t ≤ s ≤ r.

Definition 3: Let (Ω,F) and (Ω̃, F̃) two measurable space. A measurable
map between those space is called a random space.

2.2 Properties of Stochastic calculus

Given a SDE, in the following form, with b : [0, T ] ∗ H ∗ Ω → H and σ :
[0, T ] ∗H ∗ Ω→ L2(Ξ, H):

dX(s) = (AX(s) + b(s,X(s)))ds+ σ(s,X(s))dWQ(s), s ∈ ( 0, T ]X(0) = ξ
(1)
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Where ξ is an H-valued F0-measurable random variable.
Definition 3: An H−valued progressively measurable process X(i) is called

a strong solution if:

• For dt⊗ P − a.e (s, w) ∈ [0, T ]× Ω, X(s)(w) ∈ D(A).

• P(
∫ T

0
(|X(s)|)+|AX(s|+|b(s,X(s))|)ds < +∞) = 1 and P(

∫ T

0
‖σ(s,X(s))‖2L(Eo,H)ds <

+∞) = 1.

• For every t ∈ [0, T ] :

X(t) = ξ +
∫ t

0
(AX(s) + b(s,X(s))ds+

∫ t
0
(σ(s,X(s)))dWQ(s) P− a.e

2.3 Application of Stochastic definitions in traffic flow

Let Ω the set of the drivers on the highways. They follow some particular task
B(Ω) which constitute at the end the flow of the traffic. Thus we define P (Ω)
the power set of the drivers. Knowing that the drivers don’t have the same
temper. We can end up with as much as much as result as there is drivers on
the highway. Thus we define P (Ω) the power set of the drivers.

Since B(Ω) has a random feature as it result of the driver’s maneuverer.
B(Ω) define a σ − algebra.

3 Model Formulation

3.1 From the MLMC to the SDE

In [10], a macroscopic Multi Lane Multi Class traffic flow mode has been
derived. This model is an extension of Payne model with stochastic source
term. The stochastic source term stand for driver’s random behavior inside
the traffic.

• Traffic pressure is a parameter used to correct Payne model inconsis-
tency. It describes the driver adaptation of the ahead traffic condition

• Traffic Hysteresis is a mix of vehicle heterogeneity and drivers decisions
associate.

we end up with the following model:

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2 − a(ρ)u) = 1

WTL

∑m
α=1

∑n
i=1 t

α
i liβ

α
i e
−ρnCoθ(x, t) + uo−ue(ρ)

2τ
+

1

(2π)n/2
√

Πnj=1(tj−tj−1)

∫
exp(−1

2

∑n
j=1

(xj−xj−1)2

tj−tj−1
)dx

(2)
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Where 1
WTL

∑m
α=1

∑n
i=1 t

α
i liβ

α
i e
−ρnCoθ(x, t)+ uo−ue(ρ)

2τ
is the traffic pressure and

1

(2π)n/2
√

Πnj=1(tj−tj−1)

∫
exp(−1

2

∑n
j=1

(xj−xj−1)2

tj−tj−1
)dx is the Hysteresis.

• Traffic pressure is a parameter used to correct Payne model inconsis-
tency. It describes the driver adaptation of the ahead traffic condition

• Traffic Hysteresis is basically the property of a system to deviate to his
original form due to exogenous factor. In this set of equation it is a mix
of vehicle heterogeneity and drivers decisions associate.

In equation 2 the first equation is the so called transport equation. In the
second equation (ρu2 − a(ρ)u) is the driver anticipation term

Equation 2 can be expressed in its quasi-linear form:

∂tU + ∂xF (U) = S(u) (3)

Where

U =

[
ρ
u

]
and

F (u) =

[
ρu

u− a(ρ)
ρ

]
Let us consider an optimal problem relate to the traffic equation 2 as follow:

dVt
dt

+ ψ(hVt) = ϕAθ(x, t) + h(x, t)dwt
dt

(4)

From the Equation 2 to the equation 4, we have neglected the parameter
uo−ue(ρ)

2τ
since it expressed driver adaptation from his velocity to the equilib-

rium. We are more interest in the case in which the traffic is crowed.
It shall be noticed that ϕAθ(x, t) stands for the deterministic part of the

traffic equation where the driver try as much as possible to be rational and
h(x, t)dwt

dt
reflect the traffic hysteresis which is highly random. This situation

represent also a relaxation features of drivers state in [6]. Equation 4 is the
state equation associate to the macroscopic traffic system 2

We multiply throughout equation 4 by dt and we introduce the control
parameters θ and h to get the traffic state :

dV θ,h
t = (ϕAθt − ψ(t, V θ,h

t ))dt+ σdwt
V θ,h
o = V

(5)

We introduce the variable over time and space to get:

dV θ,h
t = (ϕAθ(x, t)− Vt + δ))dt+ σ(x, t)dwt

Vo = V
(6)
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Let the traffic velocity define as:

V̄t = ρθt + εh(t) (7)

Then
¯dVt = ρdθt + εdh(t) (8)

Since θt is deterministic, we can write its dynamic flow.

dθt = rθθ(t)dt
θ0 = 1

(9)

Assuming that h stand for the vehicle hysteresis. It follows the Geometric
Brownian motion

dht = µhtdt+ σnhtdwh(t)
ho = h

(10)

From the traffic state 10 and the traffic velocity 8 we obtain:

dVt = ρrθθ(t)dt+ εµhtdt+ εσnhtdwt (11)

We gather the similar part to get:

dVt = (ρrθθ(t) + εµht)dt+ εσnhtdwt (12)

We replace in equation 12 each parameter by it explicit form:

dV θ,h
t = (ϕθ − σ + δ − rθσ − rθεh+ εµh)dt+ σθdwt + εσhhdwt

V0 = V
(13)

Then:

dV θ,h
t = (ϕθ + (rθ−1)σ + ε(µ− rθ))dt+ σθdwt + εσhhdwt

V0 = V
(14)

Now let us define a strategy to solve an optimal control problem in traffic
flow.

Definition4: Let U be a progressively measurable on the Brownian filtration
Ft and satisfied the following conditions.

E
(∫ T

0
θ2(t)dt

)
<∞ a.s ∀T <∞

E
(∫ T

0
h2(t)dt

)
< ∞ a.s ∀T < ∞ then the strategy U = (θ(t), h(t)) is

said to be an admissible solution. Thus the stochastic differential equation
that describes the surplus process above has a strong unique solution for all
U = (θ(t), h(t))
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We formulate our optimal control in the following form:

maxE[Vt]
U (15)

Knowing that the traffic volume depend on the speed adaptation and over-
acceleration explain above and the velocity is inversely proportional to the
density. We want to maximize the traffic velocity at the time t

3.2 Hamiltonian-Jacobi Bellman equation

We denote the Hamiltonian-Jacobi-Bellman function J(t, v) ∈ C1,2 such that
its partial derivatives are continuous and differentiable, then:

Jt + sup{[ϕθ + δ + (rθ − 1)σ + ε(µ− rθ)h]Jv + 1
2
(σ2θ2 + ε2σ2

hh
2)Jvv} = 0

J(T, v) = U(v)
(16)

where Jt,v is a solution of the HJB that follow: Jv > 0 then Jvv < 0 thus θ∗ > 0

ϕJv + θJvv = 0 (17)

θ∗ = −ϕJvv
Jvv

(18)

From Equation 12, we have:

(µ− rθ)Jv + ε2σ2h2Jvv = 0 (19)

Thus
h∗ = −µ−rθ

ε2σ2
n

Jv
Jvv

(20)

and
θ∗ = −εJvv

Jvv
(21)

h∗ and θ∗ give us the general solution of the control strategy. By substituting
h∗ and θ∗ in the HJB, we end up with:

Jt + (ϕθ + δ + (rθ − 1)v + ε(µ− rθ)h)Jv
− J2

v

2σ2Jvv
[1 + σ2(1 + rb)] = 0

(22)

3.3 Optimal Strategies

We have the U(v) = −1
ξ

exp(−ξv), where ξ > 0. We can easily verify that

U
′
(v) > 0 and U

′′
(v) < 0. Therefore it is concave. We now want to find the

value function J(t, v) in the form:

J(t, v) = −1
ξ

exp [−ξA(t)(v −B(t))] (23)
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By substituting Jt, Jv, Jvv into the equation above we get :

[A′(t) + (rt + rb)A(t)]x− A′(t)B(t)− A(t)B′(t) + (p− ν)A+ 1+σ2(1+rb)
2σ2ξ

= 0

(24)
Hence we obtain the following system by polynomial calculus:

A′(t) + (rt + rb)A(t) = 0

A′(t)B(t) + A(t)B′(t)− (p− ν)A− 1+σ2(1+rb)
2σ2ξ

= 0
(25)

From the system 25, we deduct the explicit form of J(t, v) with A(t) and
B(t). The boundary condition associate to the preceding system is A(T ) = 1
and B(T ) = 0:

A(t) = e(rt+rb)(T−t)

B(t) = p−ν
rt+rb

[1− e(rt+rb)(T−t)] + 1+σ2(1+rb)
4σ2(rt+rb)ξ

[e−(rt+rb)(T−t) − e(rt+rb)(T−t)]
(26)

Then in summary we have:
let the J(t, x) ∈ C1,2 such that it satisfies the following HJB equation :

Jt + sup{[ϕθ + δ + (rθ − 1)v + ε(µ− rθ)h]Jv + 1
2
(θ2 + ε2σ2

nh
2)Jvv} = 0

J(T, v) = U(v)
(27)

Then to maximize the velocity at a given time t we got the optimal solu-
tions:

h∗ = −µ−rθ
ε2σ2

n

e−(rt+rb)(T−t)

ξ

θ∗ = −ε (1+rb)
ξ

e−(rt+rb)(T−t)
(28)

and the coast functional is:

J(t, v) = −1
ξ
e[−ξA(t)(v−B(t))] (29)

4 Simulation

4.1 Calibration of the model

Since we face the lack of significant data relate to the traffic condition of [10]
we will use the US data base NGSIM which can be download on Congestion
data from NGSIM: https://data.transportation.gov/Automobiles/Congestion-
Data/rm8m-a6yd. The optimal parameters are calibrate with the Maximum
Likelihood estimation of data range in table 1. The data collected detailed
vehicle trajectory data on eastbound I-80 in Emeryville between 14h20 and
15h26 UTC on lane 1 − 2 − 3 with Local Y, representing Longitudinal (Y)
coordinate of the front center of the vehicle in meters with respect to the
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Model parameters Range
Time t(sec) [0;3960]

Space headway rt+ rb(meter) [0;565.6326]
rt(m/s) 00000

Vehicle Velocity µ(m/s) [2.1336;29.04744]
Preceding ξ [0;3366]

vehicle class θ [2;3]
Time headway rθ [0;3200]

Table 1: Models parameters on NGSIM

Figure 1: hysteresis depending on space and time headway

Figure 2: hysteresis depending on space headway and preceding
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Figure 3: velocity variance depending space headway and preceeding

Figure 4: Vehicule velocity depending on Space and time headway

entry edge of the section in the direction of travel, 400 through 600 on 9
May(congestion data).

Figure 1 correspond to a simulation of the time and space headway. The
hysteresis is highly correlated with the time headway meanwhile the driver is
more susceptible to disrupt the traffic hysteresis when he is getting close to
the one ahead.

Figure 2 represent the traffic hysteresis depending on the preceding and
the space headway. The hysteresis increase when the current vehicle is getting
close to the leader to reach its maximum value whereby there is a collision or
the traffic velocity is null, it can also correspond to the traffic disruption.

Figure 3 represent the velocity variance depending on the space headway
and the preceding. It’s, first of all, confirm that the driver can go at its
willing velocity when there is no vehicle around. Moreover, we notice that the
traffic is more stable when the distance between the vehicle is fixed. Since the
preceding parameter represents the distance at the ramp. It can be noticed
that the congestion at ramp has a great impact on the traffic flow.

Figure 4 represent the velocity variance depending on the space headway.
The velocity is a decreasing function of time and space. It’s confirmed that in
congest situation the velocity will decrease drastically then.

At the end it can be noticed the best strategies relating to a multi-lane
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multi-class model like the one in [10] can be optimized will the following strate-
gies: awareness of driver to keep distance between vehicle, predict a preselect
lane at either off and on-ramp.
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