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Abstract

In this paper we introduce a generalized quaternion with generalized
Fibonacci number components. For this quaternion we obtain the two
types of Catalan’s identities and d’Ocagne’s identity.
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1 Introduction

A quaternion p is defined by

p = p0 + p1i+ p2j + p3k,

where p0, p1, p2, p3 ∈ R, and i, j, k are the standard basis in R3 such that

i2 = j2 = k2 = −1,

ij = −ji = k, jk = −kj = i, ki = −ik = j.

On the other hand, if
i2 = −1, j2 = k2 = 1,

ij = −ji = k, jk = −kj = i, ki = −ik = j,
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then p is a split quaternion.
Many results have been reported in the literature concerning the properties

of quaternions or split quaternions related to diverse integer sequences. Ho-
radam [8] defined the Fibonacci quaternion sequence {Hn} and Lucas quater-
nion sequence {Kn} as

Hn = Fn + Fn+1i+ Fn+2j + Fn+3k,

Kn = Ln + Ln+1i+ Ln+2j + Ln+3k,

where Fn and Ln are respectively the nth Fibonacci and Lucas numbers gen-
erated from the recurrence relations

F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 (n ≥ 2),

L0 = 2, L1 = 1, Ln = Ln−1 + Ln−2 (n ≥ 2).

Following the work of Horadam [8], a variety of results have appeared in
the literature. Halici [6] obtained the generating functions, Binet’s formulas
and some combinatorial properties of the Fibonacci and Lucas quaternions.
Ramirez [12] studied the properties of the k-Fibonacci and k-Lucas quater-
nions. Patel and Ray [11] considered the (p, q)- Fibonacci and (p, q)-Lucas
quaternions. Çimen and İpek [5], Szynal-Liana and W loch [13] investigated
the Pell and Pell-Lucas quaternions. Szynal-Liana and W loch [14] introduced
the Jacobsthal and Jacobsthal-Lucas quaternions also. Tasci [15] studied the
k-Jacobsthal and k-Jacobsthal-Lucas quaternions. Catarino [4] considered the
modified Pell and modified k-Pell quaternions. Halici and Karataş [7] defined a
general quaternion which includes several quaternions mentioned above as spe-
cial cases. Akyiǧit et al. [1] introduced the split Fibonacci and Lucas quater-
nions. Akyiǧit et al. [2] also introduced the Fibonacci generalized quaternion
sequence {Sn} and Lucas generalized quaternion sequence {Tn} respectively
defined by

Sn = Fn + Fn+1i+ Fn+2j + Fn+3k,

Tn = Ln + Ln+1i+ Ln+2j + Ln+3k,

where Fn is the nth Fibonacci number, Ln is the nth Lucas number, and

i2 = −γ, j2 = −δ, k2 = −γδ,
ij = −ji = k, jk = −kj = δi, ki = −ik = γj.

Polati et al. [10] studied the split k-Fibonacci and k-Lucas quaternions. Bilgigi
et al. [3] investigated the k-Fibonacci and k-Lucas generalized quaternions.
Tokeşer et al. introduced the split Pell and Pell-Lucas quaternions. Yaǧmur
[17] obtained some properties of the split Jacobsthal and Jacobsthal-Lucas
quaternions.

In this paper, motivated the works of [7], [2], we introduce a generalized
quaternion with generalized Fibonacci number components. For this quater-
nion we obtain the two types of Catalan’s identities and d’Ocagne’s identity.
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2 Main results

Throughout this section we use the notation {Gn} = S(g0, g1, a, b) to denote a
generalized Fibonacci sequence {Gn} defined by the recurrence relation

G0 = g0, G1 = g1, Gn = aGn−1 + bGn−2 (n ≥ 2).

Hence {Gn} = S(0, 1, 1, 1) is the classical Fibonacci sequence, and {Gn} =
S(2, 1, 1, 1) is the classical Lucas sequence, etc.

The Binet’s formula for {Gn} = S(g0, g1, a, b) is given by [9]

Gn =
Aαn −Bβn

α− β
, (1)

where A = g1 − g0β, B = g1 − g0α, α and β are solutions of the equation
x2 − ax − b = 0. In particular, the Binet’s formulas for {Rn} = S(0, 1, a, b)
and {Tn} = S(2, a, a, b) are respectively given by

Rn =
αn − βn

α− β
and Tn = αn + βn.

Definition 2.1 The generalized quaternion sequence {Qn} with generalized
Fibonacci number components is defined by

Qn = Gn +Gn+1i+Gn+2j +Gn+3k, (2)

where {Gn} = S(g0, g1, a, b), and

i2 = −γ, j2 = −δ, k2 = −γδ,

ij = −ji = k, jk = −kj = δi, ki = −ik = γj.

According to [7], the Binet’s formula for the generalized quaternion se-
quence {Qn} is given by

Qn =
Aα∗αn −Bβ∗βn

α− β
, (3)

where A = g1 − g0β, B = g1 − g0α, and

α∗ = 1 + αi+ α2j + α3k,

β∗ = 1 + βi+ β2j + β3k.

In the following theorem, we derive two types of Catalan’s identities for
the generalized quaternion sequence {Qn}.
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Theorem 2.2 Let n and r be non-negative integers such that n ≥ r. Then

Q2
n −Qn−rQn+r = (−b)n−rAB(2Q̂r + CRr +DTr)Rr, (4)

Q2
n −Qn+rQn−r = (−b)n−rAB(2Q̂r + CRr − D̂Tr)Rr, (5)

where {Rn} = S(0, 1, a, b), {Tn} = S(2, a, a, b) and

Q̂r = Rr +Rr+1i+Rr+2j +Rr+3k,

C = (γb− 1)(δb2 + 1),

D = (δb2 − 1)i+ a(γb− 1)j − (a2 + 2b)k,

D̂ = (δb2 + 1)i+ a(γb+ 1)j + a2k.

Proof. From (3), we have

(α− β)2(Q2
n −Qn−rQn+r)

= (Aα∗αn −Bβ∗βn)2 − (Aα∗αn−r −Bβ∗βn−r)(Aα∗αn+r −Bβ∗βn+r)

= ABα∗β∗(αn−rβn+r − αnβn) + ABβ∗α∗(αn+rβn−r − αnβn)

= AB(αβ)n
(
α∗β∗(βr − αr)

αr
+
β∗α∗(αr − βr)

βr

)
= AB(αβ)n−r(αr − βr)(β∗α∗αr − α∗β∗βr),

and so

Q2
n −Qn−rQn+r = (−b)n−rAB

(
β∗α∗αr − α∗β∗βr

α− β

)
Rr.

Now

α∗β∗ = (1 + αi+ α2j + α3k)(1 + βi+ β2j + β3k)

= λ0 + λ1i+ λ2j + λ3k,

where

λ0 = 1 + γb− δb2 + γδb3

= 2 + (γb− 1)(δb2 + 1),

λ1 = α + β + δα2β3 − δα3β2

= 2β − (δb2 − 1)(α− β),

λ2 = α2 + β2 − γαβ3 + γα3β

= 2β2 − a(γb− 1)(α− β),

λ3 = α3 + β3 + αβ2 − α2β

= 2β3 + (a2 + 2b)(α− β).

Hence
α∗β∗ = 2β∗ + C −D(α− β).
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Similarly we have
β∗α∗ = 2α∗ + C +D(α− β).

Then

β∗α∗αr − α∗β∗βr =
(

2α∗ + C +D(α− β)
)
αr −

(
2β∗ + C −D(α− β)

)
βr

= 2(α∗αr − β∗βr) + C(αr − βr) +D(αr + βr)(α− β)

= 2
(
αr−βr+(αr+1−βr+1)i+(αr+2−βr+2)j+(αr+3−βr+3)k

)
+C(αr − βr) +D(αr + βr)(α− β),

and the proof of (4) is completed.
We can show that

α∗β∗ = 2α∗ + C − D̂(α− β),

β∗α∗ = 2β∗ + C + D̂(α− β).

Then (5) also proved similarly, and details are omitted.

The Catalan’s identities for the split k-Fibonacci and k-Lucas quaternions
given in [10, Theorem 2.8] are special cases of (4).

The Catalan’s identities for the split Jacobsthal and Jacobsthal-Lucas quater-
nions given in [17, Theorem 6] are special cases of (5).

For r = 1, we obtain the Cassini’s identities for the generalized quaternion
sequence {Qn} as in the following corollary.

Corollary 2.3 Let n be a positive integer. Then

Q2
n −Qn−1Qn+1 = (−b)n−1AB(2Q̂1 + C + aD), (6)

Q2
n −Qn+1Qn−1 = (−b)n−1AB(2Q̂1 + C − aD̂), (7)

where

Q̂1 = 1 + ai+ (a2 + b)j + (a3 + 2ab)k,

C = (γb− 1)(δb2 + 1),

D = (δb2 − 1)i+ a(γb− 1)j − (a2 + 2b)k,

D̂ = (δb2 + 1)i+ a(γb+ 1)j + a2k.

The Cassini’s identities for the split Fibonacci and Lucas quaternions given
in [1, Theorem 2.7] are special cases of (6).

The Cassini’s identities for the Fibonacci and Lucas generalized quaternions
given in [2, Theorem 3.7] are special cases of (6).

In the next theorem, we derive the d’Ocagne’s identity for the generalized
quaternion sequence {Qn}.
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Theorem 2.4 Let m and n be non-negative integers such that m ≥ n. Then

QmQn+1 −Qm+1Qn = (−b)nAB(2Q̂m−n + CRm−n − D̂Tm−n), (8)

where {Rn} = S(0, 1, a, b), {Tn} = S(2, a, a, b) and

Q̂m−n = Rm−n +Rm−n+1i+Rm−n+2j +Rm−n+3k,

C = (γb− 1)(δb2 + 1),

D̂ = (δb2 + 1)i+ a(γb+ 1)j + a2k.

Proof. From (3), we have

(α− β)2(QmQn+1 −Qm+1Qn)

= (Aα∗αm−Bβ∗βm)(Aα∗αn+1−Bβ∗βn+1)−(Aα∗αm+1−Bβ∗βm+1)(Aα∗αn−Bβ∗βn)

= AB(α∗β∗αmβn − β∗α∗αnβm)(α− β)
= (−b)nAB(α∗β∗αm−n − β∗α∗βm−n)(α− β).

Since

α∗β∗αm−n − β∗α∗βm−n

=
(
2α∗ + C − D̂(α− β)

)
αm−n −

(
2β∗ + C + D̂(α− β)

)
βm−n

= 2(α∗αm−n − β∗βm−n) + C(αm−n − βm−n)− D̂(αm−n + βm−n)(α− β)

= 2
(
αm−n−βm−n+(αm−n+1−βm−n+1)i+(αm−n+2−βm−n+2)j+(αm−n+3−βm−n+3)k

)
+C(αm−n − βm−n)− D̂(αm−n + βm−n)(α− β),

we obtain (8).

The d’Ocagne’s identities for the split k-Fibonacci and k-Lucas quaternions
given in [10, Theorem 2.10] are special cases of (8).

The d’Ocagne’s identities for the split Jacobsthal and Jacobsthal-Lucas
quaternions given in [17, Theorem 7] are special cases of (8).
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