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Abstract

There are many versions of Blackwell’s theorem in probability and
fuzzy theory. In this paper, we consider Blackwell’s theory in the T -
independent random fuzzy environment based on the concept of random
fuzzy variable. We prove that Blackwell’s theorem for T -iid random
fuzzy variables with respect to Hausdorff distance holds true where the
set of distribution functions is totally ordered set with the stochastic
ordering. The cases for T = min and T =Archimedean t-norm are
considered as special cases.
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1 Introduction

Zadeh [15, 16] introduced the theory of fuzzy sets which has been widely
examined and applied to statistics and the possibility theory in recent years.
There are two approaches to deal with the phenomena combining randomness
and fuzziness in general. One is applying the fuzzy random theory initiated
by Kwakernaak [9]. There has been growing interest in fuzzy variables, since
Kwakernaak [9] introduced the concept of fuzzy random variables. But, based
on the concept of fuzzy variable and fuzzy random variable, only a few studies
[6, 7] have investigated Blackwell’s theory. The other is based on the random
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fuzzy theory presented by Liu [12]. This paper focuses on Blackwell’s theory
based on the concept of random fuzzy variable. A new concept of random fuzzy
variable as a function from a possibility space to the set of random variables
was defined by Liu [12]. Liu and Liu [11] presented a scalar expected value
operator in order to rank random fuzzy variables. In addition, Liu [13] and Li
and Liu [10] introduced the concept of independent and identically distributed
random fuzzy variables. A concept of chance distribution to describe random
fuzzy variable was presented by Zhu and Liu [18]. All of these studies on
random fuzzy processes used min-norm based fuzzy operations. In general,
we can consider the extension principle realized by the means of some t-norm
T. Recently, a mathematical model for general T-independent and identically
distributed (T-iid) random fuzzy variables on an defined T-product possibility
space, where T is a general continuous t-norm, was defined and constructed
by Hong and Kim [3]. And a law of large numbers for T-iid random fuzzy
variables was investigated. Recently, Hong [2] also studied renewal theory
for T-iid random fuzzy variables. In this paper, we investigate a Blackwell’s
theories for T-independent and identically distributed random fuzzy process
with respect to the Hausdorff metric on K(R). As special cases, the case for T
= min and T =Archimedean t-norm are treated.

2 Preliminaries

We are using the same notations as in the paper of Hong [2]. For definitions
and lemmas, please refer to the paper of Hong [2].

3 Random fuzzy Blackwell’s theories

In this section, we shall discuss Blackwell’s theories of T -iid random fuzzy
process on (Θ∞1 ,P(Θ∞1 ), Pos∞1 ). From this section, we additionally assume
that Θ is a set of probability distribution functions such that θ(0) = 0, θ(0) < 1.
Let {ξn} be a T -independent and identically distributed random fuzzy process
on (Θ∞1 ,P(Θ∞1 ), Pos∞1 ).

For the notations, ξn, {Sn, n ≥ 1}, N(t)(θ̄), E[N(t)(θ̄)], {ND(t), t > 0},
please see paper [2].

Proposition 1 [14]. Let µ =
∫∞

0 xdF (x) and mD(t) = E[ND(t)]. If F is not
lattice, then

lim
t→∞

(E[ND(t+ a)]− E[ND(t)]) =
a

µ
.

Let {Xn, n = 1, 2, · · ·} be a sequence of independent nonnegative random
variables with Xi having distribution Gi for i = 1, 2, · · · , n0, and Xn having
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distribution F, n > n0. Let Y1 =
∑n0
i=1 Xi and Yn = Xn0+(n−1), n > 1. Let

Vn =
∑n

1 Xi, V
′
n =

∑n
1 Yi, n ≥ 1 and define

N(t) = max{n : 0 < Vn ≤ t},
N ′D(t) = max{n : 0 < V ′n ≤ t}.

Then we have
N ′D(t) + (n0 − 1) = N(t).

From this factor, we have the following lemma by Proposition 1.

Proposition 2. Let µ =
∫∞

0 xdF (x) and m(t) = E[N(t)]. If F and Gi, i =
1, 2, · · · , n0 are not lattice, then

lim
t→∞

(E[N(t+ a)]− E[N(t)]) =
a

µ
.

We now assume that T be a continuous t-norm, E[ξ1(θ̄)] is an fuzzy number,
that is, µE[ξ1(θ̄)](t) is normal, fuzzy convex and upper semi continuous and Θ
is a totally ordered set with the stochastic ordering and propose a version of
random fuzzy Blackwell’s theorem

Theorem 1. Let T be a continuous t-norm and let Θ be a totally ordered
set with the stochastic ordering. Let {ξn} be a T -independent and iden-
tically distributed random fuzzy process on (Θ∞1 ,P(Θ∞1 ), Pos∞1 ) such that
||E[ξ1(θ̄)]α|| <∞, α ∈ (0, 1]. If any θ ∈ Θ is nonlattice probability distribution
function, then we have, for α ∈ (0, 1],

lim
t→∞

dH

(
E[(N(t+ a)−N(t))(θ̄))]α,

[
a

KE[ξ1(θ̄)]

]
α

)
= 0.

Proof. Since µE[ξ1(θ̄)](t) is fuzzy convex, upper semi continuous, and Θ is
a totally ordered set with the stochastic ordering, for α ∈ (0, 1] there exist
θ′α, θ

′′
α ∈ Θ such that

{θ ∈ Θ : Pos(θ) ≥ α} = {θ1 ∈ Θ : µ∗E[ξ1(θ̄))](t) ≥ α}
= {θ ∈ Θ : θ′α ≤d θ ≤d θ′′α}.

We note that

{θ̄ ∈ Θ∞1 : µE[N(t)(θ̄))](t) ≥ α}
= {θ̄ = (θ1, θ2, · · ·) ∈ Θ∞1 : Pos∞1 (θ̄)) ≥ α} = Aα.

We first consider the case for α /∈ ∪i∈I′(ai, bi). Let θ̄′α = (θ′α, θ
′
α, · · ·), θ̄′′α =

(θ′′α, θ
′′
α, · · ·) ∈ Θ∞α . Then, since Θ is a totally ordered set with the stochastic

ordering, we clearly have by Lemma 4 [2],

E[(N(t+ a)−N(t))(θ̄)]′α = E[(N(t+ a)−N(t))(θ̄′′α)],
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E[(N(t+ a)−N(t))(θ̄)]′′α = E[(N(t+ a)−N(t))(θ̄′α)].

Then, from the stochastic elementary Blackwell’s theorem (see [14]), we have

lim
t→∞

(E[(N(t+ a)−N(t))(θ̄)]′α)

= lim
t→∞

(E[N(t+ a)(θ̄′′α)]− E[N(t)(θ̄′′α)])

=
a

E[ξ1(θ̄′′α)]
(1)

and

lim
t→∞

(E[(N(t+ a)−N(t))(θ̄)]′′α)

= lim
t→∞

(E[N(t+ a)(θ̄′α)]− E[N(t)(θ̄′α)])

=
a

E[ξ1(θ̄′α)]
(2)

Hence, the result follows. We now consider α ∈ (aj, bj), j ∈ I ′. By Lemma 5
[2], we have, for any θ̄ = (θ1, θ2, · · ·) ∈ Aα, and for any δ > 0 with bj − δ > α,
there exist Mδ > 0 and θ̄′bj−δ = (θ′bj−δ,1, θ

′
bj−δ,2, · · ·), θ̄

′′
bj−δ = (θ′′bj−δ,1, θ

′′
bj−δ,2, · · ·)

such that θ′bj−δ,k = θ′bj−δ, θ
′′
bj−δ,k = θ′′bj−δ for k > Mδ and

E[(N(t+ a)−N(t))(θ̄′′bj−δ)]

≤ E[(N(t+ a)−N(t))(θ)]′α,

E[(N(t+ a)−N(t))(θ̄′bj−δ)]

≥ E[(N(t+ a)−N(t))(θ)]′′α.

Then we have

lim inft→∞E[(N(t+ a)−N(t))(θ̄))]′α
≥ lim

t→∞
E[(N(t+ a)−N(t))(θ̄′′bj−δ)]

=
a∫

xdθ′′bj−δ(x)
,

and

lim supt→∞E[(N(t+ a)−N(t))(θ̄))]′′α
≤ lim

t→∞
E[(N(t+ a)−N(t))(θ̄′bj−δ)]

=
a∫

xdθ′bj−δ(x)
,

where the two equalities come from Proposition 2. Since δ > 0 is arbitrary
and µ∗E[ξ1(θ)](t) is upper semi-continuous, by letting δ → 0, we have,

lim inft→∞E[(N(t+ a)−N(t))(θ̄))]′α

≥ a∫
xdθ′′bj(x)

=
a

E[ξ1(θ)]′′bj
, (3)



Blackwell’s theory for T -iid random fuzzy variables 17

and

lim supt→∞E[(N(t+ a)−N(t))(θ̄))]′′α

≤ a∫
xdθ′bj(x)

=
a

E[ξ1(θ̄))]′bj
, (4)

where the two equalities come from Proposition 2. On the other hand, since

E[(N(t+ a)−N(t))(θ̄))]′α
≤ E[(N(t+ a)−N(t))(θ̄))]′bj

and

E[(N(t+ a)−N(t))(θ̄))]′′bj

≤ E[(N(t+ a)−N(t))(θ̄))]′′α,

we have

lim supt→∞E[(N(t+ a)−N(t))(θ̄))]′α
≤ lim

t→∞
E[(N(t+ a)−N(t))(θ̄))]′bj

=
a

E[ξ1(θ̄))]′′bj
(5)

and

lim supt→∞E[(N(t+ a)−N(t))(θ̄))]′′α
≥ lim

t→∞
E[(N(t+ a)−N(t))(θ̄))]′′bj

=
a

E[ξ1(θ̄))]′bj
. (6)

Therefore, we have from (3) and (5)

lim
t→∞

E[(N(t+ a)−N(t))(θ̄))]′α

=
a

E[ξ1(θ̄))]′′bj
=

[
a

KE[ξ1(θ̄)]

]′
α

, (7)

from (4) and (6)

lim
t→∞

E[(N(t+ a)−N(t))(θ̄))]′′α

=
a

E[ξ1(θ̄))]′bj
=

[
a

KE[ξ1(θ̄)]

]′′
α

, (8)

which proves the result.
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Corollary 1. Let T be a Archimedean t-norm and let Θ be a totally or-
dered set with the stochastic ordering. Let {ξn} be a T -independent and
identically distributed random fuzzy process on (Θ∞1 ,P(Θ∞1 ), Pos∞1 ) such that
||E[ξ1(θ̄)]α|| <∞, α ∈ (0, 1]. If any θ ∈ Θ is nonlattice probability distribution
function, then we have, for α ∈ (0, 1],

lim
t→∞

dH

(
E[N(t+ a)−N(t)(θ̄)]α,

[
a

E[ξ1(θ̄)]

]
1

)
= 0.

Corollary 2. Let T = min and let Θ be a totally ordered set with the
stochastic ordering. Let {ξn} be a T -independent and identically distributed
random fuzzy process on (Θ∞1 ,P(Θ∞1 ), Pos∞1 ) such that ||E[ξ1(θ̄)]α|| <∞, α ∈
(0, 1]. If any θ ∈ Θ is nonlattice probability distribution function, then we
have, for α ∈ (0, 1],

lim
t→∞

dH

(
E[N(t+ a)−N(t)(θ̄)]α,

[
a

E[ξ1(θ̄)]

]
α

)
= 0.

4 Conclusion

In this paper, we investigated Blackwell’s theory in the T -independent random
fuzzy environment with respect to Hausdorff distance where the set of distri-
bution functions is totally ordered set with the stochastic ordering. The cases
for T = min and T =Archimedean t-norm are considered as special cases.
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