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Abstract

In this paper, we set a new theorem about existence and uniqueness of L∞ solu-
tion of the inhomogeneous relativistic Vlasov equation in Yang-Mills charged curved
space times with non-zero mass. We prove the equivalence between the Vlasov equa-
tion and an Hamilton-Jacobi equation and show that the previous solution is also a
minimax and a viscosity solution of the same equation. We therefore derive from it
an optimal control problem. The methods and techniques used here for the Vlasov
equation are original and totally different from the ones used by authors working in
the same field.
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INTRODUCTION

In this paper, we study the existence and uniqueness of a generalized solu-
tion of the inhomogeneous relativistic Vlasov equation in which a Yang-Mills
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potential is given and an optimal control problem in which the value function
is the unique solution of the corresponding Hamilton-Jacobi equation.

The Vlasov equation is one of the basic equations of the relativistic ki-
netic theory. This equation rules the dynamic of the collision-less considered
particles, by determining their distribution function, which is a non-negative
real-valued function of both the position and the momentum of particles.

Many authors have already studied the relativistic Vlasov equation. Choquet-
Bruhat and Noutchegueme in [4] studied the Yang-Mills-Vlasov system using
the characteristics method.This method was very complicated because they
introduced functional spaces with weight that required many estimates. They
obtained a local in time existence result. Choquet-Bruhat and Noutchegueme
in [5] also studied the Yang-Mills-Vlasov system only for the zero mass particles
case and used the conformal invariance of the system to prove a global existence
theorem only in Minkowski space time for small initial data. Nouchegueme and
Noundjeu in [7] proved a local in time existence and global in space theorem of
the Cauchy problem for the Yang-Mills - Vlasov system in temporal gauge with
current generated by a distribution function that satisfied a Vlasov equation,
but still using characteristics and many energy estimates.

The main objective of the present work is to extend the result obtained in
[2] to the inhomogeneous relativistic Vlasov equation. To achieve this goal, we
bring out a new method to justify existence of solution of the inhomogeneous
relativistic Vlasov PDE. Our method follows the one used in [2]. But the
techniques used and the results obtained here are different. We consider the
inhomogeneous Vlasov equation, we find local existence of solutions and we
obtain two new types of solutions : L∞ and minimax solutions , while the
solutions obtained in [2] were only in the viscosity sense and for the One-
body Liouville equation. Firstly, using the techniques of [2] ,we transform the
Vlasov equation and obtain a Hamilton -Jacobi equation. This equivalence
allows to introduce an Hamiltonian, which clearly satisfies all the assumptions
denoted in this work by (B). Then we apply an important result obtained
in [[3], theorem 3.1], which allows to state a time and space existence and
uniqueness theorem of L∞ solution for the Vlasov relativistic equation. Still
using [3] and also invoking [2] and [7], we prove that this L∞ solution is equaly
a minimax and a viscosity solution of the same equation. We consider for this
study given Yang-Mills charged curved space times with a local symmetry. In
the last part of this paper, we introduce an optimal control problem, which is
solved by the method of dynamic programming.

The paper is divided as follows:

– in section 1, we give definitions and present some useful results of [3],
– in section 2, we present the space-time and the equation,
– in section 3, we set the main existence theorem,
– in section 4, we display and solve an optimal control problem.
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1. PRELIMINARIES

The main purpose of this section is to give some important definitions, and
present the theory of global discontinuous solutions in L∞ of the Cauchy prob-
lem for the following Hamilton-Jacobi equation by recalling without giving
proofs, some important results belonging to [3]:

ut +H(t, x, u,Du) = 0, x ∈ Rn , 0 ≤ t ≤ T, (1.1)
u(0, x) = ϕ(x) x ∈ Rn (1.2)

where T > 0.
To display our ideas and methods in a clear setting, we make the following

assumptions on the Hamiltonian H(t, x, u,Du) of the Cauchy problem (1.1)–
(1.2):

(B1): H(t, x, z, p) is continuous in (t, x, z, p) and increasing in z;
(B2): |H(t, x, z, p1)−H(t, x, z, p2)| ≤ C0(1 + |x|)|p1 − p2|, and
|H(t, x, z, 0)| ≤ C0(1 + |x|+ |z|), for all t ∈ (0, T ];

(B3): |H(t, x1, z, p)−H(t, x2, z, p)| ≤ λ(L)(1 + |p|)|x1 − x2|
where |x1|, |x2| ≤ L

(B4): |H(t, x, z1, p)−H(t, x, z2, p)| ≤ C0(1 + |x|+ |p|)|z1 − z2|.
We define the essential infimum and supremum of an L∞loc(Rd) function v(x)
at every point x ∈ Rd:

I(v)(x) ≡ sup
A∈Sx

ess inf v(y)
y∈A

, S(v)(x) ≡ inf
A∈Sx

ess sup v(y),
y∈A

where

Sx =

{
A ⊂ Rdmeasurable |lim

r→0

m(A ∩Bd(x, r))

m(Bd(x, r))
= 1

}
.

Definition 1. Fix τ ∈ [0, T ] and p(t, x) ∈ C([0, T ] × Rn;Rn). Given a mea-
surable function v and a position (or value) function f , we define the winning
and the losing functions :

Λv
−(t, x, (τ, f, p)) = inf{S(v)(x(τ))− z(τ)|(x(·), z(·)) ∈ Sol(t, f(t, x), p)},

(1.3)

Λv
+(t, x, (τ, f, p)) = sup{I(v)(x(τ))− z(τ)|(x(·), z(·)) ∈ Sol(t, f(t, x), p)},

(1.4)
where Sol(t, f(t, x), p) denotes the set of solutions:

(x(·), z(·)) : [τ, t]→ Rn × R, for t≥ τ

of the characteristic inclusions (ẋ(·), ż(·)) ∈ E(t, x, z, p) satisfying the con-
ditions: x(t) = x, z(t) = f(t, x), where
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E(t, x, z, p) = {(h, g) ∈ Rn × R |h| ≤ C0(1 + |x|), g = 〈h, p〉 −H(t, x, z, p)}.

1.1. Existence of discontinuous solutions in L∞. Let

W = {u(t, x) ∈ L∞loc([0, T ]× Rn)| u(t, ·) ∈ L∞loc(Rn) for every t ∈ [0, T ]}.

Denote by Su the set of L∞ supsolutions w(t, x) ∈ W which satisfy
(i) for any p(t, x) ∈ C(R× Rn;Rn),

Λϕ
−(t, x, (0, w, p)) ≤ 0 (1.5)

for almost every (t, x) ∈ [0, T ]×Rn, and where ϕ is a locally bounded mea-
surable function, uϕ− ((t, x) , p) the unique locally bounded measurable function
satisfying

Λϕ
−(t, x, (0, uϕ− ((t, x) , p) , p) = 0.

Additionally, for every t ∈ [0, T ],(1.5) holds for almost every x ∈ Rn.

(ii) The semigroup property: for every τ ∈ [0, T ],

Λ
w(τ,x)
− (t, x, (0, w, p)) ≤ 0 (1.6)

for almost every (t, x) ∈ [τ, T ] × Rn. Additionally, for every t ∈ [τ, T ],(1.6)
holds for almost every x ∈ Rn.

Denote by Sl the set of L∞ subsolutions w(t, x) ∈ W which satisfy
(iii) for any p(t, x) ∈ C(R× Rn;Rn),

Λϕ
+(t, x, (0, w, p)) ≥ 0 (1.7)

for almost every (t, x) ∈ [0, T ]×Rn, and where ϕ is a locally bounded mea-
surable function, uϕ+ ((t, x) , p) the unique locally bounded measurable function
satisfying

Λϕ
+(t, x, (0, uϕ+ ((t, x) , p) , p) = 0.

Additionally, for every t ∈ [0, T ],(1.7) holds for almost every x ∈ Rn.

(iv) The semigroup property: for every τ ∈ [0, T ],

Λ
w(τ,x)
+ (t, x, (0, w, p)) ≥ 0 (1.8)

for almost every (t, x) ∈ [τ, T ] × Rn. Additionally, for every t ∈ [τ, T ],(1.8)
holds for almost every x ∈ Rn.

Definition 2. u is a L∞ solution of the Cauchy problem (1.1)-(1.2) if u
belongs to Su and Sl simultaneously.

Definition 3. A continuous function u : [0, T ] × Rn → R is a viscosity
subsolution of (1.1)-(1.2) if u (0, x) = ϕ(x) and for every C1 function ρ=ρ(t, x)
such that u− ρ has a local maximum at (t, x), one has

ρt(t, x) +H(t, x, u,Dρ) ≤ 0.
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A continuous function u : [0, T ] × Rn → R is a viscosity supersolution
of (1.1)-(1.2) if u (0, x) = ϕ(x) and for every C1 function ρ=ρ(t, x) such that
u− ρ has a local minimum at (t, x), one has

ρt(t, x) +H(t, x, u,Dρ) ≥ 0.

A continuous function u : [0, T ]×Rn → R is a viscosity solution of (1.1)-
(1.2) if it is both a supersolution and subsolution in the viscosity sense.

Definition 4. A continuous function u : [0, T ] × Rn is called a minimax
solution of (1.1)-(1.2) if u(0, y) = ϕ(y), y ∈ Rn, and for every (x0, z0) ∈
{(x, u(x)) : x ∈ [0, T ]× Rn} and s ∈ [0, T ] × Rn there exist a number τ >
0 and a Lipschitz function (x(·), z(·)) : [0, τ ] 7→ [0, T ] × Rn × R such that
(x(0), z(0)) = (x0, z0) for all t ∈ [0, τ ] and

ż(t) = 〈ẋ(t), s〉 −H(t, x(t), z(t), s)

for almost all t ∈ [0, τ ] .

Theorem 5. [[3], p.13] Given a locally bounded measurable function ϕ, there
exists a unique minimal element of Su, that is the solution of the Cauchy
problem (1.1)-(1.2).

Remark 6. In [8, 9], provided that initial data are continuous, it is shown that
minimax solutions are equivalent to viscosity solutions. The next two theorems
prove that L∞ solutions coincide with minimax solutions when initial data are
continuous.

Theorem 7. [[3],p.15] Assume that ϕ(x) is continuous. Let u(t, x) be an L∞
supsolution of (1.1)-(1.2) and v(t, x) the continuous minimax solution. Then
u(t, x) ≥ v(t, x) almost everywhere.

Theorem 8. [[3],p.17] Assume that ϕ(x) is continuous. Let u(t, x) be an L∞
subsolution of (1.1)-(1.2) and v(t, x) the continuous minimax solution. Then
u(t, x) ≤ v(t, x) almost everywhere.

Consequently, the L∞ solutions coincide with the continuous viscosity solu-
tions when initial data are continuous.

2. THE SPACE TIME AND THE EQUATIONS

Greek indexes α, β, . . . range from 0 to 3, and the Latin indexes i, j, . . . from
1 to 3. We adopt the Einstein summation convention

AαBα =
∑
α

AαBα.

We consider the Vlasov equation in temporal gauge of the form

pα
∂f

∂xα
+ Pα ∂f

∂pα
+Qa ∂f

∂qa
= 0 . (2.1)
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Equation (2.1) , generalizes to the non-abelian case the classical Vlasov
equation in presence of electromagnetic field. This equation governs the evo-
lution without collisions of a plasma of charged particles, with a non-zero rest
mass m in a given Yang-Mills field, and whose unknown distribution function
generates this field.

The 4-momentum of particles is denoted by p = (pα) = (p0, pi) = (p0, p̄)
and their non-abelian charge is denoted by q. Their distribution function
f , solution of the Vlasov equation (2.1), is a positive scalar function defined
on the product T (R4) × Gwhere (G, [.]) is a Lie algebra of a non-abelian Lie
group G. We consider that G is a vector space on R whose dimension is N ≥
2 and whose fixed basis is denoted (εa), a = 1, . . . , N. (qa) will denote the
coordinates of q ∈ G in (εa). The distribution function f , in the sense of kinetic
theory, is consequently a function of (xα, pα, qa) where (xα, pα) denotes the
usual coordinates of the tangent bundle T (R4) = R4 ×R4 of R4.The collision-
less particles then evolve in the space-time (R4, g) on one hand under the
action of their own gravitational field represented by the given metric tensor
g = (gαβ) that informs about gravitational effects, and on the other hand
under the non-abelian force generated by the Yang-Mills field F = (Fαβ) ,
deriving itself from a given Yang-Mills potential A = (Aα).

The Fαβ and Aα are then functions from [0,∞[×R3 on G, linked by the
relation

F a
αβ = ∇αA

a
β −∇βA

a
α + Ca

bcA
b
αA

c
β (2.2)

where Ca
bcare the structure constants of G and ∇the covariant derivative as-

sociated with g.
One imposes on the Yang-Mills potential A = (Aα), the temporal gauge

A0 = 0. (2.3)

We consider that metric tensor g = (gαβ) is of Lorentzian signature (−,+,+,+)
and we also assume that the time lines are orthogonal to the space sections.
So g writes:

g = g00 (xα) dt2 + gij(x
α)dxidxj (2.4)

in which gij(xα) > 0 are given differentiables functions of the time t and the
space (x̄) = (xi), i = 1, 2, 3 and where we take for simplicity g00 = −1.

The rest mass of particles is normalized to the unity, that ism = 1 and really
the particles move on the future sheet of the mass hyperboloid P (R4) ⊂ T (R4),
whose equation is Pt,x(p) : g(p, p) = −1 or using (2.4) :

Pt,x : p0 =
√

1 + gijpipj , (2.5)

where the choice p0 > 0 means that the particles eject towards the future.
In this work, one requires that there exists a constant C > 0 such that:
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∣∣∣∣∂αgijgij

∣∣∣∣ ≤ C . (2.6)

One also supposes that the non-abelian charge q of the Yang-Mills particles
is a function of class C∞ from R4 to G whose given norm is e > 0. This means
that in fact G ∼= R4 endowed with an ad-invariant scalar product , denoted by
the dot “· ” and that q takes its values in an orbit O of G, whose equation is

(O) : q · q = e2. (2.7)

Equivalently, |q| = e, |.| standing for the norm deduced from the scalar product.
Also, this scalar product is such that:

u · [v, w] = [u, v] · w, u, v, w ∈ G . (2.8)
The relation (2.7) allows to express the component qN of q as a function of

q̄ = (qa), a = 1, ..., N − 1.
Using (2.5) and (2.7) we obtain the fact that the distribution function

f of Yang-Mills particles is definitely a function of independent variables
(t, xi, pi, qa) = (t, x̄, p̄, q̄), i = 1, 2, 3; a = 1, 2, ..., N − 1. So f = f(t, x̄, p̄, q̄).

The trajectories s 7→ (xα(s), pα(s), qa(s)) of such Yang-Mills charged parti-
cles are non-longer geodesics, but solutions of the differential system

dxα

ds
= pα ;

dpα

ds
= Pα ;

dqa

ds
= Qa (2.9)

where

Pα = −Γαλµp
λpµ + pβq · Fα

β ;Qa = −pα[q, Aα]a = −Ca
bcp

αAbαq
c. (2.10)

The relations (2.5) and (2.7) also show that the space phase is in fact the
subset Pt,x ×O of T (R4)×O.

The relation (2.2) shows that Fαβ is antisymmetric with respect to α and β,
thus Fii = 0. So by (2.2) and (2.3), we obtain:

F0i = ∂0Ai , i = 1, 2, 3. (2.11)

We will suppose that A,F are given in the space C∞0 ([0,+∞[×R3).
Choosing qN ≥ 0 , since p0 > 0 , we deduce from (2.1) the following trans-

formed Vlasov equation:

−∂f
∂t

=
pi

p0

∂f

∂xi
+
P i

p0

∂f

∂pi
+
Qa

p0

∂f

∂qa
, i = 1, 2, 3 , a = 1, 2, ..., N − 1 . (2.12)

The Christoffel symbols Γλαβ of the Levi-Cevita connection∇ associated with
g are defined by the expression:

Γλαβ =
1

2
gλµ (∂αgµβ + ∂βgαµ − ∂µgαβ) (2.13)

Now we establish the main existence theorem of this work.
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3. THE MAIN EXISTENCE THEOREM

Let us consider the function H defined by the right hand side of the equation
(2.12) as follows

H(t, x̄, p̄, q̄, f,∇x̄,p̄,q̄f(t, x̄, p̄, q̄)) =
pi

p0

∂f

∂xi
+
P i

p0

∂f

∂pi
+
Qa

p0

∂f

∂qa
,

i = 1, 2, 3, a = 1, 2, ..., N − 1. (3.1)

where using the relations (2.10)

P i

p0
= −2Γ i

0jp
j − Γijkp

j p
k

p0
+ q ·

(
F i

0 + F i
j

pj

p0

)
,
Qa

p0
= −p

k

p0
Ca
bcq

cAbk . (3.2)

Setting ui = ∂f
∂xi

, vi = ∂f
∂pi

, wa = ∂f
∂qa

in the relation (3.1) and then using
relation (3.2), the Hamiltonian H can be rewritten in the form:

H : [0,+∞[×R3 × R3 × RN−1 × R× R3 × R3 × RN−1 −→ R
with

H(t, x̄, p̄, q̄, f, ū, v̄, w̄) =
pi

p0
ui +

(
q ·
(
F i

0 + F i
j

pj

p0

)
− 2Γ i

0jp
j − Γijkp

j p
k

p0

)
vi

− pk

p0
Ca
bcq

cAbkwa . (3.3)

Let us assume that a Lipschitz continuous function f0 : R3×R3×RN−1 −→ R
and a real number T > 0 are given and consider the following Cauchy problem:{

ft(t, x̄, p̄, q̄) +H(t, x̄, p̄, q̄, f,∇x̄,p̄,q̄f(t, x̄, p̄, q̄)) = 0 in ]0, T [×BR3(O, T )×R3 × RN−1

f(0, x̄, p̄, q̄) = f0(x̄, p̄, q̄) on BR3 (O, T )× R3 × RN−1

(3.4)
Our main purpose will be to prove using an important result of ([3]) that

the Cauchy problem (3.4) has a unique L∞ minimax viscosity solution f ∈
C([0, T ]×BR3(O, T )× R3 × RN−1).

Firstly, we state the following important lemma.

Lemma 9. (Main lemma) Γλαβ and pi

p0
are bounded over [0, T ]×BR3(O,T ) and

the map xα 7→ p̄(xα) is uniformly bounded over [0, T ]× BR3(O,T ).

Proof. Relation (2.6) implies that, for 0 ≤ t ≤ T and x̄ ∈ BR3(O, T )

e−CtgI0jk ≤ gjk (t, x̄) ≤ eCtgS0
jk (3.5)

where gI0jk = inf
x̄∈B̄R3 (O,T )

gjk(0, x̄) and gS0
jk = sup

x̄∈B̄R3 (O,T )

gjk(0, x̄).
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Using (2.13), (3.5) we obtain:∣∣Γi0j∣∣ ≤ C

2
,
∣∣Γ0

ij

∣∣ ≤ CeCtgS0
ij (3.6)

∣∣∣∣ pip0

∣∣∣∣ ≤ 1√
gii (t, x̄)

(3.7)

∣∣Γijk∣∣ ≤ 10C2e2CT g
S0

gI0
. (3.8)

Consequently, combining (3.5), (3.6), (3.7) ,(2.13) , we conclude that Γλαβ
and pi

p0
are bounded over [0, T ]×BR3(0, T ).

Now using (2.12) and (3.2), we have:

dpi

dt
= −2Γi0jp

j − Γijkp
j p

k

p0
+ q ·

(
F i

0 + F i
j

pj

p0

)
. (3.9)

So using (2.7), inequalities (3.5), (3.6), (3.7 ), (3.8 ) and the fact that F ∈
C∞0 ([0,+∞[×R3) we get:∣∣∣dpi(t, x̄)

dt

∣∣∣ ≤ A
3∑
j=1

|pj(t, x̄)|+Bi, (t, x̄) ∈ [0, T ]×B(0, T ) (3.10)

where Bi = B(e, T,
∑3

j=1
1√
g
I0
jj

, |F |) , A = A(e, T,
∑3

j=1
1√
g
I0
jj

, |F |) and |F | is

the norm of F . So ∣∣∣dp̄(t, x̄)

dt

∣∣∣ ≤ A|p̄(t, x̄)|+B (3.11)

with B =
∑3

i=1B
i. Integrating the relation (3.11) over [0, t] ,and appealing to

the Gronwall Lemma, one obtains:

|p̄(t ¯, x)| ≤ (|p̄(0, x̄)|+BT )eAt, (t, x) ∈ [0, T ]×BR3(O, T )

which completes the proof of Main Lemma 9. �

The next proposition will be useful.

Proposition 10. Let T > 0 be given. The Hamiltonian
H : [0, T ]×BR3(O, T )×R3×RN−1×R×R3×R3×RN−1 −→ R (t, x̄, p̄, q̄, f, ū, v̄, w̄) 7→
H(t, x̄, p̄, q̄, f, ū, v̄, w̄) defined by (3.3) satisfies the following properties (B):
(B1) H(t, x̄, p̄, q̄, z, ū, v̄, w̄) is continuous in (t, x̄, p̄, q̄, z, ū, v̄, w̄).
(B2)

|H(t, x̄, p̄, q̄, z, ū, v̄, w̄)−H(t, x̄, p̄, q̄, z, m̄, n̄, r̄)|
≤ C0(1 + |x̄| + |p̄| + |q̄|)(|ū− m̄| + |v̄ − n̄|) + |w̄ − r̄|) (3.12)

and

|H(t, x̄, p̄, q̄, z, 0̄, 0̄, 0̄)| ≤ C0(1 + |x̄|+ |p̄|+ |q̄|) , t ∈ [0, T ] . (3.13)
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(B3)

|H(t, x̄, p̄, q̄, z, ū, v̄, w̄)−H(t, ȳ, r̄, s̄, z, ū, v̄, w̄)|
≤ λ(L)(1 + |ū| + |v̄| + |w̄|)(|x̄− ȳ| + |p̄− r̄|) + |q̄ − s̄|) (3.14)

where ¯|x|+ ¯|p|+ |q̄| ≤ L , |ȳ|+ |r̄|+ |s̄| ≤ L.
(B4)

|H(t, x̄, p̄, q̄, z1, ū, v̄, w̄)−H(t, x̄, p̄, q̄, z2, ū, v̄, w̄)|
≤ C0(1 + ¯|x| + ¯|p| + |q̄| + |ū| + |v̄| + |w̄|) |z1 − z2| (3.15)

Proof. Consider that T > 0 is given.

– For assertion (B1 ): Since p0 > 0 , H(t, x̄, p̄, q̄, z, ū, v̄, w̄) is obviously
continuous in (t, x̄, p̄, q̄, z, ū, v̄, w̄).

– For assertion (B2 ): One has by definition ofH: |H(t, x̄, p̄, q̄, z, 0̄, 0̄, 0̄)| =
0, which implies that

|H(t, x̄, p̄, q̄, z, 0̄, 0̄, 0̄)| ≤ C0(1 + |x̄|+ |p̄|+ |q̄|) , t ∈ [0, T ] .

– Using definition of H,one has

H(t, x̄, p̄, q̄, z, ū, v̄, w̄)−H(t, x̄, p̄, q̄, z, m̄, n̄, r̄) =

pi

p0
(ui −mi) +

(
q ·
(
F i

0 + F i
j

pj

p0

)
− 2Γ i

0jp
j − Γijkp

j p
k

p0

)
(vi − ni)

+
pk

p0
Ca
bcq

cAbk(ra − wa). (3.16)

Using the Main lemma 9 and the hypotheses |q| = e, A, F ∈ C∞0 ([0,+∞[×R3)

which allow to bound Γ λ
αβ , q ·

(
F i

0 +F i
j
pj

p0

)
and pi

p0
over [0, T ]×BR3(O, T )

, one easily obtains from (3.16) the following inequality:

|H(t, x̄, p̄, q̄, z, ū, v̄, w̄)−H(t, x̄, p̄, q̄, z, m̄, n̄, r̄)|
≤ C0(1 + |x̄| + |p̄| + |q̄|)(|ū− m̄| + |v̄ − n̄|) + |w̄ − r̄|) (3.17)

in which C0 = C0

(
e, gI0ij , g

S0
ij , T, |A| , |F |

)
.

– Assertion (B3 ): Let L > 0 , such that ¯|x|+ ¯|p|+|q̄| ≤ L , |ȳ|+|r̄|+|s̄| ≤
L. Using definition of H one obtains
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H(t, x̄, p̄, q̄, z, ū, v̄, w̄)−H(t, ȳ, r̄, s̄, z, ū, v̄, w̄) =(
pi

p0
− ri

r0

)
ui +

(
(q − s) · F i

0 + F i
j ·
(
q
pj

p0
− sr

j

r0

)
+ 2Γ i

0j(r
j − pj)

+Γijk

(
rj
rk

r0
− pj p

k

p0

))
vi +

(
sc
rk

r0
− qc p

k

p0

)
Ca
bcq

cAbkwa. (3.18)

Now

pi

p0
− ri

r0
= pi

p0
1
r0

(r0 − p0) + 1
r0

(pj − rj)
sc r

k

r0
− qc pk

p0
= rk

r0
(sc − qc) + qc

r0

(
rk − pk

)
− pk

p0
1
r0

(p0 − r0)

q p
j

p0
− s rj

r0
= pj

p0
(q − s) + s

p0
(pj − rj)− rj

r0
1
p0

(r0 − p0)

rj
rk

r0
− pj p

k

p0
= rk

r0
(rj − pj) + pj

r0

(
rk − pk

)
− pk

p0
1
r0

(p0 − r0) .

(3.19)

Invoking the fact that 1
p0
, 1
r0
≤ 1 , utilizing the Main lemma which al-

lows to bound Γλαβ,
pi

p0
and rk

r0
over [0, T ] × BR3(O, T ) , also using the

hypotheses |q| = |s| = e, A, F ∈ C∞0 ([0,+∞[×R3), one easily obtains
from (3.18) and (3.19) the following inequality

|H(t, x̄, p̄, q̄, z, ū, v̄, w̄)−H(t, ȳ, r̄, s̄, z, ū, v̄, w̄)|
≤ C(1 + |ū| + |v̄| + |w̄|)(|x̄− ȳ| + |p̄− r̄|) + |q̄ − s̄|)

where C = C
(
e, gI0ij , g

S0
ij , T, |A| , |F |

)
.

– Assertion (B4 ): It is verified because H does not depend on z and
the proposition is established.

We are now able to give the Main Existence Theorem of this work, which is
deduced from theorem 5.

Theorem 11. (Main Existence Theorem) Let us assume that a Lipschitz con-
tinuous function f0 : [0,+∞[×R3 × R3 × RN−1 7→ R and T > 0 are given.
Then:
1- The Cauchy problem{

ft(t, x̄, p̄, q̄) +H(t, x̄, p̄, q̄, f,∇x̄,p̄,q̄f(t, x̄, p̄, q̄)) = 0 on ]0, T [×BR3(O, T )×R3 × RN−1

f(0, x̄, p̄, q̄) = f0(x̄, p̄, q̄) in BR3 (O, T )× R3 × RN−1

where the Hamiltonian H is defined by (3.3), admits a unique continuous
L∞ minimax viscosity solution.

2- The Vlasov equation pα
∂f

∂xα
+ Pα ∂f

∂pα
+ Qa ∂f

∂qa
= 0 in Yang-Mills charged
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curved space times has a unique continuous L∞ minimax viscosity solution
f = f(t, x̄, p̄, q̄) on [0, T ] × BR3(O, T ) × R3 × RN−1 that satisfies the initial
condition f(0, x̄, p̄, q̄) = f0(x̄, p̄, q̄) in R3 × R3 × RN−1.

Proof. 1- It is proved in proposition 10 that the Hamiltonian H satisfies the
properties (B1)-(B4). Consequently theorem 5 and theorems 7 -8 imply
that the Cauchy problem admits a unique continuous L∞ minimax viscosity
solution f ∈ C([0, T ]×BR3(O, T )× R3 × RN−1) for T > 0.

2- The conclusion is a direct consequence of equivalence of the Cauchy
problem (3.4) and the Vlasov equation with initial condition f(0, x̄, p̄, q̄) =
f0(x̄, p̄, q̄) in BR3(O, T )× R3 × RN−1. �

Let us set hereafter for a given T > 0 , KT = [0, T ]×BR3(O, T )×R3×RN−1.

4. OPTIMAL CONTROL PROBLEM

Existence and uniqueness of L∞ minimax viscosity solution of the inhomo-
geneous relativistic Vlasov equation are set . In this section the purpose is
to establish that this solution can be seen as a solution of an optimal control
problem. For this aim, we begin by recalling some results of [6] about optimal
control and Hamilton-Jacobi equations.

4.1. Optimal control problem without boundary condition.
We first describe some general results about deterministic optimal control

problems. To describe them, we consider a system which state is given by
solution yx (t) of the following differential equation:

dyx
dt

= b (yx (t) , v (t)) for t ≥ 0 , y (0) = x ∈ RN . (4.1)

where b maps RN × V into RN , V being some given closed convex set (or
compact) in RN which will be called the set of values control of the control.
The control v(t) is any measurable bounded function from [0,+∞[ to V.

We will hereafter assume that b (x, v) satisfies:
|b(x, v)− b(y, v)| ≤ C |x− y| ∀x, y ∈ RN ,∀v ∈ V ;

|b(x, v)| ≤ C ∀(x, v) ∈ RN × V
b(x, v) is continuous onRN × V

(4.2)

for some constant C > 0.
Hence (4.1) has a unique solution for all x ∈ RN denoted by yx(t).
We now define a pay-off function (or cost function) for each given control v(·).

J(t, x; v(·)) =

∫ t

0

l (yx (s) , v (s)) exp

{
−
∫ s

0

c (yx (λ) , v (λ)) dλ

}
ds

+ u0 (yx (t)) exp

{
−
∫ t

0

c (yx (s) , v (s)) ds

} (4.3)
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where l(x, v), c (x, v) are given functions which satisfy: ∃C > 0 such that for
ϕ = l, c we have

|ϕ(x, v)− ϕ(y, v)| ≤ C |x− y| ∀x, y ∈ RN ∀v ∈ V ;

|ϕ(x, v)| ≤ C ∀(x, v) ∈ RN × V ;

ϕ(x, v) is continuous onRN × V .
(4.4)

The problem to solve is to minimize the cost function over all controls v(·),
exactly that is to find

u(t, x) = inf
v(·)

J (t, x; v (·)) . (4.5)

The problem (4.5) is called the finite horizon problem.
The purpose of optimal control theory is to give a characterization of this
optimal cost function and to compute optimal control, eventually in the form
called feedback optimal control.

The following theorem expresses the dynamic programming about the opti-
mal control problem.

Theorem 12. [6] Under assumptions (4.3), (4.4): we have

u(t, x) = inf
v(·)

{∫ s

0

b (yx (λ) , v (λ)) exp

{
−
∫ λ

0

c (yx (τ) , v (τ)) dτ

}
dλ

+u (yx (s) , t− s) exp

[
−
∫ s

0

c (yx (τ) , v (τ)) dτ

]} (4.6)

for all 0 ≤ s ≤ t.

Now we give a result about the regularity of the cost function.

Proposition 13. [6] Under assumptions (4.3), (4.4), the function u (·, ·) :
(0, T )× RN → R is Lipschitz continuous for all 0 < T < +∞.

The next result explains a relation between the optimal control problem and
the Hamilton-Jacobi equations.

Theorem 14. [6] Under assumptions (4.3), (4.4), we have u ∈ W 1,∞ ((0, T )× RN
)
,

∀T < +∞ and:
∂u

∂t
+ supv∈V {b (x, v) ·Dxu+ c (x, v)u− l (x, v)} = 0 a.e. in (0,+∞)× RN

u (0, x) = u0 (x) in RN .

(4.7)

The next proposition proves the uniqueness of solution of theorem 14.

Proposition 15. [6] Under assumptions (4.3), (4.4), if w ∈ W 1,∞ ((0, T )× RN
)

for some T > 0 and if w satisfies:
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∂w

∂t
+ supv∈V {b (x, v) ·Dxw + c (x, v)w − l (x, v)} ≤ 0 a.e. in (0, T )× RN

w (0, x) ≤ u0 (x) in RN ,

then we have w (t, x) ≤ u (t, x) in (0, T )× RN .

Remark 16. According to the theorem 14, u satisfies the Hamilton-Jacobi-
Bellman equation, a particular Hamilton-Jacobi equation in which the Hamil-
tonian is defined by

H (t, x, p) = sup
v∈V
{b (x, v) · p+ c (x, v) t− l (x, v)} .

This Hamiltonian is clearly Lipschitz continuous and convex in (t, p) as supre-
mum of affine functions. Conversely if H (t, x, p) is convex continuous function
in (t, p) and Lipschitz continuous at least locally in x then it is possible to write
H (t, x, p) as a supremum of affine functions and in this way to write down some
associated optimal control problem: indeed let us denote by L (t, x, p) the dual
convex function of H (t, x, p), recall that L is given by

L (t, x, p) = sup
(s,q)∈R×RN

{ts+ p · q −H (t, x, q)} ≤ +∞.

Now, we know that

H (t, x, p) = sup
(s,q)∈DomL(·,x,·)

{p · q + ts− L (t, x, q)} . (4.8)

And this proves that, at least formally, we may define for each convex Hamil-
tonian some associated control problem in the sense that the corresponding
optimal cost function solves the Hamilton-Jacobi equation.

The following proposition gives a result about the feedback control of the
optimal control problem.

Proposition 17. [6] Assume that u ∈ C1
(
QT

)
for some T > 0, where QT =

(0, T )×RN, and that there exists a continuous function v (t, x) defined on QT

such that

0 =
∂u

∂t
(t, x) + sup

v∈V
{b (x,v) ·Dxu (t, x)− l (x,v)} .

Let yx (s) be a solution for 0 ≤ s ≤ t of :

dyx
ds

(s) + b (yx (s) ,v (t− s, yx (s))) = 0 , yx (0) = x ∈ RN .

Then the feedback vt;x (s) = v (t− s, yx (s)) is optimal, that is, we have:

u (t, x) = J (t, x; vt,x (·)) , ∀x ∈ RN , ∀t ∈ [0, T ].
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4.2. Application to the Vlasov equation.
The Hamiltonian (3.3), according to assumptions (B1) and (B3) , is contin-

uous, clearly convex in (t, ū, v̄, w̄) and Lipschitz continuous locally in (x̄, p̄, q̄).
We can now state that the L∞ minimax viscosity solution of the Vlasov equa-
tion is a solution of an optimal control problem.

Proposition 18. Let H be the Hamiltonian (3.3) and L its dual convex func-
tion. Let us assume that a Lipschitz continuous function f0 : [0,+∞[×R3 ×
R3 × RN−1 7→ R is given. Consider the functions

b, c : R3 × R3 × RN−1 ×DomL (·, x, ·)→ R3 × R3 × RN−1 .

satisfying assumptions (4.4).
The unique solution of the problem
∂u

∂t
+ sup(s,q)∈DomL(·,x,·) {b (s, x, q) ·Dxu+ c (s, x, q)u− L (s, x, q)} = 0 a.e. in KT

u (0, x) = f0 (x) in R3 × R3 × RN−1

solves the Vlasov equation pα
∂f

∂xα
+Pα ∂f

∂pα
+Qa ∂f

∂qa
= 0 for Yang-Mills charged

curved space times in C (KT ) for all T > 0 with initial condition f(0, x̄, p̄, q̄) =
f0(x̄, p̄, q̄) in R3 × R3 × RN−1.

Proof. It is a direct consequence of (4.7), (4.8) and theorem 11 �

CONCLUSION

In the present paper, we have set a theorem of existence of viscosity min-
imax and L∞ solutions of the inhomogeneous relativistic Vlasov equation in
Yang-Mills charged curved space times , and brought up an optimal control
problem. Introduction was made up to present particularities of this study
comparatively to other ones done in the same topic. In the second section, we
gave details of mathematics tools used to set the main existence theorem in
section 3. In section 3, we have presented the frame of the work, the space
times and the inhomogeneous relativistic Vlasov equation. In the forth sec-
tion, we have proved that the L∞ minimax viscosity solutions of the Vlasov
equation may be expressed as a solution of an optimal control problem. In
our future investigations, we will extend the present study to the Boltzmann
reltivistic equation.
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