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Abstract

In this article we will show that the dilatations and translations of
a line in it, of the Desargues affine plane are automorphisms of the
skew-field constructed on the same line of this plane.
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1 Introduction

In the previous works in this regard we have seen how we can transform an
line of Desargues affine plane into an additive Group of its points (see [1]) and
then we showed how to constructed a skew-field with the set of points of a line
in Desargues affine plane (see [2] ). So in works [1] and [2] we have shown that
in a line of any Desargues affine plane (see [5],[6] and [7]) we construct a skew-
field with the points of this line, by defined appropriately the addition (see [1])
and multiplication of points in a line (see [2]) in the form of two algorithms.
So every line in a Desargues affine plane can be thought as a skew-field. In
the paper [3] we provided a detailed presentation of collineations, translations
and dilatations and their groups. Based on these works we will see dilatations
and translations as the line automorphism in the Desargues affine plane, this
will be the object of our theorem, for the proof of which we will also use the
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meaning of the parallelogram (see [4]). Relying on the two actions that we have
defined in the papers [1] and [2], which we call ”addition” and ”multiplication”
of the points in a line, we will show that the dilatations and translations of a
line defined in [3] are automorphisms of the skew-field which constructed on
the same line of Desargues affine plane.

2 Dilations of line in itself as the automor-

phisms of the skew-field constructed over in

the same line

In this section we will give one the main theorem related to this article. For its
proof we will rely on articles [1] and [2] in terms of dilatations and translation
given in the article [3]. Regarding the meaning of the Desargues affine plane
we are mainly based on [5], [6] and [7].

Theorem 2.1 Every dilatation in one Desargues affine plane AD = (P ,L, I)
which leads a line in it is an automorphism of skew-fields which constructed
on the same line ` ∈ L, of the plane AD.

Proof. Let’s have a line ` ∈ L whatever of the affine plan and a dilatation
δ of the same plan, which leads line ` in itself.
Case 1 Suppose that the affine plane AD, has a fixed point regarding the
dilatation δ (Fig.1), say that there are fixed points, the point O ∈ `, thus
δ (O) = O. Let’s mark it K = (`,+, ∗), the skew-field constructed over the line
`, (see [1] and [2]). Let’s show that dilatation δ is a homomorphism of K in
itself. We know from [3] that dilatation δ, is a bijection. So the line ` is an
O−trace of dilatation δ. So we have to prove that:

∀A,C ∈ `, 1.δ(A+ C) = δ(A) + δ(C)
2.δ(A ∗ C) = δ(A) ∗ δ(C)

For points A,C ∈ ` we have that δ(A), δ(C) ∈ `. During the construction of
the skew-field over a line of Desargues affine plane we choose two points (each
affine plan has at least two points) which we write with O and I and call them
zero and one respectively, these points play the role of unitary elements
regarding the two actions addition and multiplication respectively. In our case,
the role of zero is the fixed point O. From the addition algorithm (Algorithm
1 in [1] and [2]) we have:

∀A,C ∈ `,

 Step.1.∃B /∈ OI
Step.2.`BOI ∩ `AOB = D
Step.3.`DCB ∩OI = E

⇐⇒ A+ C = E



Dilations as the line-skew field-automorphism in Desargues affine plane 233

Figure 1:

From the construction of the A+C point, we have that: `OB ‖ `AD; `BC ‖
`D(A+C); and O,A,C,A+ C ∈ `;B,D ∈ `BAC , therefore

D(A+ C) ‖ BC (1)

We take now the dilatation δ. Mark δ(A) = A”, δ(C) = C”, δ(B) =
B”, δ(D) = D” we also have that δ(O) = O. (Figure.1).

By dilatation properties (see [3]) we have that: B” ∈ `OB, D” ∈ `OD, C” ∈
`OC = `, A” ∈ `OA = `, also from the definition of dilatation (see [3]) we have
that: BD ‖ δ(B)δ(D) = B”D”;BC ‖ δ(B)δ(C) = B”C”;AD ‖ δ(A)δ(D) =
A”D”.Calculate now δ(A) + δ(C) according to the addition algorithm (see [1]
and [2]). During addition of points A and C we chose the point B /∈ `, here
we choose the point δ(B) (we do this for ease of proof, as in [1], we have
shown that the choice of auxiliary point B, or in our case δ(B) is arbitrary),
by applying the addition algorithm we have:

∀δ(A), δ(C) ∈ OI = `,

 Step.1.∃B” /∈ OI
Step.2.`B”

OI ∩ `A”
OB” = D”

Step.3.`D”
C”B” ∩OI = E”

⇐⇒ A” + C” = E”

Constructed the line B”C” and from the point A” constructed the line
`A”
OB”. Moreover we have that `A”

OB” ‖ `OB. We have: `B”
OI ∩ `A”

OB” = D” because

δ :D = `BOI ∩ `AOB−→`B”
OI ∩ `A”

OB” = D”.

In other words, (see [4]) parallelogram (O,A,D,B) goes according to dilata-
tion δ in parallelogram (O,A”, D”, B”) , δ : (O,A,D,B)−→ (O,A”, D”, B”) .
So point A” + C” now is determined as A” + C” = `D”

C”B” ∩ OI. But since
BC ‖ B”C” we can write as: A” + C” = `D”

BC” ∩ `. therefore

δ(A) + δ(C) = `D”
BC” ∩ ` (2)
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Figure 2:

We see now what gives δ(A + C) we have: A + C = `DBC ∩ `. Also we know
that δ(D) = D”, and[

δ :
D−→D”

A+ C−→δ(A+ C)

]
=⇒ D(A+ C) ‖ D”δ(A+ C).

But from (1) we have that D(A + C) ‖ BC, and since parallelism is an
equivalence relation we have: D”δ(A + C) ‖ BC =⇒ δ(A+ C) ∈ `D”

BC . But
the points: O,A + C and δ(A + C) are collinear, then δ(A + C) ∈ `. Since,
`D”
BC ∦ `, we have:

δ(A+ C) = `D”
BC ∩ `. (3)

From (2) and (3), we have:

δ(A+ C) = δ(A) + δ(C).

We see now that stands for multiplication properties: δ(A ∗ C) = δ(A) ∗
δ(C). During the multiplication of points A and C, we choose a point I in
the role of ”one” (Figure.2), the dilatation δ gives us the point I in point
δ(I) = I”, then from point A we construct the line `EBC and thus determine
multiplication as well:

A ∗ C = `EBC ∩ `. (4)

By dilatation properties have: IB ‖ I”B”;BC ‖ B”C” and from BC ‖
E (A ∗ C) have that dilatation δ leads the point E to a point E” ∈ `OB and
A ∗ C to δ (A ∗ C) ∈ `. (Fig.2.) So we have that E (A ∗ C) ‖ E”δ (A ∗ C) =
δ (E) δ (A ∗ C) . From here δ (A ∗ C) defined as:

δ (A ∗ C) = ` ∩ `E”
E(A∗C). (5)

Now multiply by Algorithm 2 of the multiplication definition (see [2]) points
A” = δ (A) and C” = δ (C) . From point A” construct the line `A”

I”B”, but since
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Figure 3:

IB ‖ I”B” we have that `A”
I”B” = `A”

IB, also `A”
I”B” ∩ `OB” = E”. Now from point

E” construct the line `E”
B”C”, by the definition of multiplication we have that:

A” ∗ C” = ` ∩ `E”
B”C” (6)

From BC ‖ B”C” =⇒ `E”
B”C” = `E”

BC , and by BC ‖ E (A ∗ C) we have
`E”
B”C” = `E”

E(A∗C). Hence we have that:

A” ∗ C” = ` ∩ `E”
E(A∗C). (7)

So from (5) and (7) we have that:

δ (A ∗ C) = δ (A) ∗ δ (C) .

So δ is a homomorphism, adding to the fact that δ is also the bijection we
have that δ is an automorphism.

Case 2 We have no fixed points. In this case, our dilatation is a translation.
Let’s show that even in this case we are dealing with an automorphism.

The translation we are going to take will have direction according to line `
(Fig.3.).

During addition and multiplication of points A and C, as in the first case
we have: AD ‖ OB,BC ‖ D(A+C) and A+C = `∩`DBC where D = `BOI∩`AOB.
From multiplication we have IB ‖ AE where E = `OB ∩ `AIB. We also have
BC ‖ E (A ∗ C) and A∗C = `∩`EBC . From the definition of the addition we have
parallelograms (O,A,D,B) ; (C,A+ C,D,B) =⇒ OB ‖ AD;BC ‖ D(A+C).

Now take the translation ϕ with the same direction as line ` and note: O′ =
ϕ(O), I ′ = ϕ(I), A′ = ϕ(A), B′ = ϕ(B), C ′ = ϕ(C), E ′ = ϕ(E), D′ = ϕ(D).
From the translation properties we have parallelograms: (O,O′, B′, B) =⇒
OB ‖ O′B′; (I, I ′, B′, B) =⇒ IB ‖ I ′B′; (A,A′, E ′, E) =⇒ AE ‖ A′E ′ and
AA′ ‖ EE ′; (C,C ′, B′, B) =⇒ BC ‖ B′C ′; (A,A′, D′, D) =⇒ AD ‖ A′D′. Also
since:

[
ϕ :

D−→D′
A+ C−→ϕ(A+ C)

]
=⇒ D(A+ C) ‖ D′ϕ(A+ C)

DD′ ‖ (A+ C)ϕ(A+ C)
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Figure 4:

From here (D,A+ C,ϕ(A+ C), D′) is Parallelogram.
And furthermore we have that ϕ(A + C) ∈ ` and ϕ(A + C) ∈ `D′

D(A+C),

but D(A+ C) ‖ BC =⇒ ϕ(A+ C) ∈ `D′
BC , so we have:

ϕ(A+ C) = ` ∩ `D′

BC . (8)

If we addition the points A′ + C ′, we will acted in this way: constructed
the line m = `B` . From the point A′ construct the line `A

′

O′B′ . We see that
`B` ∩ `A

′

O′B′ = D′ = ϕ(D) inasmuch as OB ‖ O′B′ ‖ AD ‖ A′D′. Now from the
point D′ construct the line `D

′

B′C′ , and thus determine A′ + C ′ = `D
′

B′C′ ∩ ` =⇒
ϕ(A) + ϕ(C) = `D

′

B′C′ ∩ ` but BC ‖ B′C ′ so,

ϕ(A) + ϕ(C) = `D
′

BC ∩ `. (9)

From (8) and (9) we have that:

ϕ(A+ C) = ϕ(A) + ϕ(C). (10)

As for multiplication, we have that

[
ϕ :

E−→E ′
A ∗ C−→ϕ(A ∗ C)

]
=⇒ E(A ∗ C) ‖ E ′ϕ(A ∗ C)

EE ′ ‖ (A ∗ C)ϕ(A ∗ C)

From here (E,A ∗ C,ϕ(A ∗ C), E ′)− is Parallelogram.
And we have that

ϕ(A ∗ C) = ` ∩ `E′

E(A∗C) (11)

If we calculate the multiplication of the points A′ and C ′ (Figure.4). We
have A′ ∗ C ′ = ` ∩ `E′

B′C′

But we have that BC ‖ B′C ′ and by multiplication of A ∗C we have that
BC ‖ E(A ∗ C), from here since parallelism is equivalence relation we have
that B′C ′ ‖ E(A ∗ C). Now we can write that

A′ ∗ C ′ = ` ∩ `E′

E(A∗C). (12)
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From (11) and (12) we have that

ϕ(A ∗ C) = ϕ(A) ∗ ϕ(C). (13)
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