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Abstract

We find numerical solutions of nonlinear Volterra integral equations
of the first kind by first converting them into linear Volterra integral
equations of the second kind. We then apply the fourth-order block-
by-block method in conjunction with Simpson’s rule. The approximate
solutions obtained, based on a sampling of numerical examples, are then
compared with those from other existing methods in the literature.
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1 Introduction

Many problems in mathematical physics, engineering and the physical sciences
such as diffusion problems, fluid dynamics, heat conduction problems, non-
linear dynamical systems identification, concrete problems of mechanics and
population dynamics, to name but a few, can be reduced to integral equations
of the first kind (IE-1s). However, IE-1s are generally inherently ill-posed,
meaning that slight changes to the problem result in very large errors in the
solutions obtained. This explains the extreme difficulty of finding exact solu-
tions to IE-1s in most cases. In addition, since a small error in the data may
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lead to an unbounded error in the results, it is also difficult to find numerical
solutions to IE-1s [1].

A wide range of numerical methods have been developed to address the ill-
posedness of first-kind integral equations and solve them by means of various
basis functions. Saeedi et al. [2] solved a class of nonlinear Volterra integral
equations of the first kind (VIE-1s) by converting them into linear VIEs of
the second kind and then applying the Tau method which they found to pro-
duce highly accurate results. Biazar et al. [3] solved the nonlinear VIE of the
first kind using the Adomian decomposition method. Babolian and Masouri
[4] proposed a simple, efficient and direct method for solving Volterra integral
equations of the first kind. They applied block-pulse functions and their opera-
tional matrix of integration to reduce the first kind integral equation to a linear
lower triangular system. Mohamadi et al. [5] obtained solutions of VIE-1s by
using a new computational technique based on Bernstein polynomials. Rani
and Mishra [6] used the modified Laplace Adomian decomposition method
based on Bernstein polynomials to obtain numerical solutions of Volterra in-
tegral and integrodifferential equations. They found that, like the orthogonal
polynomials (i.e., Legendre, Chebyshev and Jacobi polynomials), Bernstein
polynomials also provide a good approximation which happens to converge to
the exact solution.

In this paper, we consider nonlinear Volterra integral equations of the first
kind (NVIE-1s). In particular, we apply the method proposed by Wazwaz [7]
to convert nonlinear VIEs of the first kind into linear VIEs of the second kind
and then solve them using the fourth-order block-by-block method of Paulsen
et al. [8] in conjunction with Simpson’s rule. The block-by-block methods are
essentially extrapolation procedures which produce a block of values at a time
and have the advantage of being self-starting and of higher order. In addition,
block-by-block methods do not require special starting procedures or values,
have a simple structure, allow for easy switching of step-size and have the abil-
ity to compute several values of the unknown function at the same time [9].
Other numerical and analytical methods that have been used to solve VIEs
include the Sinc Nyström, residual, Galerkin, homotopy, perturbation, vari-
ational iteration, Laplace transform, series solution and direct computation
methods [10, 11, 12, 13, 14].

The main contribution of this paper consists in the fact that it highlights the
practical importance, occurrence and applications of integral equations, com-
pares solutions of NVIEs of the first kind using different numerical methods
and underscores the relationship between NVIEs of the first kind and LVIEs of
the second kind. The paper extends the work of Kasumo [15] which converts
LVIE-1s into LVIE-2s. The rest of this paper is organized as follows: Section 2



Approximate solutions of nonlinear VIEs of the first kind 869

outlines the proposed methods of solution, Section 3 investigates the existence
and uniqueness of the solution to the problem, Section 4 presents and discusses
some results based on a selection of numerical examples and Section 5 gives
some conclusions.

2 Description of the Method

Consider the general nonlinear Volterra integral equation (NVIE) of the form:

f(x) =

∫ x

a

K(x, t)F (u(t)) dt, x ∈ [a, b], (1)

where the kernel K(x, t), the forcing function f(x) and the function F are given
smooth or real-valued functions. The solution u is determined on the assump-
tion that f(a) = 0. F (u(t)) is invertible and nonlinear in the unknown function
u(x) and may take the following forms: u(n)(t), the n-th derivative of u with
respect to x; uα(t), the α-th power of u, α ∈ R; sin(u(t)), cos(u(t)), ln(u(t))
and eu(t) or any combination of these functions; and

∑n
i=0 αiu

i(t), n ∈ N.

We convert the general NVIE-1 (1) into a linear Volterra integral equation of
the second kind (LVIE-2). We then apply the block-by-block method which
converts the LVIE-2 into a system of linear equations and then solves it by
matrix methods. Without loss of generality, we set a = 0 so that (1) now
becomes

f(x) =

∫ x

0

K(x, t)F (u(t))dt, x ∈ [0, b], (2)

where x and t are real numbers. By the method of Wazwaz [7], also used in
[2], we convert the NVIE of the first kind (2) into a LVIE of the second kind.
This addresses the problem of the inherent ill-posedness of VIE-1s. Setting
y(t) = F (u(t)) causes (1) to become

f(x) =

∫ x

0

K(x, t)y(t)dt, x ∈ [0, b], (3)

which is now a LVIE-1. Differentiating both sides of (3) with respect to x
yields

f
′
(x) = K(x, x)y(x) +

∫ x

0

Kx(x, t)y(t)dt (4)

by using the Leibniz rule. Assuming that K(x, x) 6= 0 for values of x in the
interval of integration, we divide through by K(x, x) to obtain

f
′
(x)

K(x, x)
= y(x) +

∫ x

0

Kx(x, t)

K(x, x)
y(t)dt,
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or

y(x) =
f

′
(x)

K(x, x)
−
∫ x

0

Kx(x, t)

K(x, x)
u(t)dt. (5)

By setting g(x) = f
′
(x)

K(x,x)
and H(x, t) = −Kx(x,t)

K(x,x)
, equation (5) can be rewritten

in the form

y(x) = g(x) +

∫ x

0

H(x, t)u(t)dt, (6)

which is a LVIE-2. Once in this form, the equation can now be solved using
one of many available methods for solving second-kind VIEs. In this paper, we
will use the block-by-block method to solve (6) and compare the results with
those obtained by the modified Adomian decomposition method (MADM) out-
lined in [18], as well as by other methods used in the literature, e.g., Bernstein
polynomials and Tau methods. The use of the MADM guarantees rapid con-
vergence to the exact solution.

This method, briefly outlined in this section, is described fully in Paulsen et
al. [8] and Linz [9, 16]. In this regard, we use a fixed grid u = 0, h, 2h, . . .
The numerical solution of the general linear Volterra integral equation of the
second kind (6), where the kernel H(x, t) and the forcing function g(x) are
known functions and u(x) is the unknown function to be determined, is of the
form

un = gn + h
n∑
i=1

wiHn,iui, (7)

where ui is the numerical approximation to u(ih), Hn,i = H(nh, ih), un =
u(nh) and gn = g(nh). The wi are the integration weights. Here, the block-
by-block method will be used in conjunction with Simpson’s rule of integration
to obtain solutions in blocks of two values.

Linz [16] has shown that the block-by-block method always converges and has
an order of convergence of four. This method reduces the VIE of the second
kind into a system of algebraic equations which is solved by matrix methods
to obtain the blocks.

Definition 2.1. Let u0(h), u1(h), . . . denote the approximation obtained by a
given method using step-size h. Then a method is said to be convergent if and
only if

|ui(h)− u(xi)| → 0, for i = 0, 1, 2, . . . , N,

as h→ 0, N →∞, such that Nh = a.

Definition 2.2. A method is said to be of order q if q is the largest number
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for which there exists a finite constant C such that

|ui(h)− u(xi)| ≤ Chq, i = 0, 1, 2, . . . , for all h > 0.

Remark 2.3. By Theorem 3.1 in Paulsen et al. [8] and from results in Chapter
7 of Linz [9], it follows that for a fixed x so that nh = x, the solution satisfies

|un − u(x)| = O(h4),

provided that u is four times continuously differentiable as is the case here by
Theorem 2.4 in Paulsen et al. [8]. On the other hand, for the block-by-block
method |u2m+2 − u2m+1| = O(h4) as well.

3 Existence and Uniqueness of Solution

In this section, we state some results about the existence and uniqueness of
the solution to equation (6).

Theorem 3.1. (Kress [17]) For each function g ∈ C[0, b], the LVIE-2 (6) with
continuous kernel H has a unique solution y ∈ C[0, b].

Theorem 3.2. (Linz [9]) Assume that

(a) K(x, t) and Kx(x, t) are continuous in 0 ≤ x, t ≤ b.

(b) K(x, x) does not vanish anywhere in 0 ≤ x ≤ b (i.e., K(x, x) 6= 0 for all
x in the range of integration),

(c) f(0) = 0,

(d) f(x) and f
′
(x) are continuous in 0 < x < b.

Then the LVIE of the first kind (3) has a unique continuous solution and this
solution is identical to the continuous solution of the LVIE-2 (6).

The third assumption is the necessary and sufficient condition for the solution
of the LVIE of the second kind (6) to satisfy the original VIE of the first kind
(3). The case where K(x, x) = 0 complicates the problem in that it requires
repeated differentiation under certain conditions, but consideration of this case
is beyond the scope of this paper.

4 Numerical Examples

In this section we give a number of numerical examples by way of showing
the computational efficiency of the proposed numerical method. For each ex-
ample a table is used to show the exact solution, the numerical results and
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the absolute errors, accompanied by appropriate graphs. For some examples,
results from the block-by-block method are compared with those used in some
of the literature. All the computations associated with these examples were
performed using a Samsung Series 3 PC with an Intel Celeron CPU 847 at
1.10GHz and 6.0GB internal memory. To reduce computing time, the numer-
ical method was implemented using the FORTRAN programming language,
taking advantage of its DOUBLE PRECISION feature which gives a high de-
gree of accuracy. A step size of h = 0.01 was used throughout. The figures
were constructed using MATLAB R2016a.

Example 4.1. Consider the NVIE-1:

xex =

∫ x

0

ex−teu(t)dt, 0 ≤ x ≤ 1, (8)

with exact solution u(x) = x. Let y(t) = eu(t). The VIE becomes

xex =

∫ x

0

ex−ty(t)dt, 0 ≤ x ≤ 1, (9)

which is a LVIE-1. It is evident that f(0) = 0. Differentiating both sides with
respect to x transforms (9) into a LVIE-2

ex + xex = y(x) +

∫ x

0

ex−ty(t)dt (10)

with kernel H(x, t) = −ex−t and forcing function g(x) = ex + xex. By the
MADM, we let g1(x) = ex and g2(x) = xex. Then

y0(x) = g1(x)

y1(x) = g2(x) +

∫ x

0

H(x, t)y0(t)dt

yn+1(x) =

∫ x

0

H(x, t)yn(t)dt, n ≥ 1

and the solution to the LVIE-2 (10) is completely determined in a decomposi-
tion series

y(x) =
∞∑
n=0

yn(x),
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i.e.,

y0(x) = ex

y1(x) = xex −
∫ x

0

ex−tetdt = xex −
∫ x

0

exdt = xex − [tex]x0 = 0

yn+1(x) = 0, n ≥ 1

Thus, y(x) = y0(x) + y1(x) = ex, so that u(x) = ln ex = x, the exact solution
for the original NVIE-1 (8).

The results are given in Table 1 where a comparison is made between the block-
by-block method and modified Adomian decomposition method (MADM). Fig-
ure 1(a) shows the approximate solution to (8). Also shown are the absolute
errors defined as

eB−by−B = |u(x)− uB−by−B|.

Table 1: Comparison of approximate and exact solutions from the block-by-
block method (h = 0.01) and Modified ADM for Example 4.1

x u(x) uMADM(x) uB−by−B(x) eB−by−B
0 0 0 0 0

0.1 0.1 0.1 0.10000005 5× 10−8

0.2 0.2 0.2 0.20000000 0
0.3 0.3 0.3 0.29999995 5× 10−8

0.4 0.4 0.4 0.39999995 5× 10−8

0.5 0.5 0.5 0.49999991 9× 10−8

0.6 0.6 0.6 0.60000026 2.6× 10−7

0.7 0.7 0.7 0.70000011 1.1× 10−7

0.8 0.8 0.8 0.79999995 5× 10−8

0.9 0.9 0.9 0.90000015 1.5× 10−7

1.0 1.0 1.0 0.99999964 3.6× 10−7

Example 4.2. Consider the following NVIE of the first kind [5]:

X =

∫ x

0

(x− t+ 1)e−u(t)dt, 0 ≤ x ≤ 1. (11)

The exact solution of this NVIE is u(x) = x. Set y(t) = e−u(t) so that the
equation becomes

x =

∫ x

0

(x− t+ 1)y(t)dt, 0 ≤ x ≤ 1, (12)
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u(
x)

(a) (b) 

Figure 1: Numerical solution for (a) Example 3.1 (b) Example 3.2

which is a first-kind LVIE. Taking derivatives with respect to x on both sides
yields the LVIE-2

1 = y(x) +

∫ x

0

y(t)dt, 0 ≤ x ≤ 1 (13)

with kernel H(x, t) = −1 and forcing function g(x) = 1. Using the MADM,
let g1(x) = 1 so that

y0(x) = 1

y1(x) = −
∫ x

0

dt = −x

y2(x) = −
∫ x

0

−tdt =
x2

2

y3(x) = −
∫ x

0

t2

2
dt = −x

3

6

y4(x) = −
∫ x

0

−t
3

6
dt =

x4

24

y5(x) = −
∫ x

0

t4

24
dt = − x5

120

and so on. Thus, the ADM solution is

y(x) = y0(x) + y1(x) + y2(x) + · · · = 1− x+
x2

2!
− x3

3!
+
x4

4!
− x5

5!
+ · · · = e−x.

Since y(x) = e−u(x), the solution of the original NVIE-1 is u(x) = − ln y(x) = x.
From Table 2, the absolute errors from the Bernstein polynomials method used
by Mohamadi et al. [5] are much smaller than those from the block-by-block
method. Figure 1(b) shows the results.
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Table 2: Comparison of approximate and exact solutions from the block-by-
block (h = 0.01) and Bernstein polynomials methods for Example 4.2

x u(x) uMADM(x) uBP(x) uB−by−B(x) eBP eB−by−B
0 0 0 0.0000000460 0 4.6× 10−8 0

0.15 0.15 0.15 0.1500000083 0.14999998 8.3× 10−9 2× 10−8

0.3 0.3 0.3 0.3000000032 0.29999995 3.2× 10−9 5× 10−8

0.45 0.45 0.45 0.4499999969 0.45000002 3.1× 10−9 2× 10−8

0.6 0.6 0.6 0.5999999962 0.59999990 3.8× 10−9 1× 10−7

0.75 0.75 0.75 0.7500000045 0.74999988 4.5× 10−9 1.2× 10−7

0.9 0.9 0.9 0.9000001447 0.89999980 1.447× 10−7 2× 10−7

Example 4.3. Consider the first-kind NVIE [1, 2]:

e2x − ex =

∫ x

0

ex−tu2(t)dt, 0 ≤ x ≤ 1, (14)

having exact solution u(x) = ex. To convert this equation into a LVIE-1, we
let y(t) = u2(t). Then the integral equation becomes

e2x − ex =

∫ x

0

ex−ty(t)dt, 0 ≤ x ≤ 1.

As with earlier examples, differentiating both sides with respect to x transforms
the LVIE-1 into a LVIE-2

2e2x − ex = y(x) +

∫ x

0

ex−ty(t)dt, 0 ≤ x ≤ 1. (15)

The solution is u(x) =
√
y(x). Here, we will compare the results from the

block-by-block method with those from the Tau method and the MADM. If
we let g1(x) = −ex and g2(x) = 2e2x, then

y0(x) = −ex

y1(x) = 2e2x −
∫ x

0
ex−t

[
−et
]
dt = 2e2x + xex

y2(x) = −
∫ x

0
ex−t

[
2e2t + tet

]
dt = −2e2x −

(
x2

2
− 2

)
ex

y3(x) = −
∫ x

0
ex−t

[
−2e2t −

(
t2

2
− 2

)
et
]
dt = 2e2x +

(
x3

6
− 2x− 2

)
ex

y4(x) = −
∫ x

0
ex−t

[
2e2t +

(
t3

6
− 2t− 2

)
et
]
dt = −2e2x −

(
x4

24
− x2 − 2x + 2

)
ex
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y5(x) = −
∫ x

0
ex−t

[
−2e2t −

(
t4

24
− t2 − 2t + 2

)
et
]
dt

= 2e2x +

(
x5

120
− x3

3
− x2 − 2x− 2

)
ex

and so on, so that the ADM solution is

y(x) = ex
(

2ex − 1− x− x2

2
− x3

6
− x4

24
+

x5

120
· · ·
)

Since y(x) = u2(x), the solution to the given NVIE-1 is u(x) =
√

y(x) ≈ ex. The
results from the MADM and the block-by-block method are compared with those
from the Tau method of Saeedi et al. [2]. It can be seen from Table 3 that the
Tau method produces smaller errors and therefore performs better than both the
modified Adomian and block-by-block methods.

Table 3: Comparison of approximate and exact solutions from the block-by-
block (h = 0.01) and Tau (N = 16) methods for Example 4.3

x u(x) uMADM(x) uTau(x) uB−by−B(x) eTau eB−by−B
0 1 1 1 1 0 0

0.0625 1.064494 1.064494 1.064494 1.06183648 0 0.00265752
0.1875 1.206230 1.206232 1.206230 1.20924950 0 0.00301950
0.375 1.454991 1.455055 1.454991 1.46228456 0 0.00729356
0.5 1.648721 1.648993 1.648721 1.64872122 0 2.2× 10−7

0.625 1.868245 1.869086 1.868245 1.87761045 0 0.00936545
0.75 2.117000 2.119115 2.117000 2.11700010 0 1× 10−7

0.8125 2.253534 2.256709 2.253534 2.24790835 0 0.00562565
0.9375 2.553589 2.560159 2.553589 2.55998158 0 0.00639258

1.0 2.718281 2.727407 2.718281 2.71828175 0 7.5× 10−7

Example 4.4. Consider the NVIE-1 [2]:

x sinx

2
+ sinx =

∫ x

0

[sin(x− t) + 1] cos(u(t))dt (16)

whose exact solution is u(x) = x for 0 ≤ x ≤ 1. Again, we let y(t) = cos(u(t))
so that the given NVIE-1 becomes

x sinx

2
+ sinx =

∫ x

0

[sin(x− t) + 1]y(t)dt, 0 ≤ x ≤ 1. (17)
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u(
x)

u(
x)

(a) (b) 

Figure 2: Numerical solution for (a) Example 3.3 (b) Example 3.4

This LVIE-1 is transformed into a LVIE-2 by taking derivatives with respect
to x on both sides, i.e.,

sinx

2
+
x cosx

2
+ cosx = y(x) +

∫ x

0

cos(x− t)y(t)dt, 0 ≤ x ≤ 1. (18)

This is a LVIE-2 in y(x). Solving this LVIE using the block-by-block method
gives the results in Table 4 which are compared with those from the Tau
method used by Saeedi et al. [2]. The absolute errors are also shown. Here,
the block-by-block method performs better than the Tau method as can be
seen from Figure 3.

Table 4: Comparison of approximate and exact solutions from the block-by-
block (h = 0.01) and Tau (N = 16) methods for Example 4.4

x u(x) uTau(x) uB−by−B(x) eTau eB−by−B
0 0 0 0 0 0

0.1 0.1 0.099999 0.09999929 1× 10−6 7.1× 10−7

0.2 0.2 0.199999 0.20000020 1× 10−6 2× 10−7

0.3 0.3 0.299999 0.30000013 1× 10−6 1.3× 10−7

0.4 0.4 0.399999 0.40000018 1× 10−6 1.8× 10−7

0.5 0.5 0.499999 0.50000018 1× 10−6 1.8× 10−7

0.6 0.6 0.599999 0.60000008 1× 10−6 8× 10−8

0.7 0.7 0.699999 0.70000023 1× 10−6 2.3× 10−7

0.8 0.8 0.799999 0.79999983 1× 10−6 1.7× 10−7

0.9 0.9 0.899999 0.89999998 1× 10−6 2× 10−8

1.0 1.0 0.999999 1.00000012 1× 10−6 1.2× 10−7
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Figure 3: Absolute errors for Example 3.4

5 Conclusion

In this paper we have solved nonlinear Volterra integral equations of the first
kind by first converting them into linear equations of the second kind and then
applying the fourth-order block-by-block method which is known to perform
extremely well for second-kind VIEs. Numerical examples have shown that
in some cases the block-by-block method performs very well while in others it
performs poorly compared to other methods such as the Bernstein polynomials
and Tau methods that have been used in the literature.
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