
Applied Mathematical Sciences, Vol. 13, 2019, no. 9, 431 - 438
HIKARI Ltd, www.m-hikari.com

https://doi.org/10.12988/ams.2019.9357

Algorithm Exceptions of the Selected Vertices

in the Digraph

G.Sh. Tsitsiashvili

Institute of Applied Mathematics
Far East Branch of the Russian Academy of Sciences

Vladivostok, Russia

V.P. Bulgakov

Institute of Biology and Soil Science
Far East Branch of the Russian Academy of Sciences
Far Eastern Federal University, Vladivostok, Russia

A.S. Losev

Institute of Applied Mathematics
Far East Branch of the Russian Academy of Sciences

Vladivostok, Russia

This article is distributed under the Creative Commons by-nc-nd Attribution License.

Copyright c© 2019 Hikari Ltd.

Abstract

In this paper we consider a protein network represented by a directed

graph. The problem of determining the minimum number of edges that

break paths from the input proteins of the network to the output ones

and passing through some set of proteins in this network is analysed.

This problem is solved by factorization of vertices of a directed graph

with respect to cyclic equivalence.
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1 Problem statement

In this paper, we consider a protein network represented by a directed graph
(digraph) G whose vertices are proteins and whose directed edges are paired
bonds between them represented in the Cytoscape program. Denote U the set
of vertices of the digraph G, a V - the set of its oriented edges. In [1], a fast
algorithm is constructed for allocating cyclic equivalence classes - clusters in
the digraph G and the partial order ratio � between them.

Let’s say that the vertices u1, u2 of the digraph G are cyclically equivalent
if there is a loop in the digraph G containing both of these vertices. We believe
that clusters û1, û2, containing vertices u1, u2 respectively, satisfy the relation
û1 � û2, if there is a path from vertex u1 to vertex u2 in digraph G.

Convert the digraph G into the factor-graph Ĝ with the set of vertices Û
and the set of edges V̂ in the following way. Let’s say that the clusters û1, û2,
are connected by an edge in the graph Ĝ, if there is at least one edge in the
original digraph G that connects some vertex of the cluster û1 to some vertex
of the cluster û2.

It is obvious that the digraph defined in this way is acyclic. Indeed, if there
is a cycle in the digraph Ĝ, then the set Û is not the set of all clusters in the
graph G.

In the digraph Ĝ there are input clusters, which have not incoming edges
and output clusters, from which edges do not come out. It is obvious that
input clusters in the digraph Ĝ are minimal elements on the set Û in the sense
of the partial order �, and output clusters are maximal elements.

Denote Û∗ the set of input clusters of the digraph Ĝ and Û∗ the set of output
clusters. In [2] the problem of combining several clusters with a minimum
number of edges is solved. In this paper we consider the inverse problem of
how to block all paths passing through a certain cluster or a certain set of
clusters.

More precisely, the problem of removing such edges of the digraph G, at
which those and only those paths that pass from the set Û∗ to the set Û∗

through the given cluster û are broken. A development of this problem is the
problem of choosing in the digraph G those edges that block paths from the
set Û∗ to the set Û∗, passing through a given set of clusters Û ′ ⊆ Û .

Of particular interest is the problem of blocking all paths from a set of
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input clusters to a set of output clusters that pass through a set of individual
vertices. This task is most interesting for bioengineering. The paper shows
that the algorithms for solving this problem are identical to the algorithms for
paths passing through clusters.

2 Blocking routes passing through cluster

By virtue of the acyclic nature of the digraph Ĝ to any cluster û in the digraph
Ĝ there is a path from the set Û∗. Similarly, from any cluster û of the digraph
Ĝ there is a path to the set Û∗. It follows that in digraph Ĝ from any input
cluster there is a path to the set Û∗ and to any output cluster there is a path
from the set Û∗. Therefore, via any cluster û of the digraph Ĝ there is a path
passing from the set Û∗ to the set Û∗.

In order to block those and only those paths from the set of input clusters
to the set of output clusters, that pass through the cluster û, must be removed
either all n∗(û) edges incoming into the cluster û, or all n∗(û) edges exiting the
cluster û. To minimize the number of deleted edges, it is sufficient to calculate
the minimum min(n∗(û), n∗(û)) and remove either n∗(û) of the input edges, or
n∗(û) of output edges (depending on which of these numbers is smaller).

Let us now proceed to the solution of an extended problem, consisting in
blocking all paths passing through a certain set of clusters Û ′ ⊂ Û . Let n(Û ′)
is the number of edges of the digraph G connecting any cluster û1 ∈ Û ′ to any
other cluster û2 ∈ Û ′. Then the total number of n∗(Û

′) edges incoming in the
clusters of the set Û ′ satisfies the equality

n∗(Û
′) =

∑
û∈Û ′

n∗(û)− n(Û ′).

Similarly, the total number n∗(Û ′) of edges coming out of clusters of the
set Û ′ satisfies the equality

n∗(Û ′) =
∑
û∈Û ′

n∗(û)− n(Û ′).

Therefore, the minimum number of edges whose removal blocks all paths pass-
ing through the clusters of the Û ′ set, is

N(Û ′) = min(n∗(Û
′), n∗(Û ′))− n(Û ′) (1)

The value N(Û ′) satisfies the following additivity relation. Select in the
digraph Ĝ all clusters û ∈ Û ′ and all edges between them. The result is
an acyclic digraph Ĝ′, consisting of subgraphs Ĝ′1, . . . , Ĝ

′
m. Make all edges

of this digraph undirected. Then the set of clusters Û ′ can be divided into
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connectivity components Û ′1, . . . , Û
′
m. A selection of connectivity components

in obtained undirected graph may be realised faster, using algorithms in [1].

Therefore due to the obvious equality n(Û ′) =
m∑
k=1

n(Û ′k), and the formulas (1)

get the ratio

N(Û ′) =
m∑
k=1

N(Û ′k).

Thus, the digraph Ĝ′ can be represented as a union of digraphs Ĝ′k. Here
the digraph Ĝ′k has the set of vertices Û ′k and the set of edges connecting these
vertices in the digraph Ĝ, k = 1, . . . ,m.

It follows from these constructions that when in the digraph Ĝ edges, en-
tering the digraph Ĝ′ or leaving the digraph Ĝ′, are removed, then in it there
will be no paths from the set of input vertices to the set of output vertices,
passing through the clusters of the set Û ′.

It is worthy to remark, that it is possible to decrease total number of re-
moving edges, choosing minimums of input and output edges for all subgraphs
Ĝ′k, k = 1, . . . ,m, so that total number of edges becomes smaller:

m∑
k=1

[min(n∗(Û
′
k), n∗(Û ′k))− n(Û ′k)] ≤

≤ min

(
m∑
k=1

(n∗(Û
′
k)− n(Û ′k)),

m∑
k=1

(n∗(Û ′k)− n(Û ′k))

)
.

3 Blocking paths passing through individual

vertices

The problem of blocking paths, passing through some set of vertices in the di-
graph, seems to be even more interesting for bioengineering, than the problem
of blocking paths, passing through some set of clusters. Let’s start with the
problem of blocking paths from the set of input clusters to the set of output
clusters, passing through a single vertex.

Obviously, if you remove all the edges, that go into a vertex or all the edges
that come out of it, then all kinds of paths, that go through that vertex will
be blocked. However, for vertices from a set of input clusters or from a set of
output clusters, the following changes must be made. If a vertex is contained
in a set of input clusters, you only need to remove all edges that come out of
it. If the vertex is in a set of output clusters, you only need to remove all the
edges, that are part of it.

Consider now the case, when you want to block all paths from the set of
input vertices to the set of output vertices, passing through some set of vertices
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U ′ ⊆ U. Then it is enough to block all edges, incoming into the given vertex
set U ′, or all edges, coming out of it. In this case, the number of these edges
may include edges, connecting the vertices of this set.

Similarly to the algorithm in the previous section (see formula (1)), these
edges should not be removed. Note that this method blocks any paths, passing
through U ′, not only from the set of input vertices to the set of output vertices,
but also all the ways from the outside of the set U ′ to outside of this set.

4 Numerical experiment

Figure 1 shows a network of protein interactions that includes phytochrome
light receptors (phytochrome A (PHYA), PHYB, PHYC, PHYD, and PHYE),
CRY cryptochrome, and the PHOT1 blue light photoreceptor. From a biolog-
ical point of view, this is the beginning of the network. The proteins involved
in the regulation of these sensors, such as E3 ligase COP1 (constitutive mor-
phogenic1), PIFs (phytochrome-interacting basic helix-loop-helix transcription
factors) and HY5, are also presented.

In Fig. 2 this network is factorized with respect to cyclic equivalence.
Only two clusters are allocated in the network (marked in Fig. 2 green):
Phytochrome-based cluster and NDKK2 redox state cluster. The Phytochrome-
based cluster consists of 45 proteins: COP1, PHOT1 blue light photoreceptor,
CCA1, DET1, PIF4, SNRK2.4, HY5, CRY1, PHYE, PIF3, DELLA protein,
GAI, PHYD, PRR5, IAA3/SHY2, PIF5, ABF4, TIR1, TOC1, ELF3, PHYB,
CO, RCD1, ARR4, RGA1, CUL4, HRB1 water, FT, PRR7, PKS1, PHYA,
ZTL, ABI5, STO, LHY, AHP5, PHYC, PIF7, GI, PIF1/PYL5, LKP2, ABF2,
ARF6, RBX1, RPT3, AHP1. Ndpk2 redox state cluster consists of three pro-
teins: NDPK2 redox state, MPK3, MPK6.

The most significant is the Phytochrome-based cluster, which has 20 in-
coming edges in the G graph and 8 edges coming out of it. The removal of 8
edges, coming out of Phytochrome-based cluster, disconnects all paths, passing
from the input clusters to output clusters through Phytochrome-based cluster.

5 Biochemical interpretation of the results

After clustering, we got the following picture (Fig. 2). The large cluster,
consisting of 45 proteins (Phytochrome-based cluster), includes proteins from
all three levels of regulation. The incoming signals to this cluster are SOS2,
ABI3, FHY3, STH2, FCA, PFT1 proteins, and the well-known cold resistance
module OST1-ICE1-HOS1.
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Proteins involved in the regulation of the sensors such as E3 ligase COP 1
(constitutive morphogenic1), PIFs (phytochrome-interacting basic helix-loop-
helix transcription factors) and HY5, are also presented. These proteins rep-
resent the main, the first level of regulation of light signaling and photomor-
phogenesis.

The second level is represented by proteins that carry out fine regulation
of various processes related to light, such as daily rhythm, shading avoidance,
and hormonal regulation.

The third level is the proteins involved in ABA abscisic acid signaling, such
as ABF2, ABF4, SNRK2.4 and ABI5, which determine the resistance of plants
to various stress factors. Thus, in a large network (Fig. 1) a regulatory network
is presented, which combines light signals and signaling of ABA components.

SOS2 controls salt resistance and ionic homeostasis. The ABI3 transcrip-
tion factor belongs to the ABA signaling system, it regulates embryogenesis.
FHY3 plays an important role in the growth and development of plants during
the growing season, as well as in the control of flowering. STH2 is a positive reg-
ulator of photomorphogenesis, a negative regulator of ABI5 expression. FCA
controls flowering, and is required to achieve heat resistance. PFT1 is involved
in flowering control, an important hub in coordination of photoregulation with
hormonal signals.

Fig. 1.Protein network of Arabidopsis, processing light exposure.
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Fig. 2. Network factorized with respect to cyclic equivalence.

Thus, input proteins can regulate ionic homeostasis and redox status (SOS2-
NDPK2) either directly or indirectly through the phytochrome cluster. They
can control flowering (FHY3, FCA and PFT1), apparently, depending on the
changig temperature, as well as by interacting with ABA signaling (by con-
trolling the activity of the ABI5 promoter through the transcription factors
FHY3 and STH2). These proteins can also control the thermal stability of
plants through the heat resistance factor DREB2A, controlled by the signals
of RHL41 and via the phytochrome cluster.

6 Conclusion

Thus, in this paper, a correct mathematical model of blocking is constructed
in a digraph of all paths from a set of input clusters to a set of output clusters,
passing through a dedicated cluster, a set of clusters, or a set of individual
vertices of the digraph. The solution of this problem is based on the clustering
of the digraph with respect to cyclic equivalence and on the allocation of the
input and output clusters in the clustered acyclic digraph.

This task allows us to define correctly the concept of blocking proteins in
the network, to build and to investigate the algorithm of its solution. As for
the biological meaning of this task, the removal from the network of certain
groups of proteins makes it possible to influence in the right direction on some
of its functions. Important is the fact that blocking paths through different
clusters is entirely analogous to the blocking of means through a variety of
individual vertices, what is most interesting in the field of bioengineering.
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