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Abstract

Estimation of parameters in a multiple linear regression model who

is subject to an outlying observation is considered. Two statistics are

derived and developed from the optimization of the likelihood function

that is constrained by the value of the outlying observation. A simple

function of the two statistics is shown to produce an unbiased estimat-

ing equation for the standard deviation of the errors. This estimation

procedure allows for redefining a new notion of the influence of each

observation.

Keywords: Multiple linear regression, Regression diagnostics, Missing ob-

servation, Likelihood function, Lagrange multiplier

1. Introduction

The multiple regression model is often stated as follows:

Y = Xβ + ε, (1)

where Y n×1 is a vector of n observations of a dependent random variables, Xn×p
is a matrix of p vectors with each vector has n known values and is known as

the design matrix. The error vector εn×1 is a vector of n independent and

identically distributed random errors with zero mean and a constant variance,

σ2. Normality of the errors is usually assumed until it is specified otherwise.
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The least squares estimates and equivalently the maximum likelihood esti-

mate of β is given by:

β
ls

= (X′X)−1X′Y (2)

where A′ denotes the transpose of matrix A.

The observed residual vector en×1 is computed as the following:

e = Y −Xβ
ls

(3)

= (I−H)Y (4)

where I denotes an n× n identity matrix and H=X(X′X)−1X
′
.

The residuals, ei, i = 1, . . . , n, are the basic regression diagnostic tool to

assess the adequacy of the fit. Moreover, if an observation has an absolute

value of the corresponding residual is ”large” then one may have to do a thor-

ough investigation of the cause of such departure from the usual assumptions.

Thus the affected quantity is the variance σ2 due to the large residual caused

by the presence of outliers. This problem has been well studied and most

textbooks of Linear Regression models have an extensive discussion and ro-

bust treatment of the problem, See for instance the books of Neter, Kutner,

and Wasserman (1990) and/or Wanncott and Wanncott (1981). The common

robust techniques are used rather than the least squares method which is dras-

tically affected by the presence of “bad” or outlying observations. This is well

documented in the book of Huber (1981).

In this article we shall assume that a single“bad” outlying observation is

present, It may be thought of as a consequence of recording error or breakdown

in the system or in general an intervention of some sort. This work generalizes

the procedure of Haddad (2017) for the mean value of a population. Hence,

one may assume that the outlying yj value is away by qσ units from the actual

mean, where q ≥ 3 as in the case of normally distributed Y ′i s. Further, the

maximum likelihood estimation may be subject to the outlier constraint. This

leads to a non-linear optimization problem with optimal solution that exists

for the variance estimate as a function of q. The estimation process will be

derived in section 2. Section 3, has a numerical study to show the viability of

the derived procedure. finally we conclude in section (4) with a discussion of

the consequences of the results of section (2).

2 The Estimation Process

For the model given in (2) under the assumption of ε′is are independent

and identically distributed normally distributed errors. let Y (n−1)×1 be the

dependent vector of observations where the yj entry has been removed. Further
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the jth row of the design matrix X, Rj = [xj1, . . . , xjp]
′, is deleted from the

design matrix and hence X has (n− 1)× p dimension.

the log likelihood is given by

l(β, σ) ∝ −(n− 1) ln(σ)− [Y ′Y − 2Y ′Xβ + β′X′Xβ]/2σ2 (5)

and then the maximum likelihood estimates of β and σ are the values that

maximize l(β, σ) or equivalently minimize−l(β, σ). However, the minimization

process has to be constrained by the outlier restriction, that is

yj −R′jβ
σ

= q, (6)

where j is the location of the outlier and q residual value which is larger or

equal in magnitude to 3. Thus Equation (5) and the constraint in Equation

(6) form a nonlinear programming problem, NLP. This NLP may be stated as

the following Lagrangian function:

(n− 1) ln(σ) +
Y ′Y − 2Y ′Xβ + β′X′Xβ]

2σ2
+ λj[(yj −Rjβ)− qσ]. (7)

The existence of an optimal solution has been discussed in Winston (2004)

and it is the solution of the following set of equations:

(n− 1)/σ − [Y ′Y − 2Y ′Xβ + β′X′Xβ]/σ3 − λjq = 0 (8)

(−2X′Y + 2X′Xβ)/2σ2 − λjR′j = 0 (9)

Solving Equations (9) for β to get

β = β
ls

+ λjσ
2(X′X)−1R′j (10)

Now, one can solve Equation (6) for λj to get

λj =
(yj −R′jβls

− qσ)

σ2Rj(X′X)−1R′j
(11)

Substituting the results of Equations (10) and (11) in Equation (8) to

obtain the following estimating equation:

(n− 1)σ2 + qs1σ − s2 = 0 (12)

where

s1 =
yj −R′jβls

R′j(X
′X)−1Rj

(13)

s2 = Y ′(I−H)Y +
(yj −R′jβls

)2

R′j(X
′X)−1Rj

(14)
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In this sense Equation (12) is not an unbiased estimating equation but can be

modified to become

(n− p)σ̂2 + qs1σ̂ − s2 = 0, (15)

Equation (15) gives a revealing property which establishes an inverse rela-

tionship between σ̂ and q as a global constraint for each j. Furthermore, σ̂ is

the positive root of Equation (15) and is given by

σ̂ =
q|s1|{−1 +

√
1 + 4(n− p)s2/(qs1)2}
2(n− p)

(16)

In general the value of q is the standardized residual of the jth observation

and is an unknown. However, if a value for σ is available, then one may use

Equation (15) to obtain the corresponding value of q.

It can be shown see Appendix that the quantity

σ̃2 = (s2 −R′j(X′X)−1Rjs
2
1)/(n− p− 1) (17)

has an expectation E(σ̃2) = σ2, which serves as an initial estimator for σ(j) and

hence q(j) becomes available for each j = 1 · · · , n. Also, Equation (16) shows

that as q → ∞ implies that σ → 0. Therefore, q = max{q(j) if j = 1, · · · , n}
will yield the smallest possible σ for each j.

It is worth noting here that σ2 is obtained first, Then q is computed next

from Equation (15), and finally β is evaluated from equations (10) and (11).

This is the reverse order of the ordinary Least squares sequence of computation.

That is β is computed first, then standardized jth residual q(j) and at last σ2.

And hence one can consider standardized residual of the jth observation as

redefined.

3. Illustrative Example

The performance of the above derived method is illustrated by using an

example that is taken from the textbook of Neter et.al (1990). It is Example

7.10, the Zarthan Data set with two independent variables. The estimated

regression function is found to be the following

Ŷ = 3.453 + 0.496X1 + 0.00920X2 (18)

and MSE = (2.17715)2

The following table reports the values obtained by the proposed method

for each observation j = 1, · · · , 15:
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Table 1: Influence of all data points with Adjusted values of σ

j σ̂ q β̂0 β̂1 β̂2 σadj
1 2.17698 0.05633 3.41750 0.49593 0.00921 2.08961

2 2.01303 1.53825 3.24238 0.49389 0.00951 1.50120

3 2.12863 0.82508 3.00621 0.49678 0.00933 1.64363

4 2.17603 0.11938 3.48127 0.49595 0.00919 1.84240

5 2.16558 0.40079 3.70352 0.49533 0.00932 1.84331

6 2.16629 0.38413 3.22853 0.49567 0.00932 1.82022

7 2.13656 0.77701 3.42459 0.49790 0.00902 1.75875

8 2.03575 1.50194 2.53637 0.49280 0.00970 1.68078

9 1.81018 2.53185 5.28937 0.49700 0.00970 1.70177

10 2.09950 1.111432 3.00105 0.49875 0.00907 1.74412

11 2.09735 1.13894 2.65698 0.49771 0.00938 1.76149

12 1.82421 2.80795 6.08856 0.49612 0.00818 1.82421

13 2.15712 0.494829 3.65641 0.49618 0.00914 1.37956

14 2.03223 1.46088 2.22985 0.49613 0.00954 1.55693

15 2.14689 0.69029 3.09350 0.49416 0.00944 1.85599

Here the average of σ(j) for j = 1, · · · , 15 is 2.07776. It is quite noticeable

that after looking at the largest q which is 2.80795 and recomputing σ using

the Estimating Equation (16). Now the average of the adjusted σ(j) becomes

1.733595 Thus, we obtain the value of the adjusted σ which is significantly

smaller than that of the Least Squares estimate of σ. Moreover, its value is

close to that when j = 12 where the maximum q was obtained.

To asses the stability of the derived method in the presence of outliers.

We add 3σ to observation y10 and run the same computations for the same

quantities.

The Least Squares fit becomes the following:

Ŷ = 4.7155 + 0.4883X1 + 0.00955X2 (19)

and MSE = (3.03410)2

Table 2 shows the influence of each observation and the adjusted values of σ

as calculated in Table 1. One may observe that the average of the estimated σ is

3.016577 which is larger but close the value of the Least Squares of σ = 3.03410.
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Table 2: Influence of observations in the presence of an outlier

j σ̂ q β̂0 β̂1 β̂2 σadj
1 3.16883 0.03520 4.68463 0.48825 0.00956 3.05560

2 2.93505 1.45471 4.42660 0.48540 0.00997 1.65683

3 3.14630 0.44225 4.36289 0.48893 0.00965 2.33436

4 3.15598 0.31313 4.82556 0.48812 0.00955 1.75359

5 3.08808 0.85133 5.47655 0.48629 0.00951 2.01616

6 3.14265 0.47424 4.31523 0.48773 0.00976 2.25323

7 3.16742 0.11916 4.72293 0.48789 0.00956 2.95763

8 3.02255 1.20027 3.63461 0.48454 0.00959 2.06524

9 2.82747 1.83577 6.79065 0.48945 0.00887 1.77988

10 2.19285 4.04264 3.00105 0.49875 0.00907 2.19285

11 3.14598 0.47422 4.21965 0.48938 0.00966 2.51523

12 2.90660 1.79243 7.39758 0.48844 0.008515 2.19804

13 3.11965 0.46992 4.99857 0.48857 0.00946 1.55991

14 3.12067 64961 3.88190 0.48840 0.00978 1.98531

15 3.10803 0.77974 4.12930 0.48531 0.00994 2.30822

The Least Squares estimated value of the intercept β0 has a significant

increase. While the observed values of β1 and β2 have not changed drastically

than those of the Least squares of the initial fit. Using the largest observed

q = 4.04264 which occurs now at j = 10 to give an average of the adjusted

σ(j) equals to 2.17594 which is closer but larger than that of the no outlier

case.

4. Concluding Remarks

In closing it is worth noting that most of the available multiple regression

diagnostics rely on deletion of the jth observation and then the Least Squares

method are employed to determine the influence of the jth observation. Here,

the above derived method has both features of deleting the jth observation and

the variance of forecasted mean value of the jth location, That is, R′jV [β
ls

]Rj =

R′j(X
′X)−1Rjσ

2.
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Appendix

E(s1) =
yj −R′jE[β

ls
]

R′j(X
′X)−1Rj

(20)

E(s1) =
qσ

R′j(X
′X)−1Rj

(21)

V (s1) =
R′jV [β

ls
]Rj

(R′j(X
′X)−1Rj)2

(22)

to get E(s21) = V (s1) + [E(s1)]
2, where V (s1) = σ2/R′j(X

′X)−1Rj.

This leads to

E(s21) =
σ2

R′j(X
′X)−1Rj

[1 +
q2

R′j(X
′X)−1Rj

] (23)

which amounts to

E(s2) = σ2(n− p+
q2

R′j(X
′X)−1Rj

) (24)

Therefore E[(s2 −R′j(X′X)−1Rjs
2
1)/(n− p− 1)] = σ2
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