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Abstract

In this paper, we approximate the minimal parametric surface with

asymptotic curve by minimizing the Dirichlet function. The extremal

of such a function can be easily computed as the solutions of linear

systems, which avoid the high nonlinearity of the area function. They

are not extremal of the area function but they are a fine approximation

in some cases. Besides, an example to illustrate this method is given

and plotted.
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1 Introduction

Asymptotic curve on a surface is an intrinsic geometric feature that plays an

important role in a diversity of applications. Geometrically, an asymptotic

curve is a curve always tangent to an asymptotic direction of the surface. It

is sometimes called an asymptotic line, although it need not be a line. An

asymptotic direction is one in which the normal curvature is zero. Which

is to say: for a point on an asymptotic curve, take the plane which bears

both the curve’s tangent and the surface’s normal at that point. The curve

of intersection of the plane and the surface will have zero curvature at that

point. Asymptotic directions can only occur when the Gaussian curvature

is negative (or zero). There will be two asymptotic directions through every

point with negative Gaussian curvature, these directions are bisected by the

principal directions [2, 4, 14].

Many geometric operations are inherently related to asymptotic curves. For

instance, Hartman and Wintner [9] showed that the degree of smoothness is an

important notion in the classical theory of asymptotic curves of non-positive

Gaussian curvature, which is usually left unspecified. Kitagawa [10] proved

that if M is a flat torus isometrically immersed in a unit 3-sphere, then all

asymptotic curves on M are periodic. Garcia and Sotomayor [7] studied the

simplest qualitative properties of asymptotic curves of a surface immersed in

the Euclidean 3-space E3. Garcia et al. [8] studied immersions of surfaces into

E3 whose nets of asymptotic curves are topologically undisturbed under small

perturbations of the immersion, which can then be described as structurally

asymptotic stable.

The applications of asymptotic curves have been the subject of many studies

in astronomy and in astrophysics. As pointed out by Contopoulos [1], in or-

der to find a set of escaping orbits of stars in a stellar system, it is necessary

to find asymptotic curves of the Lyapunov orbits, because any small outward

deviation from an asymptotic orbit will lead a star to escape from the system.

The work of Contopoulos considered the asymptotic orbits of mainly unstable

orbits, with a particular emphasis on the Lyapunov orbits, and found sets of

escaping orbits with initial conditions on asymptotic curves. Efthymiopoulos

et al. [3] concluded that the diffusion of any chaotic orbit inside the contours

follows essentially the same path defined by the unstable asymptotic curves

that emanate from unstable periodic orbits inside the contours.

More recently, in the architectural geometry, there are a number of papers

which deal with asymptotic curves. Flory and Pottmann [13], addressed chal-

lenges in the realization of free-form architecture and complex shapes in general

with the technical advantages of ruled surfaces. Pottmann et al. [6], proposed
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a geometry-processing framework to approximate a given shape by one or more

strips of ruled surfaces. In that work, they used asymptotic curves obtained

by careful investigation and constructed an initial ruled surface by aligning

the rulings with asymptotic curves; they also discussed how the shape of this

initial approximation can be modified to optimally fit a given target shape.

In practical application, the construction of curves and surfaces subject to

certain constrains, for example, to minimize length, area, curvature or other

geometric properties has been studied [11,12,16]. An important property stud-

ied on surfaces is that of their areas via the various area functionals. Another

property relates to the Dirichlet functional, which is defined by the Lagrange

functional based on the Laplacian operator. The relationship between both of

these functionals is very similar to the relationship between length and energy

functionals. The study of surfaces minimizing the area functional with pre-

scribed border, called the Plateau problem, is to date a main topic in Euclidian

differential geometry. Such kinds of surface, characterized by the vanishing

mean curvature, are called minimal surfaces.

In recent years, fundamental research has focused on the reverse problem, or

backward analysis: given a 3D curve, how to characterize those surfaces that

possess this curve as a special curve, rather than finding and classifying curves

on analytical curved surfaces (see [1, 3, 4, 6, 8, 13–19]). However, in practical

application, we not only hope the surface possess the characterize curves, but

also consume minimal material. Therefore, combining the asymptotic curve

and minimal surface is very important. In this paper, we approximate the

minimal parametric surface with asymptotic curve by minimizing the Dirich-

let function.

The paper is organized as follows: In Section 2, we present, in brief, the basic

definitions of differential geometry and the approach of constructing surfaces

through a spatial curve. We also recall the Dirichlet approach. In Section 3, we

study the approximation minimal parametric surface with only one asymptotic

curve by Dirichlet approach. Also, some representative curves are chosen to

construct the corresponding approximation minimal parametric surface with

only one asymptotic curve. Finally we conclude the paper in Section 4.

2 Preliminaries

The ambient space is the Euclidean space E3 and for our work we have used

[2,4,14] as general references. A curve is regular if it admits a tangent line at

each point of the curve. In the following discussions, all curves are assumed

to be regular. Let α = α(s) be a unit speed curve in E3; by κ(s) and τ(s) we

denote the natural curvature and torsion of α = α(s), respectively. Consider
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the Frenet frame {t(s), n(s), b(s)} associated with curve α = α(s) such that

t(s), n(s) and b(s) are the unit tangent, the principal normal and the binormal

vector fields, respectively. Recall the Frenet formulae

d

ds

 t(s)

n(s)

b(s)

 =

 0 κ(s) 0

−κ(s) 0 τ(s)

0 −τ(s) 0

 t(s)

n(s)

b(s)

 . (2.1)

A surface P: (s, t) → P(s, t) ⊆ E3 is regular if Ps × Pt 6= 0 for all points

on surface, where Ps and Pt are the partial derivatives of the parametric

representation with respect to s and t, respectively. For every point on the

surface P(s, t), we define the unit normal vector by

N(s, t) =
Ps ×Pt

‖Ps ×Pt‖
. (2.2)

A curve α(s) is an asymptotic on the surface P(s, t) if and only if at any point

on the curve α(s) the binormal b(s) to the curve and the normal N(s, t0) to

the surface are parallel to each other.

For the parametric surface P(s, t), the area function A and the Dirichlet

function D, respectively, are [4]:

A(s, t) =

∫
R

‖Ps ×Pt‖ dsdt =

∫
R

√
EG− F 2dsdt, (2.3)

and

D(s, t) =
1

2

∫
R

(‖Ps‖2 + ‖Pt‖2)dsdt =
1

2

∫
R

(E(s, t) +G(s, t))dsdt, (2.4)

where R ∈ [0, L] × [0, T ]; L, T ∈ R. Here E =< Ps,Ps >, F =< Ps,Pt >

, and G =< Pt,Pt > are the coefficients of the first fundamental form. Due to

the nonlinearity of the area function A(s, t), we encounter here, it can be very

hard to compute its extremes. Instead, we will compute the extremes of a linear

function greater than the area function. Since
√
EG− F 2 ≤

√
EG ≤ E+G

2
,

it follows that A(s, t) ≤ D(s, t). Therefore, we use the Dirichlet function to

replace the area function.

Although the parameter of arc length is simple for analyzing, in the majority

of practical cases, the parameter of a given curve is usually not in arc length

representation. Suppose we are given the parametric curve

α(r) = (α1(r), α2(r), α3(r)), 0 ≤ r ≤ H,
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where the parameter r is not the arc length and H ∈ R. The components of

the Frenet frame are defined by [5]:

t(r) =
α

′
(r)

‖α′(r)‖
, b(r) =

α
′
(r)× α

′′
(r)∥∥α′(r)× α′′
(r)
∥∥ , n(r) = b(r)× t(r),

where a prime denotes the derivative with respect to r. and the corresponding

Frenet frame is given by t
′
(r)

n
′
(r)

b
′
(r)

 =

 0 κ(r)
∥∥α′

(r)
∥∥ 0

−κ(r)
∥∥α′

(r)
∥∥ 0 τ(v)

∥∥α′
(r)
∥∥

0 −τ(r)
∥∥α′

(r)
∥∥ 0

 t(r)

n(r)

b(r)

 .

(2.5)

So we have the corresponding Dirichlet function

D(r, t) =
1

2

∫
R

∥∥∥α′
(r)
∥∥∥2 (E(r, t) +G(r, t))drdt. (2.6)

3 Approximation minimal parametric surface

with one asymptotic curve

Consider the construction of a surface from a unit speed space curve α = α(s),

0 ≤ s ≤ L, such that the surface tangent plane is coincident with the curve

osculating plane. Expressing the surface in terms of Frenet frame {t(s), n(s),

b(s)} along α(s) as:

M : P(s, t) = α(s) + u(s, t)t(s)+v(s, t)n(s); 0 ≤ t ≤ T, (3.1)

where u(s, t), and v(s, t) are all C1 functions. If the parameter t is seen as the

time, the functions u(s, t), and v(s, t) can then be viewed as directed marching

distances of a point unit in the time t in the direction t; and n, respectively,

and the position vector α(s) is seen as the initial location of this point. It is

easily checked that the two tangent vectors of M are given by:

Ps = (1 + us − vκ)t + (vs + uκ)n + τvb,

Pt = utt+vtn.

}
(3.2)

The lower case subscript letters s, and t denote partial derivatives correspond-

ing to the indicated variable, e.g., Ps = ∂P
∂s

, Pt = ∂P
∂t

. Thus, the normal vector

of the surface is given by:

N(s, t) := Ps ×Pt = η1(s, t)t(s) + η2(s, t)n(s) + η3(s, t)b(s), (3.3)
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where
η1(s, t) = −vτvt,
η2(s, t) = vτut,

η3(s, t) = (1 + us − vκ)vt − (vs + uκ)ut.

 (3.4)

Also, since the curve α(s) is an iso-parametric on the surface, there exists a

parameter t = t0 ∈ [0, T ] such that P(s, t0) = α(s); that is,

u(s, t0) = v(s, t0) = 0,

us(s, t0) = vs(s, t0) = 0.

}
(3.5)

Thus when t = t0, i.e., along the curve α(s) the surface normal is

N(s, t0) = vt(s, t0)b(s), (3.6)

Coincidence of the osculating plane of α(s) with the tangent plane of the

surface P(s, t) identifies the curve as an asymptotic curve.

Hence, we can state the following theorem:

Theorem 1 The given spatial curve α(s) is an asymptotic curve on the sur-

face P(s, t) if and only if

u(s, t0) = v(s, t0) = 0,

us(s, t0) = vs(s, t0) = 0,

vt(s, t0) 6= 0, 0 ≤ t0 ≤ T, 0 ≤ s ≤ L.

 (3.7)

Obviously, Eqs. (3.7) is more elegant and convenient for applications (Com-

pare with [13], Eqs. (2.4)). Moreover, in order to analyze the conditions in

Theorem 3.1 simply, the marching-scale functions u(s, t), and v(s, t) can be

decomposed into two factors:

u(s, t) = l(s)U(t),

v(s, t) = m(s)V (t).
(3.8)

Here l(s), m(s), U(t) and v(t) are C1 functions are not identically zero. Hence,

we can give the following corollary.

Corollary 1 The necessary and sufficient condition of the curve α(s) being

an iso-asymptotic curve on the surface P(s, t) is

U(t0) = V (t0) = 0, l(s) = const. 6= 0, m(s) = const. 6= 0,
dV (t0)

dt
= const. 6= 0, 0 ≤ t0 ≤ T, 0 ≤ s ≤ L.

}
(3.9)
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Note that to obtain a surface family, with a common asymptotic curve,

we can first design the marching-scale functions in Eq. (3.9), and then apply

them to Eq. (3.1) to derive the final parameterizations. For convenience

in practice, the marching-scale functions can be further constrained to be in

more restricted forms and still possess enough degrees of freedom to define

a large class of surface family with a common asymptotic curve. In order

to study the approximation minimal surface with asymptotic curve, we first

derive the expression of the Dirichlet function of surface P(s, t) in Eq. (3.1)

in the following.

According to Eqs. (2.4), and (3.2), we have

D(s, t) =
1

2

∫
R

[
(1 + us − vκ)2 + (vs + uκ)2 + v2τ 2 + u2t + v2t

]
dsdt, (3.10)

where R ∈ [0, L] × [0, T ]. We can approximate minimal surface P(s, t) in

Eq. (3.1) by minimizing Eq. (3.10). For the case when the marching-scale

functions are functions of variable t, that is l(s) = m(s) = n(s) = 1, the

Dirichlet function of surface P(s, t) pencil becomes

D(s, t) =
1

2

∫
R

[
(1− κV )2 + κ2U2 + τ 2V 2 + U2

t + V 2
t

]
dsdt. (3.11)

By minimizing Eq. (3.11), We can approximate minimal surface P(s, t) in Eq.

(3.1).

3.1 Simple surfaces with common asymptotic curve

Now, we are going to deals with construct a representative example to verify

the method and verify the correctness of the formulae derived above.

Example 1 Given a circle helix:

α(r) = (a cos r, a sin r, br) , a > 0, b 6= 0, 0 ≤ r ≤ 2π.

where a > 0, b 6= 0 and 0 ≤ r ≤ 2π. It is easy to show that

t(r) =
(−a sin r, a cos r, b)√

a2 + b2
, n(r) = (− cos r,− sin r, 0) , b(r) =

(b sin r,−b cos r, a)√
a2 + b2

.

By choosing marching-scale functions as

U(t) = βt, V (t) = γt, γ 6= 0, t ∈ [0, T ];T ∈ R,
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obviously Eq. (3.7) is satisfied and the parametric surface defined by Eq. (3.1)

is

P(r, t; β, γ) = (a cos r, a sin r, br) + t (β t(r) + γ n(r)) ,

Further, according to Eq. (3.9), let a = 2, b = 1, and t ∈ [0, 4], the corre-
sponding Dirichlet function is:

D(r, t) =
1

2

∫
R

∥∥∥α′
(r)
∥∥∥2 (E(r, t) +G(r, t))drdt

=
1

2

2π∫
0

4∫
0

(
a2 + b2

)(
1 + b2 +

(
a2 +

a2u2

a2 + b2

)
− 2a t γ + γ2 + t2γ2

)
dtdr. (3.12)

We assume β = ±1, then

D = −16a
(
a2 + b2

)
γπ2+

8

3

(
a2 + b2

)
γ2π

(
3 + 4π2

)
+

8

3

(
a2 + b2

)
π

(
3 + 3b2 + a2

(
3 +

4π2

a2 + b2

))
.

(3.13)

By simple computation, D has minimal value at γ = (924/2083). The ap-

proximation minimal surface with the circle helix as an asymptotic can be rep-

resented as follows

P(r, t; β, γ) = (2 cos r, 2 sin r, r) + t(±
√

5

2
,
12

76
, 0)

 −2 sin r 2 cos r 1

− cos r sin r 0

sin r − cos r 2

 ,

Figure 1: The approximation minimal surface with β =
√

5/2.
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Figure 2: The approximation minimal surface with β = −
√

5/2.

4 Conclusion

In this study, we have presented a method for finding a surface family whose

members all share a given asymptotic curve as an iso-parametric curve. By

representing the surface by the combination of the given curve, and the three

vectors decomposed along the directions of Frenet frame, we derive the nec-

essary and sufficient conditions for the given curve to be the asymptotic for

the parametric surface. In the process of derivation, we define two controlling

functions β(s) and γ(s). From the examples, we find that these two functions

can control the shape of the surface flexibly. We also present a new method

for designing a developable surface by constructing a surface pencil passing

through the given asymptotic curve, which is quite in accord with the practice

in industry design and manufacture.
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