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Abstract
In this paper, we investigate the dynamics and optimal control of
a combination therapy model of glioma with adenoviruses and MEK
inhibitors. We provide a theoretical study of the model. We derive the
basic reproduction number R0 which determines the extinction and the
persistence of adenovirus in the tumor environment. More precisely,
we compute equilibria and study their stability. Based on Lyapunov
theory, we show that the infection-free equilibrium is globally asymptotically stable whenever R0 < 1. However, if R0 > 1, there exist a
unique uniform equilibrium which is locally asymptotically stable. The
sensitivity analysis of R0 is performed in order to determine the impact of related parameters on therapy. Furthermore, the model can
present a Hopf bifurcation. Finally, we applied the optimal control to
our model and we found that, through an optimisation of a combined
oncolytic virotherapy and MEK inhibitors. The obtained results furnish
potentially useful information to improve treatment with this combined
therapy into which biomedical benefits were included. The optimality
proviso agrees that tumor load can be reduced under successive ther-
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apies’ infusion. At any stage, the theory is supported by numerical
simulations.

Mathematics Subject Classification: 34D23, 34A34, 92C60, 49K15
Keywords: Glioma, Oncolytic Adenovirus, MEK inhibitor, Bifurcation,
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1

Introduction

Among many type of human cancers, gliomas are the most common and
serious type of brain cancer arising from glial cells, which are the supportive
cells for neurons, and their incidence is increasing over time [3]. They are
characterized by highly proliferative growth and malignancy, which make up
approximately 30% of all brain and central nervous system tumors and 80% of
all malignant brain tumors. Standard radiotherapy, chemotherapy and surgery
treatment have major limitations due to the cancer’s genomic instability, heterogeneity, and their locations beyond the blood-brain barrier [18]. That is
why, combined therapies are frequently used to extend patients survival while
reducing their morbidity. Unfortunately, in many cases, the disease ends up escaping to the treatments. Moreover, chemotherapies usually have side-effects
on the patient and they are not enough to control the generalized disease,
especially because the cancer cells develop resistances. Despite many novel
anticancer drugs are constantly sought, all these treatments procedures are
ineffective since patients diagnosed with the high grade manifestation called
Glioblastoma Multiforme (GBM) continue to face poor prognosis with a median survival time no longer than 15 months [22].
In the past two decade subsequent research has revealed that oncolytic
viruses are an emerging therapy tool for tumors that currently lack effective
treatment [28, 16]. The efficiency of this new form of treatment called virotherapy have been studied in various types of cancer, including malignant gliomas
with in vitro and in vivo experiments [8]. Virotherapy of tumors has gained credence, particularly in glioma management, as these tumors are not completely
resectable and tend to micro-metastasize. Major studies on virotherapy of
gliomas have been conducted using various oncolytic viruses such as Measles
virus, reovirus, herpes simplex viruses, adenoviruses, vesicular stomatitis virus
and measles viruses to name a few [28, 23]. Adenoviral vectors have an advantage over other viral vectors in that, they are relatively non-toxic and do not
integrate in the genome. In particular, many self-amplifying, or “replicationcompetent” adenoviral vectors with cancer-selective replication properties, also
known as Conditionally Replicative Adenoviruses vectors (CRAds), exhibit
strong oncolytic anti-glioma effects [26]. CRAds are adenoviruses typically
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lack the EIB and/or EIA genes; these viral genes inactivate the cellular p53
and retinoblastoma (Rb) tumor suppressor genes that are frequently mutated
or inactivated in human cancers. Thus CRAds will replicate in tumor cells
lacking p53 and/or Rb, although other mechanisms of tumor selectivity may
be operative [25]. For example, Adenovirus dl1520, also known as ONYX-015,
faulty in the EIB-55KDa protein, showed significant tumor cell killing and
reduction in tumor mass in preclinical experiments both in vivo and in vitro
as well as in phase I clinical trial [4]. However, the lack of Coxsackievirus
and Adenovirus Receptors (CAR) on surface of gliomas provides for inefficient
transduction of wild-type adenoviral vectors in these tumors [11]. In fact,
studies in clinical trials have shown that the entry of an adenovirus into tumor
cells is, complicated by the reduction or total absence of CAR in tumor cells
in general and GBMs in particular [11]. Since the CAR levels in gliomas are
low [23], targeting the adenovirus to gliomas therefore remains a challenge.
Mitogen-activated protein kinase kinase (MEK, also known as MAP-kinase
kinase) inhibitors have been shown to promote CAR expression, and could
result in increased ONYX-015 entry into target cells [29]. This could lead to
a novel combined therapeutic approach to cancer, using ONYX-015 and MEK
inhibitors. However, MEK inhibitors can cause temporary cell-cycle arrest,
which inhibits the life-cycle of ONYX-015. So, MEK inhibitors may limit the
replication of virus. To design an effective protocol of synergetic effects of
CRAds and the latter against cancer, the positive effect of MEK inhibitors
should be optimally balanced with their negative effect. This complicates the
dynamics of the set constituted of MEK inhibitors, viruses and tumor cells.
The dynamics of combination therapy of cancer using CRAds and MEK
inhibitors has been initially introduced by Zurakowski and Wodarz [29], who
proposed an ODE model to describe the effects of MEK inhibitors and viruses
on tumor cells and use it to explore the reduction of the tumor size that can be
achieved by the combined therapies. More recently, Baba et al. [1] analytically
demonstrated the conditions that lead to optimal therapy in minimizing glioma
cells proliferation using a spatiotemporal mathematical model that describes
interaction between tumor cells and oncolytic viruses. They postulated that
virotherapy always fails when the amount of MEK inhibitors is large. However,
this model did not take into account the dynamics of CAR expression on the
cells surface. Also, the virus replication in tumors as well as the lytic cycle
of oncolytic virus is not well understood. In fact, the lytic activity of viral
particles is an important process in oncolytic virotherapy [6, 9].
This work aims to complement and extend the aforementioned studies, by
designing and analyzing a more comprehensive and realistic model for gaining
insights into the combination therapy of glioma using CRAds and MEK inhibitors. The outline of the remainder of manuscript is as follows. The model
is presented in section 2 with some properties of solutions. In section 3 some
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important results (existence of equilibria, local stability and bifurcations) are
given. Optimal control problem is formulated in section 4 to derive possible
treatment strategies using Pontryagin’s Maximum Principle, followed by some
numerical simulations with biological implications. Concluding remark of our
research are then given in section 5.

2
2.1

Mathematical model
Model formulation

Herein, we present the mathematical temporal model describing the dynamics of glioma treatment with oncolytic adenoviruses over time. The model
that we use in our work is an extension of those presented in [29] and [1] with
some meaningful modifications. Firstly, we assume that uninfected tumor cells
grow logistically, since this growth model captures a decelerating rising rate
as tumor increases in size as is observed experimentally [16]. Secondly, we
consider a missing term which represents the elimination of free virus particle.
In fact, as mentioned in [19], it is assumed that one virus particle infects one
cell, and once a virus enters a cell, it is incapable of infecting additional cells
and cease to be part of free virus population. Also, we incorporate one of the
key parameter which characterize the lytic cycle within infected tumor cells
namely the viral burst size, i.e the number of new viruses released from a lysis
of an infected cell [9]. The model includes four variables: uninfected cancer
cells, x, infected cancer cells, y, free virus particles, v and the average level of
CAR molecules on the surface of the cells, w. It is given by the following set
of differential equations which describes the development of these populations
over time.

βwxv
) − 1+αv
− µx,
ẋ = r(1 − u)x(1 − x+y

K


ẏ = βwxv − δ(1 − u)y − µy,
1+αv
(1)
βwxv
v̇ = bδ(1 − u)y − 1+αv
− γv,



ẇ = ηu(p − w) − hw.
In (1), different parameters have the following interpretations. The population of uninfected tumor cells replicates at a rate r which is slowed down
by the intensity of MEK inhibitor captured by the parameter u through the
term (1 − u). Furthermore, uninfected tumor cells population has a natural
death rate, µ. For the first equation of system (1) to be biologically meaningful, and the whole interaction system to be mathematically tractable, we
assume that r(1 − u) > µ i.e u < 1 − µ/r. Otherwise, the cancer cells population, x will collapse in finite time. This condition implies the assumption
that, we can not apply MEK inhibitors in a dose sufficient to result elimination of cancer cells population in finite time. This condition also guaranties
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the existence
realistic maximum size of cancer cells population

 of a physical
µ
given by K 1 − r(1−u) . Thus in this work, we will consider as in [29] that
u < 1 − µ/r. If u = 0, there is no drug treatment, that is no cells enter G1
arrest and there is no production of the CAR molecules. If u = 1, the drug has
the maximum possible effect and all cells enter G1 arrest and the production
of the CAR molecule is at its theoretical maximum. When the virus meets
susceptible cells, infection can occur. This requires the interaction of free virus
with a CAR receptor on a susceptible cell, which occurs at a rate βwxv. The
infection rate is thus proportional to the average number of receptors on the
cell surface, w, the concentration of free virus v, and the concentration of
susceptible cells x. As the virus becomes hyper-abundant relative to the uninfected cells, multiple infections of already infected cells become more likely
than infection of uninfected cells, so the infection rate saturates with v as the
term 1/(1 + αv). The saturation effect accounts for the fact that the number
of contacts of an individual cell reaches some maximal value as the immune
system evolves to stop a virus just as the virus evolves to enter cells and replicate [29]. The infected cells can die due to two mechanisms: the natural death
rate denoted by the parameter µ and the virus-induced death rate by lyses
represented by parameter δ, to release b viruses per infected tumor cells. The
virus-induced death rate is proportional to (1 − u). That is, as the activity of
the inhibitor is increased, the rate of virus induced cell death declines. The
reason is that, virus induced cell death requires virus production and this does
not occur in the presence of the inhibitor because the cells are arrested in G1.
The free viruses are eliminated at the rate γ by various causes including non
specific binding and generation of defective interfering particles. We assume
that CAR is produced by cells with a rate η, and production is related to
inhibitor activity, u. That is, the stronger the inhibitor activity, the higher the
production rate of CAR. The term (p − w) represents the saturation of CAR
expression. That is, the cell cannot bear an infinite number of receptors, but
production declines and stops as their number on the cell surface increases.
CAR is lost from the cell surface with a rate h.
The values and ranges of the parameters used in our model are given in
Table 1.

2.2

Well-posedness of the model

For the model to be ecologically meaningful, it is important to prove that
all the state variables are non-negative as time evolves. It is not difficult to
have the following result.
Theorem 1: The model system
system in the biological

 (1) is a dynamical
µ
4
;v ≤
feasible compact domain D = (x, y, v, w) ∈ R+ , x + y ≤ K 1 − r(1−u)

ηup
Kbδ
r(1 − u) − µ ; w ≤ ηu+h .
rγ
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Table 1: Description and values of parameters
Parameter

Description

Baseline value

Range

References

r
K
β
u
α
µ
δ
b
γ
η
p
h

Tumor cell growth rate
Tumor cell carrying capacity
Viral infection rate
efficiency of MEK inhibitors
The Reciprocal half saturation constant
Natural death rate of cells
Death rate of infected cells
Burst size of infected cells
Viral clearance rate
Production rate of CAR
Maximum number of CAR on cell surface
Loss rate of CAR from the cell surface

0.5 day −1
2 × 109 cells
1.2 × 10−10 pf u−1 .day −1
0.5
1.95 × 10−10 cell−1
0.1 day −1
0.5 day −1
1000 pf u.cell−1
24 day −1
0.17 day −1
2
0.07 day −1

0.12 − 1.2
109 − 2 × 109
4 × 10−12 − 1.26 × 10−10
0−1
(0 − 2) × 10−10
0.001 − 0.3
0.5 − 8
3
0 − 1000
0.24 − 24
−
1 − 10
−

[8]
[16]
[19]
[1, 29]
[29]
[7, 29]
[8, 19]
[8, 19]
[8, 19]
[29]
[29]
[29]

3
3.1

Analysis of the model
Infection-free equilibrium (IFE) and its stability

The system has two infection-free equilibria that are given by E
 0 = (0, 0, 0, w0 )
µ
ηup
and E1 = (x0 , 0, 0, w0 ), where w0 = ηu+h and x0 = K 1 − r(1−u) .
The equilibrium E0 represents the condition that none of the cell or virus population exist. From the Jacobian matrix at the equilibrium E0 , it is obvious
that, E0 is stable if r(1 − u) − µ < 0 i.e u > 1 − µ/r .
This implies that the tumor could be eradicated with a sufficiently high dose
of MEK inhibitors. But, this is not feasible since u < 1 − µ/r (see section 2.1).
For the equilibrium E1 , the Jacobian matrix is
 −r(1−u)
K


J(E1 ) = 


0
0
0

x0

−r(1−u)
x0
K


−βw0 x0
0

−δ(1 − u) − µ
βw0 x0
0


bδ(1 − u)
−βw0 x0 − γ
0
0
0
−ηu − h

0
It is clear that − r(1−u)x
and −(ηu + h) are eigenvalues of J(E1 ). Thus, the
K
local stability of E1 is completely determined by the determinant and the trace
of the following sub-matrix:


−δ(1 − u) − µ
βw0 x0
J0 =
.
bδ(1 − u)
−γ − βw0 x0

The sub-matrix J0 is stable if its trace is negative and its determinant is nonnegative. Therefore, a sufficient condition for the equilibrium E1 to be stable
βw0 x0 bδ(1−u)
is given by (δ(1−u)+µ)(γ+βw
< 1.
0 x0 )
It is well known that the threshold value that determines the stability of the
infection-free equilibrium is the infection basic reproduction number R0 , which
is the average number of new uninfected cancer cells infections generated by one
infected cancer cell, via lysis, during virotherapy in a completely susceptible
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cell population [17, 27]. Thus, the basic reproduction ratio of the model (1) is
given by
βbδw0 x0 (1 − u)
.
(2)
R0 =
(δ(1 − u) + µ)(γ + βw0 x0 )
It is clear that R0 is always positive when E1 exists. Consequently, we have
the following result.
Lemma 2: The infection-free equilibrium of model system (1) is locally asymptotically stable (LAS), whenever R0 < 1 and unstable if R0 > 1.
Biologically, lemma 2 means that if R0 < 1 the tumor can not be eradicated
in the host, since the glioma cells reach their maximum value.
Now let us study the global stability of the infection-free equilibrium E1 .
The strategy of proof is the use of a suitable Lyapunov function and Lasalle’s
invariance principle.
Proposition 3: If R0 < 1, then the infection-free equilibrium E1 is globally
asymptotically stable.
Proof: Consider the following positive definite real valued function
L = δ(1 − u)y +

δ(1 − u) + µ
v.
b

(3)

Straightforward computation shows that the derivative of
to
 L with respect
δ(1−u)+µ βwxv
βwxv
v
t is given by dL
=
δ(1
−
u)
−
+
γv
.
Since
≤
v,
dt
1+αv
b
1+αv
1+αv
(δ(1−u)+µ)(βw
x
+γ)(R
0 0
0 −1)v
lim sup(w(t)) ≤ w0 and lim sup(x(t)) ≤ x0 , we have dL
≤
.
dt
b
t→∞

t→∞

≤ 0 when R0 < 1. In addition,
It follows from the above equations that dL
dt
the largest invariant set contained in D such that dL
= 0 is {E1 }. If follows
dt
from Lasalle’s invariance principle [16] that E1 is globally asymptotically stable
in D when R0 < 1. Obviously the goal treatment is to eliminate the tumor
by infection of cancer cells. Thus making E1 globally asymptotically stable
(GAS) is not useful. So we will avoid R0 < 1 since the GAS of the infection
free equilibrium means the therapy does not have any effect.

3.2

Endemic equilibrium and its stability

When R0 ≥ 1, the condition for the stability of the infection-free equilibrium is violated. It is crucial to prove that the tumor cells will not increase
indefinitely. To do so, we calculate the uniform or endemic equilibrium and
study its stability.
Let E ∗ = (x∗ , y ∗ , v ∗ , w∗ ) be any endemic equilibrium of the model (1),
where y ∗ > 0 and v ∗ > 0. Setting the right hand side of (1) to zero gives after
some mathematical manipulations
r(1−u)x∗
γ
βw0
∗
x∗ − α[δ(1−u)(b−1)−µ]
=
y ∗ = α[δ(1−u)+µ]
r(1−u) ∗ (x0 − x )
∗

v =

δ(1−u)(b−1)−µ ∗
y
γ

∗

and w = w0 =

K[δ(1−u)+µ+
ηup
. Since y ∗
ηu+h

K

x ]

is non-negative, we have

788
x∗ >

M. Kabong Nono et al.
γ[δ(1−u)+d]
.
βw0 [δ(1−u)(b−1)−µ]

Furthermore, we easily demonstrate that x0 > x∗ .

βw0 x0 bδ(1−u)
Hence, we have after simple calculations (µ+δ(1−u))(γ+βw
> 1, i.e R0 >
0 x0 )
1. Hence, the uniform equilibrium exist if R0 > 1. Now, substituting the
expressions of y ∗ , v ∗ and w∗ , we finally obtain the following equation in term
of x∗ :
a2 (x∗ )2 + a1 (x∗ ) + a0 = 0,
(4)
γx0 (δ(1−u)+µ)
βw0 x0
γ
, a1 = α(r(1−u)−µ)
− x0 − α(δ(1−u)(b−1)−µ)
and
where: a0 = − α(δ(1−u)(b−1)−µ)
βw0
a2 = 1 + α(r(1−u)−µ) .
It is clear that a0 < 0, a2 > 0 and the sign of a1 can be positive or negative.
Thus, the number of possible real roots of the polynomial (4) depends on
the signs of a1 . However, using the center manifold theory, we show that if
R0 > 1, model system (1) has exactly one endemic equilibrium which is locally
asymptotically stable. With the help of Theorem 4.1 by Castillo-Chavez and
Song in [2], we have the following result.
Proposition 4: Model system (1) undergoes a unique endemic equilibrium E ∗
which is locally asymptotically stable for R0 > 1.
Proof : In the case when R0 = 1 , one of the eigenvalues of J(E1 ) vanishes,
so we cannot apply the linearization method. In such case, we can resort to
the center manifold theory. If we consider the burst size b as a bifurcation
parameter, we can calculate its critical value

b = b∗ =

(δ(1 − u) + µ)(γ + βw0 x0 )
βδ(1 − u)w0 x0

(5)

such that R0 < 1 when b < b∗ and R0 > 1 when b > b∗ . The Jacobian matrix
of the system evaluated at E1 when b = b∗ has a simple zero eigenvalue, and all
the other eigenvalues have negative real parts. Therefore, the center manifold
theory can be applied to study the dynamics of (1) near b = b∗ . The right eigenvector and left eigenvector of theJacobian matrix J(E1 ) associated with the
βw0 x0
0 +K(δ(1−u)+µ))
w3 , δ(1−u)+µ
, w3 >
zero eigenvalue are given by W = − βw0 (r(1−u)x
r(1−u)(δ(1−u)+µ)
T
T

0 x0
v3 , v3 > 0, 0 respectively.
0, 0 and V = 0, γ+βw
βw0 x0
The local stability near the bifurcation parameter b = b∗ is determine
by the sign of constants A and B defined by Theorem 4.1 in [2]. Let f =
(f1 , f2 , f3 , f4 )T , where f (x, y, v, w, b) is the function defined by the right-hand
side of (1). As v1 = v4 = 0, the nonvanishing partial derivatives of f at (E1 , b∗ )
are given by
2
2
∂ 2 f2
∂ 2 f2
∂ 2 f2
∂ 2 f3
∂ 2 f3
= ∂v∂x
= − ∂x∂v
= − ∂v∂x
= βw0 , ∂∂vf22 = − ∂∂vf23 = −2αβw0 x0 , ∂y∂b
=
∂x∂v
δ(1 − u).
Therefore, the constant A is
i
h
βw
r(1
−
u)x
+
K(δ(1
−
u)
+
µ)
0
0
A = −2γv3 w32 α +
< 0.
(6)
r(1 − u)(δ(1 − u) + µ)x0
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Furthermore, we have that,
B = v3 w 2

βδ(1 − u)w0 x0
∂ 2 f2
(E0 , b∗ ) =
v3 w3 > 0.
∂y∂b
δ(1 − u) + µ

(7)

Since A < 0 and B is always positive, from theorem 4.1 in [2] , we can conclude that E ∗ is locally asymptotically stable if R0 > 1. This conclude the
proof.

Figure (1) shows the bifurcation diagrams of all populations with R0 as
bifurcation parameter. It is clear that the IFE is stable when R0 < 1 while if
R0 > 1, the IFE is unstable and there exist a unique uniform equilibrium which
is stable. Thus, the model system (1) exhibits forward bifurcation at R0 = 1.
Note that, the equilibrium point E ∗ correspond to the partial success of therapy
(a)

(b)

(c)

(d)

Figure 1: Fixed points bifurcation diagrams of system (1). (a) x, (b) y, (c)
v and (d) w. The notations IFE and EE stand for Infection free-equilibrium
and endemic equilibrium respectively.
since the presence of oncolytic viruses reduces the number of uninfected glioma
cells. The stability of this equilibrium implies a permanent reduction of tumor
burden for larger values of basic reproduction ratio R0 , even if the therapy is
not completely successful.

3.3
3.3.1

Sensitivity analysis and simulations
Sensitivity analysis of the basic reproduction number

Herein, we appraise the impact of parameters of the model system (1)
on the reproduction number R0 . We perform it by computing the elasticity
indexes of R0 , with respect to parameter values given in Table 1. According
to the approach proposed in [5], the elasticity index of R0 with respect to
a parameter τ , where τ is any of the parameters in Table 1 reflected in the
expression of R0 , is given by
 

τ
∂R0
τ
SR0 =
.
(8)
∂τ
R0
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Table 2: Elasticity indexes of the basic reproduction number R0
Parameter

r

K

η

p

h

β

δ

b

γ

u

µ

Elasticity index

0.66

0.99

0.45

0.99

-0.45

0.99

0.29

1.00

-0.99

-0.50

-0.95

Since these indexes quantify the ratio of relative changes on R0 in response
to corresponding changes in the parameters, they can identify critical parameters for disease control. Table 2 displays the elasticity indexes of R0 to the
parameters of the model. We observe that, the reproduction number is most
sensitive to the burst size parameter b with an elasticity index of 1. It is also
highly sensitive to the viral clearance γ , and the maximum number of CAR
on cell surface, p. Qualitatively, R0 increases by 10% for an increase in burst
size of 10%. R0 increases (resp. decreases) by 9.9% when p, K and β (resp.
γ) increase by 10%.
3.3.2

Impact of combined effects of burst size and MEK inhibitors
intensity on the reproduction number

In the previous section, we found that the population of glioma cells can
be reduced when the reproduction number R0 is greater than one. Since b and
u are keys parameters characterizing the therapeutic effect of treatment, one
may wish to assess their combined influence on the basic reproduction number
R0 with the ultimate aim to control the growth and spread of glioma cells.
For R0 6= 0, we have b 6= 0, u 6= 0, and u 6= uc = 1 − µ/r. Furtherβδw0 x0 (1 − u)
βbδµw0 x0
0
0
> 0 and ∂R
=
= − (δ(1−u)+µ)(γ+βw
+
more, ∂R
∂b
∂u
0 x0 )
(δ(1 −
u)
+
µ)(γ
+
βw
x
)
0 0


βbδγ(1−u)w0 x0
ηph
µK
x0 (ηu+p)
2 − w0 r(1−u)2 .
(δ(1−u)+µ)(γ+βw0 x0 )2
0
can be positive or negThe analysis of this last expression shows that ∂R
∂u
ative depending of the value of u. Hence, we can conclude that the burst size
always has a positive impacts on glioma control by increasing the reproduction
number R0 . But the intensity of MEK inhibitors considered either solely or
combined can have a positive or negative impact on the disease control. This
important result is illustrated in Fig.2. Figure 2(a) shows the range value of
inhibitors intensity required to reduce the tumor load when the burst size is
fixed. The other parameters are given in table 1. We see that regardless on
the value of u, there is a minimal value of b for which R0 is greater than 1.
Furthermore, the minimum (resp. maximum) value of u required to bring R0
above 1 decreases (resp. increases) when b increases. Fig. 2(b) highlights that,
if the burst size is below about 200, irrespective of the value of the intensity of
MEK inhibitors, R0 will never be brought above 1, and consequently, glioma
can never be controlled. Fig.2(c) is the bifurcation diagram (contour plot) of
R0 in the (u−b) space by combining the plots in Fig.2(a) and (b). It highlights
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that, if intensity of MEK inhibitor u is between 0.2 and 0.6, reproduction ratio
will remain greater than 1 whenever b > 200. Therefore, any couple (b, u)
which is in the set ]0; 1000] × [0; 0.8] can be suitably chosen such that R0 is
greater than 1 (that is, glioma is reduced).
(a)

(b)

(c)

Figure 2: Basic reproduction number, R0 versus: (a) the MEK inhibitor intensity for different b; (b) burst size for different value of u; (c) u and b (Contour
plot). Other parameters are given in Table 1.

3.4

Existence of Hopf bifurcation

A Hopf bifurcation refers to the phenomenon from which steady states
lose their stability and give rise to periodic solutions, as a control parameter crosses its critical values. Since the infection-free equilibrium E1 lies on
the boundary of the invariant region D, it is clear that there cannot exist a
closed orbit surrounding E1 . Thus, we will only consider the existence of Hopf
bifurcation around an endemic equilibrium E ∗ . We choose the burst size b as
the bifurcation parameter. From the Jacobian matrix of the system at E ∗ , its
local stability is completely
determined by the one of the matrix:


J∗ =

−r(1−u)x∗
K
 βmv∗
 1+αv∗
−βmv ∗
1+αv ∗

−r(1−u)x∗
K

−δ(1 − u) − µ
bδ(1 − u)
The characteristic equation of J ∗ is

−βmx∗
(1+αv ∗ )2
βmx∗
(1+αv ∗ )2
−βmx∗
−
(1+αv ∗ )2



γ

λ3 + ã2 λ2 + ã1 λ + ã0 = 0,
where ã2 =

r(1−u)(1+αv ∗ )2 +(δ(1−u)+γ+µ)AK(1+αv ∗ )+Kβw0
,
AK(1+αv ∗ )


(9)

h
ã1 =
[rA(1−u)(δ(1−u)+γ+µ)+rβw0 (1−u)](1+αv ) + Kγ(δ(1−
i

u) + µ)A2 + rβw0 (1 − u) (1 + αv ∗ ) + Kβw0 (δ(1 − u)(b − 1) − µ)A − Kβ 2 w02 ,

1
∗ 2
ã0 = KA2 (1+αv
∗ ) rγ(1 − u)[(δ(1 − u) + µ)A + βw0 ](1 + αv ) + rβw0 (1 − u)(δ(1 −
1
KA2 (1+αv ∗ )

∗ 2
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, with A = δ(1−u)(b−1)−µ
βw0 .
u)(b−1)−µ)(1+αv )+Kβ
γ[δ(1−u)+µ]
As b is the bifurcation parameter, bc represents its associated critical value.
Let Q be a real valued continuously differentiable function defined by Q =
ã1 ã2 − ã0 . At b = bc , we have Q(bc ) = 0, and the characteristic equation can
be written as
(λ2 + ã1 )(λ + ã2 ) = 0.
∗

2

w02 (δ(1−u)(b−1)−µ)

This
√ equation has three roots namely λi (i = 1, 2, 3), where λ1,2 = iψ0 , ψ0 =
ã1 are purely imaginary, and λ3 = −ã2 is real; for ã2 > 0, λ3 < 0.
Let us consider that, λ1,2 = φ(b) + iψ(b). Substituting this into the characteristic equation and separating the real and the imaginary parts, we get
φ3 − 3φψ 2 + ã2 (φ2 − ψ 2 ) + ã1 φ + ã0 = 0,
3φ3 ψ − ψ 3 + 2ã2 φψ + ã1 ψ = 0.

(10)

Differentiating both equations of (10), we obtain
∂φ(b)
∂ψ(b)
− M2 (b)
+ M3 = 0,
∂b
∂b
∂φ(b)
∂ψ(b)
M2 (b)
+ M1 (b)
+ M4 = 0,
∂b
∂b

M1 (b)

(11)

where M1 (b) = 3φ2 + 2ã2 φ − 3ψ 2 + ã1 , M2 (b) = 6φψ + 2ã2 ψ, M3 (b) = (φ2 −
2 (b)
1 (b)
0 (b)
2 (b)
1 (b)
ψ 2 ) ∂ã∂b
+ φ ∂ã∂b
+ ∂ã∂b
, M4 (b) = 2φψ ∂ã∂b
+ ψ ∂ã∂b
. For b = bc , we have
√
√
∂ã2 (b)
∂ã0 (b)
1 (b)
M1 (b) = −2ã1 , M2 (b) = 2ã2 ã1 , M3 (b) = −ã1 ∂b + ∂b , M4 (b) = ã1 ∂ã∂b
.
∂φ(b)
We solve (11) as a function of ∂b and get
M1 M3 + M2 M4
∂φ(b)
=
.
∂b
M12 + M22

(12)

If ∂φ(b)
6= 0, the transversality condition holds which means that the eigenval∂b
ues cross the imaginary axis and hence Hopf bifurcation can occurs at b = bc .
The biological implication of the existence of Hopf bifurcation is that, the
disease will come back after a time corresponding to the period of bifurcating
solutions even if it had disappeared. This situation have to be avoided during
therapy. To illustrate the above theoretical results on the Hopf bifurcation,
numerical computations are done. For the values of p = 8 , γ = 0.65 and
for other parameters values given in Table 1, we obtain the critical values of
burst size bc = 1.399889393, bc = 2.130016794 and bc = 28.81030802 at which
E ∗ changes its stability. We choose the third value since the first and the
second one are not biologically sufficient for our analysis. Figures 3a and 3b
show the solution of uninfected glioma cells, for b = 10(< bc ) and b = 50(> bc ),
respectively. From these figures, it is inferred that for b < bc , all the population
attain his equilibrium value and for b > bc , periodic oscillations arise after Hopf
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bifurcation. As conclusions, tumors can oscillate spontaneously or in response
to the applied therapy. It can then rebound after some period depending on
its severity. This behavior is known as Jeff’s phenomenon [24] and is widely
found in clinical cases.
(a)

(b)

Figure 3: Temporal solution of (a) x(t) for b = 10 < bc which shows that E ∗
is stable , (b) x(t) for b = 50 > bc which shows that E ∗ is unstable.

4
4.1

Application of optimal control to the model
Controlled model derivation and optimal problem
setting

In order to alleviate the pain of patients and extend their living time, we
will investigate how assigned an optimal treatment policy over a finite time
period [0, Tf ] sketched an effective treatment protocol. The main of this part
is to analyse how to give an optimal treatment where MEK inhibitors and
oncolytic adenoviruses might be an efficient tools to assist the patient fight
against cancer in general with a particularity given to glioma. To follow this
aims, we set the control variables u1 (t) and u2 (t) to respectively be the supply
of MEK inhibitors and adenovirus injected into the model systems equations
(1) to obtain the following control equations:

βwxv
ẋ = r(1 − u1 (t))x(1 − x+y
) − 1+αv
− µx,

K


ẏ = βwxv − δ(1 − u (t))y − µy,
1
1+αv
(13)
βwxv

v̇ = bδ(1 − u1 (t))y − 1+αv
− γv + u2 (t),



ẇ = ηu1 (t)(p − w) − hw.
Recall that the objective of the control is to minimize the total tumor cells
(i.e (x + y)) at the end of treatment period, while keeping the cost of the
control as low as possible. To achieve this goal, we incorporate the relative
costs associate with each control or combination of policies directed towards
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controlling the spread of cancer cells. The objective function can then be
defined as:
Z Tf


σ2
σ1
(14)
x(t) + y(t) + u1 (t)2 + u2 (t)2 dt,
J (u1 , u2 ) =
2
2
0
where the controlset is
for t ∈ [0, Tf ], i = 1, 2
,
U = (u1 , u2 ) : 0 ≤ ui ≤ uMTD
i
where Tf represents a given therapeutic period, subject to the system of
differential Eq.(13), with initial conditions x(0) ≥ 0, y(0) ≥ 0, x(0) ≥ 0,
x(0) ≥ 0 and ui (0) ≥ 0, i = 1, 2. The constants σ1 , σ2 which are positive,
represent the weight factors on control indicating the cost of drugs and also exhibit a measure of the toxicity of drugs in our body. Moreover, σ1 and σ2 play
crucial role for balancing the size terms and the square of the controllers u21 , u22 ,
are taken to remove some unwanted side effects of drugs, as well as to consider their overdoses [10, 12]. They also explain the high toxicity for our body
during drug administration. It is not difficult to prove that there exists an
optimal control pair (u∗1 (t), u∗2 (t)) and a corresponding solution (x∗ ; y ∗ ; v ∗ ; w∗ )
of the initial value problem (13) that minimizes the cost function J in U such
that
J (u∗1 , u∗2 ) = min{J (u1 , u2 ) : (u1 , u2 ) ∈ U}.
(15)

4.2

Characterization of an optimal control

The necessary conditions that an optimal control must satisfy come from
the Pontryagin’s Maximum Principle (PMP) [20]. In order to seek for the
minimal value of the Lagrangian defined by
L(x, y, u1 , u2 ) = x + y + σ21 u21 + σ21 u22 ,
we define the Hamiltonian H for the control problem as
dx
dy
dv dw
+ ζ2 + ζ3 ζ4
dt
dt
dt dt
h
i
x+y
σ1 2 σ2 2
βwxv
= x + y + u1 + u2 + ζ1 r(1 − u1 )x(1 −
)−
− µx
2
2
K
1 + αv
h βwxv
i
h
i
βwxv
+ ζ2
− δ(1 − u1 )y − µy + ζ3 bδ(1 − u1 )y −
− γv + u2
1 + αv
h 1 + αv
i

H = L + ζ1

+ ζ4 ηu1 (p − w) − hw ,

(16)
where ζi = (ζ1 , ζ2 , ζ3 , ζ4 ) are called the adjoint variables or the co-state variables for x, y, v, w. With the help of Pontryagin’s Maximum Principle, we
obtained a minimized Hamiltonian that reduces the objective function to its
lower value. This allows the characterization of the optimal control pair (u∗1 , u∗2 )
in the following result:
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Theorem 5: Given optimal control variables (u∗1 , u∗2 ) ∈ U and (x∗ ; y ∗ ; v ∗ ; w∗ )
are corresponding optimal state variables of the control system (13). Then
there exists the adjoint variables ζi , i = 1, 2, 3, 4 that satisfies the following
equations.
i
h βwv i
h βwv i
h

βwv
2x + y 
−
− µ − ζ2
+ ζ3
,
ζ˙1 = − 1 − ζ1 r(1 − u1 ) 1 −
K
1 + αv
1 + αv
1 + αv
h r(1 − u )x i
h
i
1
˙
ζ2 = − 1 + ζ1
+ ζ2 δ(1 − u1 ) + µ − ζ3 bδ(1 − u1 ),
K
h βwx i
h βwx i
h βwv
i
˙
ζ3 = ζ1
− ζ2
+ ζ3
+γ ,
(1 + αv)2
(1 + αv)2
(1 + αv)2
βxv
βxv
βxv
− ζ2
+ ζ3
+ ζ4 (ηu1 + h),
ζ˙4 = ζ1
1 + αv
1 + αv
1 + αv
(17)
and transversality conditions
ζ˙i (Tf ) = 0, i = 1, 2, 3, 4.

(18)

Furthermore, The corresponding optimal controls (u∗1 and u∗2 ) are given as,
n
m o
u∗1 =min uMTD
) ,
,
max(0,
1
σ1
(19)
n
ζ3 o
u∗2 =min uMTD
)
,
,
max(0,
2
σ2


i
h
x∗ +y ∗
∗
∗
∗
∗
where m = ζ1 rx 1− K −ζ2 δy +ζ3 bδy −ζ4 η(p−w ) , and ζi (i = 1, 2, 3, 4)
the solutions of (17).
Proof. Let u∗1 and u∗2 be the given optimal control functions and (x∗ ; y ∗ ; v ∗ ; w∗ )
be the corresponding optimal state variables of the system (13) that minimize
the cost or objective functional (14). Then by Pontryagin’s maximum principle
[20], the differential equations governing the adjoint variables are obtained by
differentiation of the Hamiltonian function, evaluated at the optimal states.
Then we can write
∂H ˙
∂H ˙
∂H ˙
∂H
ζ˙1 = −
, ζ2 = −
, ζ3 = −
, ζ4 = −
,
∂x
∂y
∂v
∂w

(20)

with zero time condition (transversality). To get the characterization of the
optimal control, we solve the interior equation of its corresponding set obtained
by differentiating the Hamiltonian function with respect to the controllers. We
∂H
∂H
obtain: ∂u
= 0, ∂u
= 0, which conduct,using the compact notation to the
1
2
following choice of the controller bounds:
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o
n
o
n
ζ3
m
∗
MTD
MTD
= min u1 , max(0, σ1 ) and u2 = min u2 , max(0, σ2 ) ,
h


i
∗ +y ∗
with m = ζ1 rx 1 − x K
− ζ2 δy ∗ + ζ3 bδy ∗ − ζ4 η(p − w∗ ) .
u∗1



It can be mentioned that the optimal controllers and states are found by
solving the optimal system, which consists of the state system (13), the adjoint
system (17), initial conditions, transversality conditions (18) and the characterization of the optimal control (19). In addition, the second derivative of
the Lagrangian with respect to u1 and u2 are positive, which shows that the
optimal problem is minimum at u∗1 and u∗2 .

4.3

Numerical results and biological implications

We use parameter values of table 1 in this section to prove numerically
the optimal plan for performing treatment. We consider for these purposes
a period of Tf = 30 days with σ1 = 1, σ2 = 0.001 and initial conditions of
(x(0), y(0), v(0), w(0)) = (4.2 × 107 ; 0.0; 1 × 108 ; 2 × 103 ). The control bounds
TD
TD
= 100. Moreover, we use a forward= 0.5 and uM
are chosen as uM
2
1
backward fourth-order Runge-Kutta method [15] to present adopted treatment
strategy ie results when both controllers are considered.
Fig.4 shows the dynamics of the optimality system when combined therapy
is considered. We find that x(Tf ) = 1.498 × 106 , y(Tf ) = 3.591 × 104 , v(Tf ) =
1.511 × 105 and w(Tf ) = 2.835. It is seen that, the uninfected cancer cells
retrench after a treatment period of 30 days (Fig.4a), but seems to rebound
to a lower value compared to the initial size. As expected, the population
of glioma cells with control is more sharply decreased than the population
without any control. Alike observations are made for the infected cancer cells,
free virus particles and average level of CAR molecules respectively (Fig.4b-d
). We see that, the number of infected cells and virus particles is very small
without control and they increase rapidly while the uninfected cells rapidly
decrease, at first, due to supply of viruses, but then slowly disappear when the
treatment ends. Furthermore, from Fig.4e and f, we observe that the control u1
starts to be active after 7 days (one week) before falling to zero after 30 days.
u2 remains constant upto 2 days and falls to zero after 30 days also. On the
other hand, one can say that the release rate of MEK is zero when t ∈ [0, 7], rise
after to the maximal dose, and vanishes at the end of control(Tf = 30). The
right panel represents the profile of u2 (t) illustrating that, at the beginning of
the therapeutic process the number of virus particles is maximal and decreases
from 100 to about 35 that is 65% after two days. This means that, at the early
stage of treatment, we need only viruses and after one week, MEK inhibitors
will be supply at its maximal dose. These observations shows that, the MEK
inhibitors based therapy is needed to keep the level of infected cancer cells and
uninfected cancer cells down and unfortunately to resist cancer recurrence.
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Furthermore, based on patients’ different factors, therapeutic strategies must
be taken into account such that the size of effects due to viruses and drug
administration are minimized.
(a)

(b)

(c)

(e)

(f)

(d)

Figure 4: Variation of the state variables in the presence and in the absence of
control (b=400); (a) x(t), (b) y(t), (c) v(t), and (d) w(t).Variation of Optimal
control (e) u1 (t) and (f) u2 (t).

5

Conclusion

In this paper, a nonlinear mathematical model is analyzed for the control of
brain tumor by regulating the growth of cancer cells by combination therapies,
using CRAds in conjunction with MEK inhibitors. It is assumed that the
growth rate of glioma cells follows a logistic one. We presented the theoretical
study of the proposed model, the calculation and the sensitivity analysis of the
basic reproduction number and finally the optimal control of the model through
two therapies and their combination. This helps us to obtain some results
clinically observed and to have an idea on the therapeutic protocol to be used.
However, various factors like immune effectors, random noise, environmental
disturbances (supply of oxygen and nutrients, immunological state of the host,
exposure to chemical agents and electromagnetic radiations...) [14], together
with the food habit are not incorporated in the proposed model. Treatment
of these questions with such cases remain and are under investigation.
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