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Abstract

In this paper an immuno-epidemiological model for HIV and AIDS
incorporating viral and cellular transmission with antiretroviral treat-
ment is formulated. Using ordinary differential equations, the two trans-
mission subsystems are coupled in which the transmission rate at the
population is expressed as a function of the viral load, while the within-
host infection rates are modelled as functions of the number of infectives.
The basic reproduction number, R0C of the coupled model is found to
be a maximum of the two reproduction numbers R0B and R0W corre-
sponding to the between host and within host subsystems respectively.
Stability analysis reveals that the disease free equilibrium is globally
asymptotically stable whenever R0B < 1 and R0W < 1. Theoretically
this means that the disease is wiped out. Using the center manifold
Theorem, the endemic equilibrium is found to be locally asymptotically
stable if R0C > 1 and unstable otherwise. This reveals that the high
transmissibility of HIV caused by high viral load at the within host level
will lead to disease persistence in the population. Numerical simulation
shows that an increase in viral load at the within host level leads to pro-
portional increase in the number of infectives at the population level.
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The effectiveness of ARV treatment in combating the spread of HIV and
AIDS depends on the efficacy levels of both RTI and PI. Consequently
the study recommends the administration of ARVs with high treatment
efficacy for both RTI and PI levels.
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1 Introduction

Since its discovery over three decades ago, HIV/AIDS still remains a major
threat to human life and resource. Human resource is a major recipe for eco-
nomic and industrial development. HIV and AIDS has greatly affected and/or
depleted this important resource and exerted great economic burden globally
especially sub-Saharan countries, where its prevalence has always been high.
According to UNAIDS global HIV and AIDS statistics of 2019 , 37.9 million
people globally were living with HIV while 770000 people died from AIDS
related illnesses. In many Sub-Saharan countries, for example, Kenya and
Uganda the effects of HIV and AIDS on the economy has been adverse due
to the high cost of treatment and management. Thus enormous resources are
being channeled to research and management.
Tremendous research work has been conducted on how to contain or eradi-
cate HIV and AIDS among the human population. This has been done by
researchers from diverse fields such as biology, medicine and mathematics.
Mathematicians through mathematical modelling of viral infections, have en-
hanced greater understanding of virus dynamics. This achievement has largely
been realised by studying HIV infection and transmission dynamics at two lev-
els namely; Within-host infection (immunological models) and Between-host
transmission (epidemiological models) dynamics.
The between-host HIV transmission models (epidemiological models) seek to
investigate how HIV spreads in the population through; sexual contact, intra-
venous drug use, blood transfusion and mother to child vertical transmission.
Specifically the between host models describes HIV and AIDS progression
among susceptibles,S (people who are vulnerable to infection), the asymp-
tomatically infected,I (those who are infected without symptoms) and the
symptomatically infected,A (the AIDS class) population. In the recent past
mathematical modelling of HIV and AIDS epidemiology has incorporated dy-
namics such as the impact of awareness, screening and counselling of infectives
[11], adherence to ART treatment [15] and HIV dynamics with treatment and
vertical transmission [16] among others.
The immunological models, basically model the dynamics of HIV and target
immune cells-CD4 T cells. These models can further be classified into viral
and cellular infection models. Virus-to-cell models of infection describes the
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binding of a virus to a receptor on the surface of target CD4 T cells, replication
and transcription into a provirus. Early models of within host HIV infection
such as those by [14] were successful in numerically describing dynamics of HIV
infection and thus provided standard viral infection models that are the basis
for current modelling of viral disease dynamics. Recent studies have however
revealed that a high virus-to-cell infection rate is likely to lead to a transfer
of multiple virions to target cells, hence the virus induced cell-to-cell trans-
mission of viruses. The inclusion of cell-to-cell transmission in viral modelling
has gained considerable attention in the recent past, this has greatly enhanced
understanding of the HIV and AIDS infection in vivo. It has also opened new
strategies in designing antiretroviral treatment, provided new insights into the
pathogenisis of HIV as well as improve diagnosis.
The fight against the spread of HIV/AIDS pandemic has intensified over
the years through ARV treatment and preventive programmes such as pub-
lic awareness campaigns. Antiretroviral treatment can be done based on the
two levels of infection, that is; virus-to-cell and cell-to-cell infection. Reverse
Transcriptase Inhibitors (RTIs) form of treatment prevent virus-to-cell trans-
mission by preventing reverse transcription of viral RNA into DNA, hence
serves to reduce the rate of infection of activated CD4 T cells. While Protease
Inhibitors (PIs) prevent cell-to-cell transmission by preventing HIV-1 protease
from clearing the HIV polyprotein into functional units, thereby causing in-
fected cells to produce immature virus particles that are not capable of infect-
ing additional cells.
Over the years, various disease models have focused on the two transmission
scales namely: within-host, involving cellular interactions: and between-host,
focusing on population transmission independently. For instance viral models
by [13] consider the within host dynamics independent of the interaction at
the population level, whereas epidemic models of population dynamics such
as [3] consider the interaction between susceptible and infected hosts without
an explicit link to the viral dynamics of the within host system. Although
when the two processes are decoupled, the mathematical models are generally
easier to analyse, there are however very insightful questions that can only be
answered by coupled models [8], hence the rationale for multiscale models in
mathematical disease modelling.
A multi-scale model linking the two levels of transmission , that is , the im-
munological and epidemiological viral infection levels by [2] suggested that
the link between the two levels can be done by considering transmission at
the population level as a function of viral load of the transmitting individual.
Consequently, stability and bifurcation analysis were conducted using the cou-
pling of the two basic reproduction numbers RW

0 and RB
0 for both subsystems

respectively. In the study the derivation of RB
0 as a general increasing function

of RW
0 was their main result. This study also focused on a general approach
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towards coupling of an infectious disease, however this novel idea can be ap-
plied in modelling HIV and AIDS transmission dynamics.
A coupled model that explicitly links the epidemiological and immunological
dynamics was proposed by [8]. The model aimed at establishing new proper-
ties and complex dynamics that can be deduced from the coupled system. In
their analysis of the coupled model two threshold quantities were used, that
is, RV and RH which denotes the within-and between-host threshold values
respectively, and it was shown that the magnitudes of these quantities can
jointly determine the disease prevalence. Also as a direct consequence of cou-
pling of the within- and between-host processes, multiple endemic equilibria
and bi-stability was observed.
Since the mechanisms of HIV and AIDS transmission is an intricate process
of interrelated and interconnected components such as viral replication, im-
mune response system and other transmission pathways, a paradigm shift on
HIV and AIDS modelling is fundamental in generating new predictions and
strategies for HIV control. This may involve, for instance, for the inclusion of
both viral-cell and cell-to-cell transmission treatment in the within host mod-
els. Standard HIV models have over time focused on either within host (viral
and cellular iteractions)or the between host (epidemiological) dynamics. How-
ever, for such biological phenomena, it is biologically feasible to study them
together. Hence the multiscale modelling framework that couple within-host
and between-host processes of HIV transmission is crucial.

2 Model Description and Formulation

In this section, we construct a coupled HIV AIDS model linking both the
within-host and between-host transmission subsystems. The coupled model
will consist of two processes, one for the epidemiological processes at the pop-
ulation level and the other for the viral dynamics within an individual host.
Each scale is described below using ordinary differential equations.

2.1 Between host subsystem

A between host epidemiological model for HIV spread in the human popula-
tion is formulated using the SIA framework, in which it is compartmentalized
as susceptible (S(t)), asymptomatically infected (I(t)), and symptomatically
infected (A(t)). The epidemiological model can be represented mathematically
as follows

dS

dt
= Λ− πSI

1 + αI
− µS

dI

dt
=

πSI

1 + αI
− φσI − µI
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dA

dt
= φσI − δA− µA (1)

The basic reproduction number R0B is given as

R0B =
πΛ

µ(φσ + µ)
(2)

2.2 Within-host subsystem

The within-host (immunological) subsystem implemented in the coupled model
is adapted from [13], who examined a model for the interaction of HIV and
CD4+ T cells under combined antiretroviral treatment, The model consists of
three populations: uninfected T cells, actively infected cells T ? and free virus
V . The dynamics of the model is given by

dT

dt
= rT (1− T

Tmax
)− (1− ρ)βV T − (1− ϑ)αWTT

? − µWT

dT ?

dt
= (1− ρ)βV T + (1− ϑ)αWTT

? − κT ?

dV

dt
= ωκT ? − cV (3)

The basic reproduction number for the within-host subsystem is given by

R0W = Tmax(1−
µ

r
)(1− ϑ)

α

κ
+ Tmax(1−

µ

r
)
ωβ

c
(1− ρ) (4)

2.3 Coupling the subsystems

In order to link the two processes, we examine the relationship between the
two subsystems (1) and(3), by employing the method used by Zhilan Feng et al
[8]. From the SIA subsystem (1), it can be established that the host viral load
has significant effect on HIV transmission rate in the population, on the other
hand HIV transmission processes at the population level affect the within host
HIV infection dynamics. Thus the coupled model (6) is obtained by linking
the immunological and epidemiological transmission processes for HIV. The
summary of the model can be described schematically as shown below.
Mathematically, this can be described by the following system of equations;

dS

dt
= Λ− πV SI

1 + αI
− µBS

dI

dt
=

πV SI

1 + αI
− φσI − µBI

dA

dt
= φσI − δA− µBA
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Figure 1: Flow chart of the coupled immunoepidemiological model for
HIV/AIDS

dT

dt
= rT (1− T

Tmax
)− (1− ρ)βIV T − (1− ϑ)αITT ? − µWT

dT ?

dt
= (1− ρ)βIV T + (1− ϑ)αITT ? − κT ?

dV

dt
= ωκT ? − cV (5)

Since the rate of transmission of HIV in the human population is considered
as a function of the number of free viruses, then the viral load (V) at the
between-host compartments can be considered as a parameter value and can
therefore be denoted as θ1. Similarly the infectives (I) at the within host can
also be taken as a parameter and denoted as θ2. Hence model (5) becomes

dS

dt
= Λ− πθ1SI

1 + αI
− µBS
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dI

dt
=

πθ1SI

1 + αI
− φσI − µBI

dA

dt
= φσI − δA− µBA

dT

dt
= rT (1− T

Tmax
)− (1− ρ)βθ2V T − (1− ϑ)αθ2TT

? − µWT

dT ?

dt
= (1− ρ)βθ2V T + (1− ϑ)αθ2TT

? − κT ?

dV

dt
= ωκT ? − cV (6)

3 Analysis of the coupled Immunoepidemio-

logical model

3.1 Basic Reproductive Ratio

The local stability of the model (6) is governed by the basic reproduction num-
ber R0 = Max {R0B, R0W}, where R0B and R0W are the basic reproduction
numbers for between-host and within-host subsystems respectively. Using the
next generation matrix method, the basic reproduction number is given by

R0 = Max

(
πθ1Λ

µB(φσ + µB)
, Tmax(1− µW

r
)
ωβθ2

c
(1− ρ) + Tmax(1− µW

r
)(1− ϑ)

αθ2

κ

)
(7)

Denoting R0B = πθ1Λ
µB(φσ+µB) and R0W = Tmax(1− µW

r )ωβθ2c (1−ρ)+Tmax(1− µW

r )(1−ϑ)αθ2κ
We have

R0 = Max {R0B, R0W} (8)

R0B is a measure of the average number of secondary HIV infections in human
(host) population caused by a single infective host introduced into an entirely
susceptible population. Similarly, R0W is a measure of the average number of
secondary viral and cellular infections within host caused by a single virion and
infectious cells introduced into an entirely susceptible CD+ T cell population.

3.2 Disease Free Equilibrium for the Coupled model

The system (6) always has a disease free equilibrium (DFE), E0 = (S, 0, 0, T, 0, 0, ) =
( Λ
µB
, 0, 0, Tmax(1 − µW

r
), 0, 0). We examine the local stability of the DFE by

analysing the eigenvalues of the Jacobian matrix of system (6) at the DFE.
The Jacobian matrix of system (6) is as follows;
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M =



−πθ1I
1+αBI

− µB −πθ1S
(1+αBI)2

0 0 0 0
πθ1I

1+αBI
πθ1S

(1+αBI)2
− φσ − µB 0 0 0 0

0 φσ −δ − µB 0 0 0
0 0 0 r − 2rT

Tmax
− b− µW −d −e

0 0 0 b d− κ e
0 0 0 0 ωκ −c

 (9)

Where

b = (1− ρ)βV θ2 + (1− ϑ)αθ2T
?

d = (1− ϑ)αθ2T

e = (1− ρ)βθ2T

The Jacobian matrix M in equation (9) at E0 = ( Λ
µB
, 0, 0, Tmax(1 − µW

r
), 0, 0)

is given as

M =



−µB −πθ1Λ
µB

0 0 0 0

0 πθ1Λ
µB(φσ+µB)

− 1 0 0 0 0
0 φσ −δ − µB 0 0 0
0 0 0 r − 2rT

Tmax
− µW a1 −a2

0 0 0 0 a1 − κ a2

0 0 0 0 ωκ −c

(10)

Where a1 = Tmax(1− µW
r

)(1− ϑ)αθ2

a2 = Tmax(1− µW
r

)(1− ρ)βθ2

Since at the DFE T0 = Tmax, then the element r − 2rT
Tmax

− µW reduces to
−r − µW . The eigenvalues of the matrix M (10) are

λ1 = −µB (11)

λ2 =
πθ1Λ

µB(φσ + µB)
− 1 (12)

λ3 = −δ − µB (13)

λ4 = −r − µW (14)

while the remaining eigenvalues were determined from the reduced matrix A

A =

(
Tmax(1− µW

r
)(1− ϑ)αθ2 − κ Tmax(1− µW

r
)(1− ρ)βθ2

ωκ −c

)
(15)
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Applying Routh-Hurwiz criteria , matrix A in equation (15) will guarantee
negative real roots if and only if the trA < 0 and detA > 0 thus

trA = θ2R0W − 1− c

κ
− Tmax(1−

µW
r

)(1− ρ)
βωθ2

c
(16)

and

detA = −θ2[Tmax(1−
µW
r

)(1− ρ)
βω

c
+ Tmax(1−

µW
r

)(1− ϑ)
α

κ
] + 1 (17)

Equation (17) reduces to

detA = 1− θ2R0W (18)

From (16) and (18) trA < 0 and detA > 0 if and only if R0W < 1. Similarly
equation (12) can be written as

λ2 = ROB − 1 (19)

Thus the DFE is locally asymptotically stable wheneverR0W < 1 and ROB <
1 . The epidemiological significance of this is that; any introduction of an
infected individual into the population would not lead to new transmission
and the disease is wiped out.

3.3 Endemic Equilibrium for the Coupled model EE

A disease is endemic in a population if it persists in the population. The
endemic equilibrium of system (6) can be studied using the Center Manifold
Theorem [6, 4].

Theorem 1. Consider the following general system of ordinary differential
equations with a parameter a?
dx
dt

= f(x, a?), f : Rn ×R→ Rn and f ∈ C2(Rn ×R)
Without loss of generality, it is assumed that zero is an equilibrium point for
system (6) for all values of the parameter a?, ( that is f(0, a?) ≡ 0,∀a?).
Assume

1 . B = Dxf(0, 0) = ( ∂fi
∂xi

(0, 0)) is the linearized matrix of system (6)
around the equilibrium 0 with a? evaluated at zero.

2 . Zero is a simple eigenvector of B and all other eigenvalues of B have
negative real parts.

3 . Matrix B has a right eigenvector w and a left eigenvector v correspond-
ing to the zero eigenvalue
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Let fk be the kth component of f and

s? =
n∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0),

r? =
n∑

k,i=1

vkwi
∂2fk
∂xi∂a?

(0, 0)

The local dynamics of the system around the equilibrium point 0 is totally
determined by the signs of s? and r? Particularly

(i) In the case where s? > 0; r? > 0 we have that when ϕ < 0, with |ϕ| � 1,
(0,0) is locally asymptotically stable and there exist a positive unstable
equilibrium; when 0 < a? � 1, (0,0) is unstable and there exists a nega-
tive and locally asymptotically stable equilibrium.

(ii) In the case where s? < 0; r? < 0, when a? < 0 with |a?| � 1 (0,0) is
unstable; when 0 < a? � 1, (0,0) is locally asymptotically stable, and
there exists a positive unstable equilibrium.

(iii) In the case where s? > 0; r? < 0, when a? < 0 with |a?| � 1, (0,0)
is unstable and there exists a negative and locally asymptotically stable
equilibrium, when 0 < a? � 1, (0,0) is stable and there exists a positive
unstable equilibrium.

(iv) In the case where s? > 0; r? < 0, a? < 0 changes from negative to positive,
(0,0) changes its stability from stable to unstable. Correspondingly, a
negative unstable equilibrium becomes positive and locally asymptotically
stable.

To apply theorem (1) the following simplification and change of variables
are made on the system (6). Let S = x1, I = x2, A = x3, T = x4, T

? = x5, V =
x6 so that NB = x1 + x2 + x3 and NW = x4 + x5 + x6. The system (6) can be
written in the form

dx

dt
= F (x)

where

X = (x1, x2, x3x4, x5, x6)

F = (f1, f2, f3, f4, f5, f6)
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such that

dx1

dt
= f1 = Λ− πθ1x1x2

1 + αx2

− µBx1

dx2

dt
= f2 =

πθ1x1x2

1 + αx2

− φσx2 − µBx2

dx3

dt
= f3 = φσx2 − δx3 − µBx3

dx4

dt
= f4 = rx4(1− x4

Tmax
)− (1− ρ)βθ2x6x4 − (1− ϑ)αθ2x4x5 − µWx4

dx5

dt
= f5 = (1− ρ)βθ2x6x4 + (1− ϑ)αθ2x4x5 − κx5

dx6

dt
= f6 = ωκx5 − cx6 (20)

It can be verified that the Jacobian of system (6) at the DFE, E0 is given by

M =


−µB −πθ1Λ

µB
0 0 0 0

0 Q1 − 1 0 0 0 0
0 φσ −δ − µB 0 0 0
0 0 0 −r − µW Q2 −Q3

0 0 0 0 Q2 − κ Q3

0 0 0 0 ωκ −c

 (21)

Where

Q1 =
πθ1Λ

µB(φσ + µB)
(22)

Q2 = Tmax(1−
µW
r

)(1− ϑ)αθ2 (23)

Q3 = Tmax(1−
µW
r

)(1− ρ)βθ2 (24)

To analyze the dynamics of (6), we compute the eigenvectors of the Jacobian
of (6) at the DFE. It can be shown that the Jacobian matrix (21) has a right
eigenvector given by W = (w1, w2, w3, w4, w5, w6)T where w1 = 0, w2 = 0,

w3 = 0, w4 =
w5(Q2−Q3

ωκ
c

)

(r+µW )
, w5 = w5 > 0, w6 = w5ωκ

c
.

Similarly, the components of the left eigenvector of the jacobian matrix (21)
denoted by U = (v1, v2, v3, v4, v5, v6)T are given by v1 = 0, v2 = 0, v3 = 0,
v4 = 0, v5 = v5 > 0 and v6 = Q3v5

c
.

Let a and b be the coefficients defined in theorem (1) . We can calculate s?
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as follows: for the transformed system (20), the associated nonzero partial
differentials of f (evaluated at the DFE, (E0) are given by;

6∑
k,i,j

v2wiwj
∂2f2

∂xi∂xj
(0, 0) = 2v5w

2
5(Q2 −Q3)

ωκ

c
[(1− ϑ)αθ2 + (1− ρ)

βθωκ

c
] > 0

Consider the case when R0C = 1 (assuming that R0W > R0B) and choose
θ2 = ϕ as a bifurcation parameter. Solving for θ2 from R0C = R0W = 1 gives

θ2 = ϕ =
1

Tmax(1− µW
r

)[(1− ρ)βω
c

+ (1− ϑ)α
κ
])

(25)

Obtaining r? we have

r? =
n∑

k,i=1

vkwi
∂2fk
∂xi∂ϕ

(0, 0)

= 2v5w5(1− ϑ)αTmax(1−
µW
r

) > 0

Since s? > 0 and r? > 0, Theorem (1) holds, thus system (6) has a unique
endemic equilibrium which is locally asymptotically stable whenever R0C > 1
and unstable when R0C < 1.

4 Numerical Simulation of the Model

The aim of this section is to conduct numerical simulations to our proposed
Immuno-epidemiological HIV and AIDS model (6), in order to verify our the-
oretical results and also explore emerging properties that are not covered in
our theoretical analysis. This is made possible by using the base values of the
model parameters given in Table 1.
Figure 4(a), illustrate how the within-host viral load impacts on the number of
infected individuals in the population (between-host level). The graph depicts
a logistic growth for the virus population, in which viral replication reveals
an increase over time. Since this is a critical point (turning point) where the
number of virions start to decline. This is attributed to immune response, the
natural death of virions and/or exhaustion of uninfected CD4+ T-cells, or the
slow process of viral replication as a result of latency. On the other hand the
number of infectives in the population increases gradually at a much slower
rate despite an increase in viral load at the within-host level.
It can also be deduced that even with declining viral load, the number of
infectives continue to rise. This is attributed to the fact that infectivity at
the population is highly dependent on the contact rate between infected and
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Table 1: Variables and Parameters used in the model (6)
Parameters/variable units Description source
dependent variables

S(t) 1000 per year Susceptible population estimated
I(t) 200 per year Asymptomatically infected individuals estimated
A(t) 100 per year Symptomatically infected individuals estimated
T (t) 103 cells mm−3day−1 susceptible/uninfected T cell 12
T ?(t) 0 cells mm−3 actively infected T cells 12
V (t) 10−3 mm−3 number of virions in plasma 12

parameters and constants
Λ 2258 per year Recruitment rate into the population [15]

via birth and immigration
π 0.000157 Transmission or Infection rate [15]
µB 0.2 per year Natural death rate of the population -
σ 0.34 per year Rate of transmission from -

infected status to AIDS status
δ 0.2 per year death rate of AIDS individuals -
αB 0.2 The saturation factor that -

measures the inhibitory effect
φ varies:0 < φ < 1 Treatment efficacy -
r 0.03 cells day−1 Production rate of 12

uninfected T cells
µW 0.02 cells day−1 Natural death rate of 12

uninfected T cells
κ 0.24 cells day−1 Death rate of actively 12

infected T cells
c 2.4 day−1 Shedding rate of virions 12
β 2.4×10−5mm−3 Viral infection rate 12

by free virions
αW 2.4 × 10−5mm−3 cellular infection rate 12
ω varies: ω ≥ 0 Burst rate of actively -

infected T cells
ρ varies: 0 < ρ < 1 Efficacy of RT Inhibitor -
ϑ varies: 0 < ϑ < 1 efficacy of Protease Inhibitor -

(a) (b)

Figure 2: (a).The Graph of infected human population I(t) against Active
virions V(t) (b).The Graph trajectory of infected human population I(t) within
the first 30 years.



1142 B. Mobisa, G. O. Lawi and J. K. Nthiiri

susceptible individuals. One of the emerging phenomena from Figure 4(a) is
that even with low viral load transmission at the population level can persist
as long as the contact rate is kept high.
Furthermore the graph shows that with high treatment efficacy the rate of
increase in the number of infectives is decreased (kept at low level) while low
efficacy of ART corresponds to an increase in the number of infectives. Hence
the level of treatment efficacy is crucial in combating the spread of HIV and
AIDS.
Figure 4(b), illustrates the long term effect of various ART treatment efficacy
levels on the number of infected human population. It can be observed that
when efficacy level is low (φ = 0.1), the number of infected individuals in-
creases sharply to a peak of 40,000 infected individuals within the first one
year, after which the numbers start to decline moderately to a minimum of
5000 for the next ten years. This may be as a result of the following:

• Measures put in place to combat the spread of HIV and AIDS such as
public awareness campaigns.

• Most of the asymptomatically infected individuals transit to the symp-
tomatically infected (AIDS) class.

• Positive behaviour change among the infected and susceptible individuals
as a result of voluntary screening/testing and counselling.

On the other hand, when treatment efficacy is high, that is, 0.5 and 0.9, the
graph trajectory of the infected human population I(t), generally, depicts a
very suppressed increase in the number of new infections, this is in contrast
to the case when efficacy is at 0.1. We further observe that the effect of the
two levels of antiretroviral treatment (RTI and PI) on viral replication is quite
significant. This is due to the fact that the viral load at the within-host level
almost immediately begins to decay exponentially with a negative value in less
than one year. Also combined ART prevents successful infection of new cells,
furthermore, the lifespan of free virus and infected cells is reduced. This has an
overall effect on the transmissibility of HIV at the population level, hence the
small number of infected individuals corresponding to high treatment efficacy.

5 Conclusion

In this paper we have formulated and analysed a new model framework linking
the two subsystems of within-and between-host HIV viral dynamics. The
novelty in this paper is in formulating the coupled model by expressing the
transmission rate as a function of the viral load at the between host level, while
expressing the infection rate at within host as a function of the infectives. This
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is based on the approach by Zhilan Feng et al [8]. The six component model
obtained, despite incorporating various HIV viral dynamics such as treatment
at both viral and cellular levels, remained mathematically and computationally
tractable. The basic reproduction number for the coupled model has been
determined, and found to be a maximum of the two reproduction numbers
for the within-and between -host subsystems, that is R0C = max{R0W , R0B}.
The analysis of the DFE is carried out using the Routh-Hurwiz criteria and
found to be asymptotically stable when R0W < 1 and R0B < 1. This has
both immunological and epidemiological significance, in that the introduction
of a few infected individuals into the population will not result into new HIV
transmissions and thus the disease will be wiped out from the population.
The centre manifold theorem is used to show that the coupled model has a
unique endemic equilibrium. This has been found to be locally asymptotically
stable whenever R0C > 1 and unstable when R0C < 1. From the numerical
simulations conducted it can be deduced that an increase in the viral load has
a corresponding increase in the number of infectives at the population level.
However a decline in the viral load at the within-host may not necessarily
lead to a decline in the number of infectives at the population level. This is
because transmissibility is highly dependent on the rate of contact between the
infectives and the susceptibles. In addition numerical simulations reveals that
the efficacy of ART treatment has remarkable effect on HIV transmission, with
high efficacy leading to significant reduction of infectives within a short period
of time. Specifically the high efficacy of both RTI and PI treatment contributes
to low viral replication, since the RTI prevents successful infection of new
cells while PI prevents infected cells from maturing into actively infectious
virions. This is likely to result into low transmission of HIV at the population
level. Hence the small number of infected individuals at the population when
treatment efficacy is high. The coupled HIV immuno-epidemiological model is
therefore a crucial tool in establishing the interdependence between the within-
and the between-host transmission dynamics.
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