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Abstract

In this paper, we propose a numerical method to solve nonlinear
equations. It is an extension of the Bisection method. However, total
number of iterations of the new method is much less than that of the
Bisection method. Convergence and an error bound of the new method
have been discussed. Numerical experiments show that convergence
and running time of the method is better than the classical Bisection
method.
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1 Introduction

The problem below is one of the most fundamental problems in scientific com-
putation:

Given a function f, find a value for x such that f(x) = 0.

Such an x is called a zero of the function f or a root of the equation f(x) = 0.
In this reason, this problem is known as the root-finding problem.

There are a number of iterative methods [1, 2, 3, 4] developed to solve the
root-finding problem in a long period of time. Some of the classical methods
are the Bisection method, fixed point iteration schemes, Newton’s method, the
Secant method, and the method of false position.
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The Bisection method is the most basic one to solve the root-finding prob-
lem. It is conceptually clear, but a significant drawback is its slow convergence.
In this paper, we provide an algorithm to improve the convergence. In Section
2, we review the classical Bisection method. The new method is discussed
in Section 3. We also provide numerical experiments and analyze the accu-
racy and convergence of the new method in Section 3. Lastly, we will make
concluding remarks in Section 4.

2 Classical Bisection Method

In this section, we review the performance of the most basic method, which
is known as the Bisection method, to solve the root-finding problem. The
method is based on the Intermediate Value Theorem and its corollary, which
are stated here in this paper without proofs.

Theorem 2.1. (Intermediate Value Theorem) Let f be a continuous func-
tion on [a, b] and let k be any number between f(a) and f(b). Then there exists
a number p in (a, b) such that f(p) = k.

Corollary 2.2. Let f be a continuous function on [a, b] and f(a)f(b) < 0.
Then there exists a number p in (a, b) such that f(p) = 0, which means that f
has a root in (a, b).

The Bisection method works by first finding an interval that is guaranteed
to contain a root and then continuously reducing the size of the interval. Sup-
pose f is a continuous function on [a, b] and f(a)f(b) < 0. Let [an, bn] be the
interval during the nth iteration of the method where a1 = a and b1 = b. Let
pn denote the midpoint of the interval [an, bn], that is,

pn =
an + bn

2
.

If f(an)f(pn) < 0, then set an+1 = an and bn+1 = pn. If, instead, f(an)f(pn) >
0, then we set an+1 = pn and bn+1 = bn. This pn is not only an approximation
to the location of the exact root p of f(x) = 0, but also one of the endpoints
of the interval for the next iteration.

Tables 1 and 2 show the sequence pn of the first 13 approximate solutions
by the Bisection method for the equations x2 − 3 = 0 and cosx − x = 0
on [0, 2], respectively. As a reference, we note that the exact solutions are
1.73205080756887 · · · and 0.73908513321516 · · · for the corresponding prob-
lem.

As we can see in the tables, the Bisection method is convergent to the root
of the equation, but it is relatively slow to converge. In the next section, we
provide an algorithm to improve the convergence of the Bisection method.
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Table 1. Approximate solutions for x2 − 3 = 0 using Bisection

n Sub-interval (an, bn) Approximation pn
1 (0.000000, 2.000000) 1.000000
2 (1.000000, 2.000000) 1.500000
3 (1.500000, 2.000000) 1.750000
4 (1.500000, 1.750000) 1.625000
5 (1.625000, 1.750000) 1.687500
6 (1.687500, 1.750000) 1.718750
7 (1.718750, 1.750000) 1.734375
8 (1.718750, 1.734375) 1.726563
9 (1.726563, 1.734375) 1.730469
10 (1.730469, 1.734375) 1.732422
11 (1.730469, 1.732422) 1.731445
12 (1.731445, 1.732422) 1.731934
13 (1.731934, 1.732422) 1.732178

(running time = 0.012562 sec. in average)

Table 2. Approximate solutions for cosx− x = 0 using Bisection

n Sub-interval (an, bn) Approximation pn
1 (0.000000, 2.000000) 1.000000
2 (0.000000, 1.000000) 0.500000
3 (0.500000, 1.000000) 0.750000
4 (0.500000, 0.750000) 0.625000
5 (0.625000, 0.750000) 0.687500
6 (0.687500, 0.750000) 0.718750
7 (0.718750, 0.750000) 0.734375
8 (0.734375, 0.750000) 0.742188
9 (0.734375, 0.742188) 0.738281
10 (0.738281, 0.742188) 0.740234
11 (0.738281, 0.740234) 0.739258
12 (0.738281, 0.739258) 0.738770
13 (0.738770, 0.739258) 0.739014

(running time = 0.012466 sec. in average)

3 Quadri-Section Method

The Bisection method is easy to understand and easy to implement on a com-
puter, but it is a fairly slow converging iterative method. One possible ap-
proach to increase the convergence is using multiple sections instead of just
bisection. In this section, we propose and analyze a new method based on the
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idea of dividing whole interval into four sections which is referred to as the
Quadri-section method.

Suppose f is a continuous function on [a, b] and f(a)f(b) < 0. In the
Bisection method, one of the two sub-intervals

[a, a+ h] or [a+ h, b],

is selected to the next iteration, where h = (b − a)/2. However, in the new
Quadri-section method, we divide the interval [a, b] into four sections and
choose one of four sub-intervals

[a, a+ h], [a+ h, a+ 2h], [a+ 2h, a+ 3h] or [a+ 3h, b],

where h = (b−a)/4. Once one of the four sub-intervals satisfies the assumption
of the Intermediate Value Theorem, we proceed with the sub-interval to the
next iteration. We now provide the algorithm for the Quadri-section method
using four sections in the following.

Algorithm 3.1. (Quadri-section method)

INPUT endpoints a, b; function f ; tolerance TOL; maximum number of it-
erations kmax;

OUTPUT approximate solution p

Step 1 Set i = 1.

Step 2 While i ≤ kmax do Steps 3 ∼ 6.

Step 3 Set h = b−a
4
, c1 = a+ h, c2 = a+ 2h, c3 = a+ 3h.

Set p = (c1 + c2 + c3)/3.

Step 4 If |b− p| ≤ TOL then OUTPUT(p) and STOP.

Step 5 Set i = i+ 1.

Step 6 If f(a)f(c1) < 0 then set b = c1
elseif f(c1)f(c2) < 0 then set a = c1, b = c2
elseif f(c2)f(c3) < 0 then set a = c2, b = c3
else set a = c3.

Step 7 OUTPUT(’Method failed after kmax iterations.) and STOP.

In this algorithm, if we let [an, bn] be the interval during the nth iteration
of the method where a1 = a and b1 = b, then pn defined by the average of the
intermediate points c1, c2, c3 will be the approximate solution of the equation
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in the nth iteration. We note that Algorithm 3.1 can be immediately applied
to any multiple section method by slight modifications to Step 3 and Step
6. Now, convergence of the Quadri-section method is analyzed in the next
theorem.

Theorem 3.2. Suppose that f ∈ C[a, b] and f(a) · f(b) < 0. Then the
Quadri-section method generates a sequence {pn}∞n=1 approximating a zero p
of f with

|pn − p| ≤
1

2 · 4n−1
(b− a), when n ≥ 1.

Proof. For each n ≥ 1, based on the algorithm of the Quadri-section method,
we have

bn − an =
1

4
(bn−1 − an−1) = · · · = 1

4n−1
(b− a) and p ∈ (an, bn).

Since pn = 1
2
(an + bn) for each n ≥ 1, we get

|pn − p| ≤
1

2
(bn − an) =

1

2 · 4n−1
(b− a).

We note in this theorem that the absolute error |pn− p| is bounded by the
theoretical error bound 1

2·4n−1 (b− a). Furthermore, if we use Theorem 3.2, we
can determine the number of iterations necessary to solve f(x) = 0 for given
accuracy ε, for example ε = 10−3, of the absolute error |pn − p|.

Corollary 3.3. Suppose that f ∈ C[a, b] and f(a) · f(b) < 0. Then the
number N of iterations necessary of the Quadri-section method is

N ≥ 1 +
ln b−a

2ε

ln 4
,

for given accuracy ε of the absolute error.

Proof. Clear by letting
1

2 · 4N−1
(b− a) ≤ ε.

Example 3.4. Consider the following nonlinear equation:

x2 − 3 = 0 on [0, 2].
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Using the Quadri-section method, we let f(x) = x2 − 3 and set a1 = 0
and b1 = 2. Then in the first iteration, set h = (2 − 0)/4 and obtain four
sub-intervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. As an approximate solution,
we choose the average of 0.5, 1, 1.5 which is 1. Since f(1.5) · f(2) < 0, we
set a2 = 1.5, and b2 = 2 in the second iteration. Table 3 shows the first 7
approximate solutions by using the Quadri-section method. As we can see in
Table 3, the same approximation 1.732178 is obtained in only half of iterations,
that is 7 vs. 13, from the new method vs. the Bisection method, as expected.

Example 3.5. Consider the following nonlinear equation:

cosx− x = 0 on [0, 2].

As we can see in Table 4, if we use the Quadri-section method, similar
result is achieved and the convergence is faster than the Bisection method.

Theoretical number of iterations necessary by Corollary 3.3 for the equation
f(x) = 0 on [0.2] and ε = 10−3 is at least greater than 5.98289, and the actual
iteration 7 confirms Corollary 3.3. It has to be pointed out that running time
of the Quadri-section method compared to the Bisection method is about 14%
decrease and 13% decrease for x2 − 3 = 0 and cosx− x = 0, respectively.

Table 3. Approximate solutions for x2 − 3 = 0 using Quadri-section

n Sub-interval (an, bn) Approximation pn
1 (0.000000, 2.000000) 1.000000
2 (1.500000, 2.000000) 1.750000
3 (1.625000, 1.750000) 1.687500
4 (1.718750, 1.750000) 1.734375
5 (1.726563, 1.734375) 1.730469
6 (1.730469, 1.732422) 1.731445
7 (1.731934, 1.732422) 1.732178
(running time = 0.010769 sec. in average)

Table 4. Approximate solutions for cosx− x = 0 using Quadri-section

n Sub-interval (an, bn) Approximation pn
1 (0.000000, 2.000000) 1.000000
2 (0.500000, 1.000000) 0.750000
3 (0.625000, 0.750000) 0.687500
4 (0.718750, 0.750000) 0.734375
5 (0.734375, 0.742188) 0.738281
6 (0.738281, 0.740234) 0.739258
7 (0.738770, 0.739258) 0.739014
(running time = 0.010854 sec. in average)



Quadri-section method for nonlinear equations 227

4 Conclusion

The root-finding problem is one of the most fundamental problems in scientific
computation. In this paper, an iterative method has been introduced to solve
the root-finding problems with a modification of the classic Bisection method.
The numerical experiments show that the new Qudri-section method has good
performance with respect to convergence and running time. Theoretical results
also support the convergence of the new method. Finally, we plan in the future
to study the optimal number of sub-intervals in the multiple section method.
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