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Abstract

In this paper we modify a well–known model about cooperation in a
marketing channel in order to obtain a finite horizon linear-state differ-
ential game. We obtain that the relevant results about the coordination
between the manufacturer and the retailer can be characterised also in
our simpler setting. This new approach can be a starting point for
further research.
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1 Introduction

This work is strongly based on the paper by Jørgensen et al. [5] on the analysis
of the coordination between a manufacturer and a retailer in a marketing
channel. From a mathematical point of view this model belongs to the class of
differential games applied to marketing problems. For a complete introduction
about this issue we refer to the book [6]. The differential game we want
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to analyse in the following is based on the Nerlove-Arrow advertising model,
which is well–described in the survey [3]. The mathematical tools we want
to use in this paper are some standard results about Nash and Stackelberg
equilibria in differential games. Our reference for these instruments is the
milestone book [1].

We assume, as done in [5], that the marketing channel is composed of a
manufacturer (he) and a retailer (she). The manufacturer can drive the evolu-
tion of the goodwill of his brand by an advertising campaign (the evolution is
based on the Nerlove-Arrow advertising model [3]). The sales function depends
on the goodwill and on the promotion which is decided by the retailer. In the
first instance of the model advertising costs are sustained by the manufacturer,
while promotion costs are sustained by the retailer. In a more interesting in-
stance of the model promotion costs are shared between the manufacturer and
the retailer. Under this assumption it is interesting to study when both the
players increase their profit; this research question is completely analysed in
the paper [5] for a problem with an infinite horizon and with a linear-quadratic
structure. Here, we want to simplify the model in two ways: first we assume
that the programming interval is finite; second we assume that the structure of
the problem is linear-state (see [2]). This simplification is important because
it can be a starting point for the analysis of a more complex model which takes
into account a marketing segmentation.

In this paper we deal with two main research issues: initially we want to
compare the results in a finite horizon with the results in an infinite horizon
described in the reference model [5]; then we want to study the impact of the
substitution of the linear-quadratic structure with the linear-state one. The
results in [5] are the benchmarks for our analysis.

The paper is organised as follows: in Section 2 we describe the model and
we compare our instance with the reference instance introduced in [5]. In
Section 3 we assume that there is no coordination between the manufacturer
and the retailer i.e. the promotion costs are sustained by the retailer only. In
Section 4 we assume that the manufacturer and the retailer sign an agreement:
the manufacturer has to share a constant percentage of the retailer’s promotion
in the whole programming interval. By comparing the payoffs of the players
we can identify when this agreement is convenient. Finally, in Section 5, we
assume that the sharing percentage of the promotion is a decision variable for
the manufacturer. In the Conclusion we illustrate how the results obtained in
this paper can be a starting point for further research.

2 The model

Let G be the Nerlove-Arrow goodwill, a state function that represents the
brand image level of the manufacturer [3]. Goodwill is controlled by the man-
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ufacturer’s advertising effort a ≥ 0, and the following dynamics describe the
evolution of the brand image,

Ġ = a− δG, G(0) = G0 > 0, (1)

where the parameter δ > 0 is the decay rate and a is the control function of
the manufacturer. We assume that the sales function is linear with respect to
the goodwill:

Q (p,G) = βp+G. (2)

The function p ≥ 0 represents the promotion effort which is controlled by the
retailer (β > 0 represents the marginal sales with respect to the promotion).
We assume both advertising and promotion costs to be quadratic

CM(a) = κMa
2/2, CR(p) = κRp

2/2. (3)

The advertising costs are sustained by the manufacturer while the promotion
costs are sustained by the retailer (κM , κR > 0 are the cost parameters). In
order to consider a more general setting we assume that the manufacturer
can participate in the promotion expenditure controlled by the retailer. Let
us introduce the participation rate r ∈ [0, 1), that represents the percentage
of promotion expenditure sustained by the manufacturer; when r = 0 the
manufacturer does not share the retailer’s promotion costs. We assume that
the programming interval is [0, T ], where T is small so that it is not necessary
to introduce a discount factor. Under such assumptions the objective function
of the manufacturer is

JM (a, r) =

∫ T

0

πM (βp+G)− κMa2/2− rκRp2/2dt, (4)

where the first term under the integral represents the manufacturer’s sales
profit (πM > 0 is the marginal profit), the second term represents the advertis-
ing costs, and the third term represents the sharing cost of promotion sustained
by the manufacturer. We notice that the participation rate r is considered as
a parameter in the manufacturer’s objective functional.
The retailer’s payoff function is

JR (p, r) =

∫ T

0

πR (βp+G)− (1− r)κRp2/2dt, (5)

where the first term under the integral represents the retailer’s sales profit
(πR > 0 is the marginal profit), the second term represents the cost of promo-
tion sustained by the retailer assuming that the manufacturer’s participation
rate is equal to r.
The two objective functionals (9) and (5) together with the motion equation
(1) constitute a linear-state differential game. At the end of this section we
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want to focus on the main differences between the reference model proposed
in [5] and the simplified version just described. In our model:

• the programming interval is finite [0, T ], while in the reference model it
is [0,+∞);

• the discount factor is not taken into account because we assume that T is
sufficiently small, while in the reference model both objective functions
are described using the discount factor exp(%t), with % > 0;

• the sales function is linear in the goodwill, while in the more complete
instance of the reference model the sales function is quadratic and con-
cave in the goodwill (this assumption is essential because the Authors
want to work with a linear-quadratic differential game in an infinite time
horizon);

• the differential game has a linear-state structure, while the reference
model has a linear-quadratic structure.

Our model is simpler, but the linear-state structure can be a starting point for
an extension that takes market segmentation into account. The same extension
is much harder in the reference model. However, before any considerations
about this extension, we have to face the solution of the differential game just
introduced.

3 No coordination

In this Section we assume that the manufacturer does not support the retailer’s
promotional effort, i.e. the promotion costs are sustained only by the retailer,
which means that r is fixed as equal to zero in the formulas of the objective
functionals (4) and (5). Without any coordination, it is reasonable to look
for a Nash equilibrium. The open-loop Nash equilibrium, which is equivalent
to the Markovian Nash equilibrium (see e.g. [2], [4]), is characterised in the
following proposition.

Proposition 3.1. (Benchmark) Let us consider the differential game where
the manufacturer determines an advertising flow a ∈ L2 ([0, T ] , [0,+∞)) in
order to maximise JM(a, 0), while the retailer determines a promotion function
p ∈ L2 ([0, T ] , [0,+∞)) in order to maximise JR(p, 0), then the unique open-
loop Nash equilibrium is

aB(t) =
πM
κM

(
1− e−δ(T−t)

)
δ

, (6)
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pB (t) =
πR
κR
β. (7)

Proof. The manufacturer’s Hamiltonian function

HM = πM (βp (t) +G)− κMa2/2 + λM (a− δG) (8)

is strictly concave in a, hence the optimal advertising strategy is

aB = λM(t)/κM , (9)

where the manufacturer’s adjoint function λM(t) satisfies the differential equa-
tion

λ̇M = −πM + δλM , λM (T ) = 0. (10)

Solving (10) and substituting λM(t) in (9) we obtain

aB(t) =
πM
κM

(
1− e−δ(T−t)

)
δ

. (11)

The Hamiltonian (8) is jointly concave in the control and state, hence the
necessary conditions are also sufficient.
On the other hand, the retailer’s Hamiltonian function

HR = πR (βp+G)− κRp2/2 + λR (a (t)− δG) (12)

is strictly concave in p and its stationary point

pB = βπR/κR (13)

is optimal because the retailer’s Hamiltonian (12) is jointly concave in the
control and state, hence the necessary conditions are also sufficient.
Finally, we notice that (11) and (13) are independent, hence they represent
the open-loop Nash equilibrium of the differential game.

Without a sharing agreement the differential game degenerates in a couple of
unpaired optimal control problems. We notice that the linear-state structure
of the model is fundamental to prove that the open-loop Nash equilibrium
coincides with the Markovian one.

Comparing our results with the results presented in the reference paper we
observe that:

• the optimal promotion strategy of the retailer is exactly the same;

• the optimal advertising strategy of the manufacturer is strictly decreas-
ing in our model (due to the finite programming interval), while it is
represented by a linear feedback in the goodwill in the reference model;
actually, the instance of the reference model with a linear demand func-
tion has a constant optimal advertising strategy which is similar to (6)
(i.e. the sensitivity analysis with respect to the parameters are identical
in the two models).
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4 Sharing agreement

In this section the manufacturer and the retailer can coordinate advertising
and promotion in order to improve their profits. At the beginning of the
programming interval, the manufacturer and the retailer can sign an agreement
which obligates the manufacturer to support the retailer’s promotion with a
fixed rate r ∈ (0, 1). Moreover, we assume that the agreement is written by a
third party and it is mandatory for both players to respect this agreement if
it is signed. Hence, both players find their strategies and then compare their
optimal profit in the scenario with and without agreement. They sign the
agreement if and only if the agreement improves their profits.

Proposition 4.1. (Agreement) Let us consider the differential game where
the manufacturer determines an advertising flow a ∈ L2 ([0, T ] , [0,+∞)) in
order to maximise JM(a, r), while the retailer determines a promotion function
p ∈ L2 ([0, T ] , [0,+∞)) in order to maximise JR(p, r), then the unique open-
loop Nash equilibrium is

aA(t) =
πM
κM

(
1− e−(T−t)δ)

δ
, (14)

pA =
πR
κR

β

(1− r)
. (15)

The agreement always improves the retailer’s profit while it improves the man-
ufacturer’s profit if and only if

r < (1− πR/2πM). (16)

Proof. The manufacturer’s Hamiltonian function

HM = πM (βp (t) +G)− κMa2/2− rκRp2 (t) /2 (17)

depends additively on the promotion (retailer’s control), hence the optimal
advertising strategy remains (9). The retailer’s Hamiltonian function is

HR = πR (βp+G)− (1− r)κRp2/2 + λR (a (t)− δG) , (18)

hence, as done in the proof of Proposition 3.1, we obtain

pA =
πRβ

κR(1− r)
. (19)

After substituting the optimal advertising and promotion in the objective func-
tionals of the manufacturer and of the retailer we obtain
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JR(pA, r)− JR(pB, r) =
π2
RTβ

2r

2κR(1− r)
,

and

JM(aA, r)− JM(aB, r) = (2πM(1− r)− πR)
πMTβ

2r

2κM(1− r)2
.

The retailer’s profit difference is always positive while the manufacturer’s one
is positive if and only if (16) holds.

5 Stackelberg game

The main result of the previous section is that the retailer’s profit always im-
proves when the agreement is signed. Therefore the manufacturer can propose
an agreement to the retailer acting as a leader in a Stackelberg differential
game where the retailer is the follower. Under this hypothesis the manufac-
turer can not only control the advertising, but can also decide the participation
rate in the retailer’s promotion. This means assuming that the participation
rate is a manufacturer’s control variable.

Proposition 5.1. (Stackelberg)Let us consider the Stackelberg differential
game where the manufacturer (leader) determines an advertising flow a ∈
L2 ([0, T ] , [0,+∞)) and the participation rate r ∈ L2 ([0, T ] , [0, 1]) in order to
maximise JM(a, r) while the retailer (follower) determines a promotion func-
tion p ∈ L2 ([0, T ] , [0,+∞)) in order to maximise JR(p, r). Then the unique
time-consistent Stackelberg equilibrium is

pS =
πRβ

κR(1− rS)
, (20)

aS(t) =
πM
κM

(
1− e−(T−t)δ)

δ
, (21)

rS = max

{
2πM − πR
2πM + πR

, 0

}
. (22)

Proof. To compute a Stackelberg equilibrium, we first determine the reaction
function of the retailer to the manufacturer’s strategies and then we solve the
manufacturer’s optimal control problem. The retailer’s Hamiltonian function

HR = πR (βp+G)− (1− r (t))κRp
2/2 + λR (a (t)− δG) (23)

is strictly concave in p, hence the promotion strategy

pS =
πRβ

κR(1− r (t))
(24)
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is optimal because the retailer’s Hamiltonian (23) is jointly concave in the
control and state, hence the Mangasarian sufficiency conditions hold.
If we substitute the retailer’s best response strategy into the manufacturer’s
Hamiltonian function, we obtain

HM = πM

(
πRβ

2

κR(1− r)
+G

)
− κMa2/2− r

π2
Rβ

2

2κR(1− r)
+ λM (a− δG) . (25)

Deriving with respect to the controls a and r we have

(
∂HM

∂a
,
∂HM

∂r

)
=

(
−aκM + λM ,

πR(2πM(1− r)− πR(1 + r))β2

2κR(1− r)3

)
.

Recalling that r ∈ (0, 1) we obtain the promotion strategy (22)

rS = max

{
2πM − πR
2πM + πR

, 0

}
,

and the advertising strategy

aS(t) =
λM(t)

κM
.

In order to obtain the advertising strategy we solve the adjoint equation, which
coincides with (10), so that the advertising Stackelberg equilibrium strategy
is (21). Once placed the optimal controls (22) and (21) in the Hamiltonian
function we can verify that Arrow’s sufficiency theorem holds, so that the
obtained strategies constitute the optimal Stackelberg equilibrium.

We notice that the analytical form of the Stackelberg equilibrium is equivalent
to the analytical form we have already discussed at the end of Section 4. Hence,
the retailer always gains a higher profit when the manufacturer participates
in the promotion expenditure, and, under the hypotheses of this section, it
happens if and only if (2πM−πR) > 0. As far as the manufacturer is concerned,
his profit increases if and only if rS satisfies (16) and this trivially holds true
when (2πM − πR) > 0.

It is interesting to notice that, even if our model is simpler, our solutions are
the same as the ones presented in the reference paper [5] (the unique difference
is in the optimal advertising flow, and it is connected to the different horizon
of the two models).
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6 Conclusion

In this paper we modify a well–known model about cooperation in a marketing
channel [5] and we study how our different assumptions change the reference
results. From a mathematical point of view, the reference model is an infinite
horizon linear-quadratic differential game, while our model is a linear-state
differential game. We obtain that the results of the two models are compa-
rable and, for many aspects, they are the same. This is important because
further research could consider market segmentation and facing this issue with
a simpler model is fundamental in order to obtain explicit solutions.
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