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Abstract

The flow of an inelastic fluid subject to shear thinning phenomenon
is considered. Using the Williamson constitutive equation to model the
pseudoplastic effects, the governing boundary layer equations for steady
laminar flow near a horizontal flat rigid surface, have been subjected to a
similarity analysis. Two specific flow configurations corresponding to (i)
Blasius flow and (ii) Sakiadis flow, have been investigated. The resulting
non-linear boundary value problem for each flow has been solved using
a perturbation expansion followed by numerical integration. The focus
of this work is on bringing out the effect of the rheological parameter,
and also the relative higher order effects on the flows. It is concluded
that higher order effects arising due to the non-Newtonian effects, do
influence the flows to varying degrees.
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1 Introduction

The theoretical investigations of the flow of rheological fluids, showing nonlin-
ear relationship between the stress tensor and the rate of strain tensor, have
been a subject of deep interest in the vast fluid dynamics literature. The pri-
mary reason for this can be attributed to a large number of real life applications
where non-Newtonian features are frequently encountered, for instance, indus-
trial and engineering disciplines such as mineral processing industry, polymer
industry, petroleum industry, chemical engineering, biomedical engineering, to
name a few.

Among the wide-ranging non-Newtonian fluid models [1, 2, 4–6, 10, 12–16]
used by researchers, experimentalists and theoreticians alike, the study of the
class of inelastic fluids in which the apparent viscosity is a function of shear
rate, has received considerable attention. The fluids like highly concentrated
suspensions, coal-oil mixture, polyelectrolite solutions, blood, honey, butter,
slurries, coarse coal, red mud suspensions, jams, paints, etc., are some of the
commonly used inelastic non-Newtonian fluids in a range of industries such
as food processing, cosmetics, cement, pharmaceuticals, among others. It is
worth mentioning here that the inelastic fluids referred to above are broadly
classified as either shear thinning (pseudoplastic) or shear thickening (dilatant)
depending upon whether the apparent viscosity decreases/increases with the
shear rate. However, more attention has been devoted in the literature to the
flow analysis of fluids belonging to the pseudoplastic category, apparently due
to their extensive uses in a number of applications [18].

It is well known that the analysis of boundary layer flows of rheological flu-
ids assume a great importance in the context of host of industrial applications
that feature boundary layer phenomenon. In the present paper, we have car-
ried out a semi-analytical study of steady laminar flow of a pseudoplastic fluid
whose constitutive equation is governed by the 3-parameter Williamson model
[3, 7, 8]. The study pertains to the extension of two classical boundary layer
flows. Of these, the first flow configuration that we consider is characterized
by a boundary layer flow over a plane rigid infinite surface with respect to a
stream of uniform velocity. On the other hand, the second flow configuration
corresponds to the boundary layer flow near a flat plate in an otherwise quies-
cent fluid caused by the uniform motion of the bounding plate along its own
plane. Our focus in this work is to first carry out a similarity analysis of the
boundary layer equations of the Williamson fluid which leads to a nonlinear
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third order ode. The resulting boundary value problem is then subjected to
a perturbation analysis by including higher order terms. We have analyzed
the transverse and longitudinal velocity profiles with special emphasis on the
relative higher order effects on them, for both types of flows.

2 Governing equations

With reference to the Cartesian coordinate system Oxyz, we consider a 2-
dimensional flow past a rigid impermeable surface of infinite extent along the
x−axis. The y−axis is taken perpendicular to the plate and is directed into
the fluid. The boundary layer equations for the shear thinning fluid model
considered in our study have been obtained following the same procedure as in
[3, 7, 8]. However, in the following, we shall re-produce some of the key steps
leading to the boundary layer equations. As is known, the Williamson model
has been widely used in the literature to analyze a host of rheological flows of
inelastic fluids (see, e.g., [3, 7–9, 17]).

2.1 Idealized Williamson constitutive equation

We begin with the Cauchy stress tensor S:

S = −pI + T (1)

where p is the usual hydrodynamic pressure, T the deviatoric component of
S, and I is the unit tensor. In order to use Eq (1), we first consider the 3-
parameter constitutive equation of the Williamson fluid model. This is given
by [3, 7–9, 17]

T =

[
µ∞ +

√
2(µ0 − µ∞)√
2− Γ

√
I2

]
A1, Γ

√
I2 6=

√
2 (2)

Here, the viscosities µ0 and µ∞ are the usual zero shear viscosity and infinite
shear viscosity of the fluid, respectively; I2 is the second invariant of the rate
of deformation tensor, A1 is the first Rivlin-Erickson tensor [11], and Γ is a
time constant parameter exhibiting the rheological effects. In our study, we
assume that the parameter Γ is small.

In order to simplify Eq (2) so that our flow is amenable to analytical treat-
ment, we shall employ a special class of shear thinning — pseudoplastic —
fluid for which the following conditions are assumed to hold:

(i) Infinite shear viscosity is insignificant, and

(ii) The product Γ
√

0.5I2 < 1.
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Under the above assumptions, we can express Eq (2) more explicitly, using a
binomial series, as

T = µ0

[
1 + Γ (0.5I2)

1/2 + Γ2 (0.5I2) + Γ3 (0.5I2)
3/2 + · · ·

]
A1 (3)

Finally, further assuming that Γ (0.5I2)
1/2 � 1, Eq (3) can be written as

T = µ0

[
1 + Γ (0.5I2)

1/2
]
A1 (4)

One can now easily see, subject to our aforementioned assumptions, how the
classical Newtonian relationship is modified by the presence of non-Newtonian
parameter Γ.

2.2 Boundary layer equations

In this subsection, we shall briefly derive 2-dimensional boundary layer equa-
tions for steady laminar flow of an incompressible idealized Williamson fluid
over an infinitely extended plane surface in Catesian coordinate system. To
this end, let us first consider the equation of continuity and momentum equa-
tion, in the absence of external forces, given by

∂u

∂x
+
∂v

∂y
= 0 (5)

ρ

(
u
∂u

∂x
+ v

∂u

∂y

)
= −∂p

∂x
+
∂Txx
∂x

+
∂Txy
∂y

(6)

ρ

(
u
∂v

∂x
+ v

∂v

∂y

)
= −∂p

∂y
+
∂Tyx
∂x

+
∂Tyy
∂y

(7)

In Eqs (5)–(7), ρ is the fluid density, assumed constant, and u, v are the
velocity components in the x and y directions, respectively. Furthermore, Txx,
Txy, Tyx and Tyy are the stress components given in [17]. On using these stress
components together with the usual boundary layer approximations in the set
of Eqs (5)–(7), one can finally show that the boundary layer equations for the
present 2-dimensional flow of this fluid are

∂u

∂x
+
∂v

∂y
= 0 (8)

u
∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν0

∂2u

∂y2
+
√

2 Γν0
∂u

∂y

∂2u

∂y2
(9)

−∂p
∂y

= 0 (10)
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where ν0 is the zero shear kinematic viscosity.
Equation (10) implies that the fluid pressure remains constant across the

boundary layer. We shall now use Eqs (8) and (9) to consider the extension of
two classical boundary layer flows:

• Blasius flow

• Sakiadis flow

3 Flow analyses

Blasius flow (BF)

This flow configuration is related to the flow of an incompressible pseudoplas-
tic fluid modelled by Eq (4), with uniform velocity U , near a stationary flat
plate. This type of flow has been extensively studied in the literature of both
Newtonian and non-Newtonian fluids because of a wide range of applications
in a number of industrial and engineering fields.

In this case, the boundary conditions are

u = 0, v = 0 at y = 0, and u→ U as y → ∞ (11)

where U is a constant. In the absence of axial pressure gradient, we can write
Eq (9) as

u
∂u

∂x
+ v

∂u

∂y
= ν0

∂2u

∂y2
+
√

2 Γν0
∂u

∂y

∂2u

∂y2
(12)

We shall study Eq (12) by a similarity analytical approach. To this end, we
introduce the transformations

η =
√
U/(xν0) y, u = 2Uf ′(η), v =

√
Uν0x [ηf ′(η)− f(η)] (13)

In view of Eq (13), we note that the continuity equation (8) is automatically
satisfied. Furthermore, using Eq (13) in Eq (12), we obtain a third order
nonlinear differential equation satisfied by the similarity function f , as

f ′′′ + ff ′′ + hNf ′′f ′′′ = 0 (14)

The boundary conditions relevant to Eq (14) are

f(0) = 0, f ′(0) = 0, f ′(∞) = 0.5 (15)

In Eq (14), primes denote differentiation with respect to the similarity variable
η, and the non-dimensional quantities h and N are defined by

h =

√
ν0
xU

, N = 2
√

2
ΓU2

ν0
(16)
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Equations (14) and (15) constitute the boundary value problem of the Blasius
flow. The main characteristics of the Blasius flow depend primarily on the
rheological fluid features parametrized by the parameter N . In the following,
our main aim is to analyze the effect of the parameter N on the fluid velocities
u and v represented by the non-dimensional functions f ′ and f , respectively.
As stated in the introductory section, we are particularly interested in assessing
the higher order perturbation effects in terms of the rheological parameter N .
In order to accomplish this, we write

f(η) = f0(η) +Nf1(η) +N2f2(η) +N3f3(η) + · · · (17)

We use Eq (17) in Eqs (14) and (15), and then equate coefficients of different
powers of N to zero. This leads to sets of boundary value problems corre-
sponding to the various order terms. Restricting ourselves up to and including
terms of order 3, we obtain the following systems of boundary value problems:

f ′′′
0 + f0f

′′
0 = 0 (18)

f0(0) = 0, f ′
0(0) = 0, f ′

0(∞) = 0.5

f ′′′
1 + f0f

′′
1 + f ′′

0 f1 = −hf ′′
0 f

′′′
0 (19)

f1(0) = 0, f ′
1(0) = 0, f ′

1(∞) = 0

f ′′′
2 + f0f

′′
2 + f ′′

0 f2 = −f1f ′′
1 − h [f ′′′

0 f
′′
1 + f ′′

0 f
′′′
1 ] (20)

f2(0) = 0, f ′
2(0) = 0, f ′

2(∞) = 0

f ′′′
3 + f0f

′′
3 + f ′′

0 f3 = −f1f ′′
2 − f ′′

1 f2

− h [f ′′′
0 f

′′
2 + f ′′

1 f
′′′
1 + f ′′

0 f
′′′
2 ] (21)

f3(0) = 0, f ′
3(0) = 0, f ′

3(∞) = 0

The boundary value problems described by Eqs (18)–(21), together with the
associated boundary conditions, have been solved numerically by a suitable
shooting method. The results are discussed in Section 4.

Sakiadis Flow(SF)

The flow situation considered here is a variant of the Blasius flow and it affects
the boundary motion. It corresponds to a steady laminar flow near a plane
surface moving in its own plane with a uniform velocity. The surrounding fluid
is assumed to be at rest. Thus, in this case, the governing equation for the
similarity function f and its perturbed counterparts are identical to the first
case. However, the velocity boundary conditions and the related conditions
for the similarity function become, respectively,

u = U, v = 0 at y = 0, and u→ 0 as y → ∞ (22)
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Fig 1. BF: Variation of f(η)

Fig 2. BF: Variation of f ′(η)

f(0) = 0, f ′(0) = 0.5, f ′(∞) = 0 (23)

The conditions for the perturbed functions are

fk(0) = 0, k = 0, 1, 2, 3

f ′
0(0) = 0.5, f ′

k(0) = 0, k = 1, 2, 3
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Fig 3. BF: Higher order NN effects on f . N = 0.3

Fig 4. BF: Higher order NN effects on f . N = 0.6

f ′
k(∞) = 0, k = 1, 2, 3

The governing differential equations for this case subject to the above boundary
conditions have been solved numerically as in the case of Blasius flow.
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Fig 5. BF: Higher order NN effects on f . N = 0.9

Fig 6. BF: Higher order NN effects on f ′. N = 0.3

4 Discussion

We first start by assessing the effect of the parameter N on the velocity pro-
files. This is shown in the Figs 1 and 2. In Fig 1, the transverse velocity
represented by the function f , is shown for N = 0.3 (curve 1) and N = 0.9
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Fig 7. BF: Higher order NN effects on f ′. N = 0.6

Fig 8. BF: Higher order NN effects on f ′. N = 0.9

(curve 2). It is clear that the velocity profiles here show a very small variation
with N . Although within the scales chosen in the figure, the stated variation
is not evident, from the computed values, it turns out that f increases with
the increase of N . The behavior of the longitudinal component of velocity,
represented by f ′, with respect to N is opposite to that of f . Again, the



Steady boundary layer flow of an inelastic material 69

Fig 9. BF: Variation of f . Effect of h

Fig 10. BF: Variation of f ′. Effect of h

difference in the profiles is insignificant for small values of N . One may also
note from Fig 2 that the boundary layer thickness is attained for the value of
η close to 4.

As mentioned earlier, the main aim of this study is to showcase relative
higher order non-Newtonian effects on the transverse and longitudinal veloc-
ity components. This feature has been accomplished by computing various
percentage magnitudes as compared to the corresponding Newtonian flow. In
what follows, in the Figs 3–5, the three curves — curve 1, curve 2 and curve 3
— represent the first order, second order and the third order relative effects,
respectively, in the perturbation expansion, for the transverse velocity func-
tion f . In mathematical terms, curve 1, curve 2 and curve 3 represent the
quantities F1, F2 and F3, respectively, shown below:

F1 =
100Nf1
f0

(24)
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Fig 11. SF: Variation of f(η)

Fig 12. SF: Variation of f ′(η)

F2 =
100 (Nf1 +N2f2)

f0
(25)

F3 =
100 (Nf1 +N2f2 +N3f3)

f0
(26)

The curves shown in the Figs 3–5 correspond to N = 0.3, 0.6 and 0.9, respec-
tively. It is apparent from the profiles in these figures that consideration of
the higher order terms in the perturbation expansion is vitally important to
assess the correct qualitative as well as quantitative impact of the pseudoplas-
ticity characteristics. This fact is clearly borne out by the F3 curves (see, for
instance, Fig 5). We observe here that the curve 3, corresponding to the third
order effect, lies between curves 1 and 2; and thus exhibits a non-monotonic
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Fig 13. SF: Higher order NN effects on f . N = 0.9

Fig 14. SF: Higher order NN effects on f ′. N = 0.9

behavior of the perturbation solution. Interestingly, similar behavior is also
observed for different order perturbation solution profiles of the longitudinal
velocity, as is clear from Figs 6–8. In the last set of two figures of the Blasius
flow — Figs (9) and (10) — we have illustrated how the velocity components
are influenced by the spatial parameter h. Here, the curves 1, 2, and 3 rep-
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Fig 15. SF: Variation of f . Effect of h

Fig 16. SF: Variation of f ′. Effect of h

resent the variations of the velocity functions f and f ′ for h = 0.5, 1.0 and
2.0, respectively. It is seen that both velocity components show very little
sensitivity with regard to h.

We next turn our attention to Figs 11–16 which are related to the Sakiadis
flow (SF). For this particular flow, we have included a selection of graphs cor-
responding to their counterparts for the Blasius flow, for comparison. In view
of the similar nature of the mathematical approach for both flows, we have
included the higher order effects with regard to the parameter N for N = 0.9
only. Moreover, it was seen that for smaller values of N , the profile curves are
indistinguishable, within the graph scales chosen. Figures 11 and 12 here are
related, respectively, to the transverse and longitudinal boundary layer velocity
profiles over the moving bounding plate assuming the non-Newtonian param-
eter N to be either small (0.3: curve 1) or relatively higher (0.9: curve 2).
On the other hand, various plots (cf. curves 1, 2 and 3) in the Figs 13 and
14 bring out relative percentage order effects in the perturbation expansion,
through graphs of transverse and longitudinal velocities within the boundary
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layer, assuming N = 0.9. In the last set of figures (# 15 and 16) we have ex-
amined the effect of non-dimensional longitudinal spatial parameter (h) on the
velocity components for a range of values of this parameter choosing N = 0.5.
Again, we have chosen h = 0.5, 1.0 and 2.0 and the curves 1, 2 and 3 corre-
spond, respectively, to these values. As opposed to the behavior of the velocity
components for Blasius flow for which the influence of h was seen to be not
appreciable, for the Sakiadis flow case, the spatial parameter h does show sig-
nificant influence on the flow. As h increases, both velocity functions decrease
monotonically in the boundary layer.
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