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Abstract 

 

Only one exponential equation for interpolation of four-point rectangles is presently 

known. That equation renders complex numbers in some cases. New forms of 

exponential equations for the four-point array are more versatile and have not been 

found to generate complex or imaginary numbers.  A new method for deriving 

polynomial equations for four-point rectangles is illustrated by examples.  
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1. Introduction 
 

An exponential interpolation equation for the four-point rectangle was illustrated by 

examples many years ago. The cited equation was derived by means of the 

operational calculus [1,2]. See Eq. (29) in [2] and Eq. (9) in [3]. The exponential 

equation sometimes renders complex numbers. Such results can be interpreted in 

terms of their real parts [2]. However, it is desirable to have exponential equations 

that seldom render complex numbers.  
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2. Exponential equations for four positive numbers in a rectangular 

array 
 

An example of a four-point rectangle has A = 2, C = 8, G = 128, I = 512. See Fig. 1. 

Vertices A, C, G, I have coordinates are (0,0), (2,0), (0,2), (2,2), respectively.  

 

 

          G          I 

 

          A          C 

 

    Fig. 1.  A four-point rectangle 

 

Equation (1) is the symbolic interpolation equation for rectangle ACIG. The letter (z) 

represents an interpolated number. 

 

     z = (P)Q + T       (1) 

 

First Method 

 

Let P be a positive number such as P = 2. T is a constant. The exponent Q is the sum 

of three terms as in Eq. (2) and (z) is a number at a rectangle vertex.           

 

                                     Q = (xc)x + (yc)y + (xyc)xy    (2)  

 

Equation (1) is first applied in the x = 0 .. 2, y = 0 .. 2 coordinate system. When (x,y) 

= (0,0), the term Q becomes zero. The result is Eq. (3). When (x,y) are (2,0), Eq. (4) 

results. When (x,y) = (0,2), Eq. (5) results. When (x,y) are (2,2), respectively, Eq. (6) 

follows from Eq. (1). Equations (3)–(6) are solved as a set of four simultaneous 

equations in four unknowns: {T, xc, yc, xyc}.  

  

                                                T – 1 = 0      (3) 

 

                                             2(2xc) + T – 8 = 0     (4) 

 

                                         2(2yc) + T – 128 = 0     (5) 

 

                                     2(2xc + 2yc + 4xyc) + T – 512 = 0    (6) 
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With limited precision and rounded numbers, the four unknowns are approximately: 

xc ≈ 1.4036775, yc ≈ 3.4943423, xyc ≈ –0.19971503, T = 1.  

 

In the x = 0 .. 2, y = 0 .. 2 coordinate system, and using the rounded coefficients as 

cited above, Eq. (1) becomes Eq. (7). In this equation, the term Q is approximately 

(1.4036775x + 3.4943423y – 0.19971503xy).  

 

     z = 2Q + 1          (7) 

 

Equation (7) can be converted to the familiar coordinate system: x = –1 .. 1, and y = –

1 ..1. This change is effected by changing (x) into (x+1) and (y) into (y+1) in Eq. (7). 

See Eq. (8). In this equation, the exponent Q has the approximate value Q ≈ 

(1.20396243x + 3.29462731y – 0.199715032xy). Extended precision is desirable to 

maintain the accuracies of exponential interpolation equations.  

 

    z ≈ (25.96155283)(2Q) + 1             (8) 

 

Second Method 

 

Let P in Eq. (1) be reassigned as P = 3. The method of calculation proceeds as in the 

first method. The new interpolation equation, for the same original data, is Eq. (9). In 

this equation Q is about (0.759615719x + 2.07867840y – 0.126006156xy).  

 

    z ≈ (25.96155283)(3Q) + 1     (9) 

 

  Within the accuracies of the rounded coefficients, both Eqs. (8) and (9) render the 

same numerical results for the same (x,y) coordinates. This method is illustrated with 

the integers 2 or 3. These integers make easy illustrations. Other choices of numbers 

for P are possible.  

 

3. First method for polynomial equations for the four-point rectangle 
 

Equation (10) is a general equation for the four-point rectangle in which P, Q, R, S 

are coefficients to be determined. Equation (10) applies in the x = –1 .. 1, y = –1 .. 1 

coordinate system as in Fig. 1 above.  

 

    z = (Px + Qy + Rxy + S)2              (10) 

 

Four simultaneous equations can be generated from Eq. (10). See Eqs. (11)–(14). 
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    (–P – Q + R + S)2 – A = 0                 (11)  

 

    (P – Q – R + S)2 – C = 0              (12) 

 

    (–P + Q – R + S)2 – G = 0              (13) 

 

    (P + Q + R + S)2 – I = 0              (14) 

 

Let A = 12, C = 32, G = 72, I = 92 in Fig. 1. Equations (11)–(14) can be solved as a 

system of four simultaneous equations in four unknowns: P, Q, R, S. This method 

renders sixteen sets of solutions for P, Q, R, and S. Eight unique equations for 

rectangle ACIG, as derived by the new method, are Eqs. (15)–(22).  

 

    z = (xy – 3x – 7y – 9)2/4               (15) 

 

    z = (5xy + 3x + y )2               (16) 

 

    z = (3xy + 5x + 1)2               (17) 

 

    z = (3xy – x + 9y + 7)2/4              (18) 

 

    z = (5 + x + 3y)2                                     (19) 

 

    z = (9xy + 7x + 3y – 1)2/4              (20) 

 

    z = (xy + 5y + 3)2               (21) 

 

    z = (7xy + 9x – y + 3)2/4              (22) 

 

Equation (19) is a simple form of an equation for a rectangle with positive, bilinear, 

numbers at its vertices [2]. That it is a practical reason for preferring Eq. (19). All of 

the equations reproduce the original data and all of Eqs. (15)–(22) have the same 

mathematical legitimacy even if some of them are unrealistic for representing  

physical, chemical, or biological processes.   

 

4. Second method for polynomial equations for the four-point 

rectangle 
 

It is seldom true that the largest measurement is more than 80 times the smallest 

measurement as in the above illustration. Whatever the case, alternative methods are 

desirable. One of them modifies the preceding method. See Eq. (23). 
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    z = (P + Qx + Ry)2 + S              (23) 

 

Applied to the rectangle in Fig. 1, Eq. (23) takes the form of Eqs. (24)–(27). 

 

    z = (P – Q – R)2 + S – A = 0                 (24) 

 

    z = (P + Q – R)2 + S – C = 0              (25) 

 

    z = (P – Q + R)2 + S – G = 0              (26) 

 

    z = (P + Q + R)2 + S – I = 0              (27) 

 

Let A = 1, C = 9, G = 49, I = 81, then Eq. (23) takes the form of Eq. (28).  

 

    z = (5 + x + 3y)2               (28) 

 

If A = 1, C = 27, G = 343, I = 729, then Eq. (23) takes the rounded form in Eq. (29). 

 

  z = 143.212 + 103x + 261y + 90xy + 17.7586x2 + 114.029y2          (29) 

 

Equation (29) is the same result as obtained by applying an operational equation, Eq. 

(7) in [3], to the same data. In other words, the application of algebraic Eq. (23) to a 

set four positive numbers in a rectangular array is tantamount to applying operational 

Eq. (7) in [3] to the same set of numbers. The correspondence of a    simple algebraic 

method using Eq. (23) and an operational method is noteworthy.   

 

Equation (10), Eq. (23), and Eq. (7) in [3] represent different methods for deriving 

polynomial interpolation equations for four-point rectangles.  

 

5. Alternative methods for four-point rectangles  
 

A method for interpolating an eight-point cube in terms of biquadratic equations is 

illustrated in [5]. An alternative interpolation method for a four-point rectangle 

applies when a positive number is assigned to each vertex of the four-point rectangle 

ABDC at the base of the eight-point cube. Selected positive numbers are assigned to 

each vertex of the four-point rectangle FGIH at the top of the cube.  

 

An interpolation equation for the four-point rectangle ABDC is obtained by means of 

the assignment z = –1 in the equation for the eight-point cube. See Fig. 1 in [5] and 

the text therein. For example, let vertices [A,B,C,D] are assigned [1,2,3,4],  
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respectively, while vertices [F,G,H,I] are assigned [6,7,8,9], respectively. Then the 

interpolation equation for rectangle ABDC is Eq. (30).  

 

     z = 5/2 + x/2 + y               (30) 

 

If [F,G,H,I] are reassigned as [6,7,8,10], respectively, the new equation for  

rectangle ABDC is biquadratic Eq. (31).  

 

    z = 19/8 + x/2 + y + x2/16 + y2/16                        (31) 

 

Keep the assigned numbers at vertices [A,B,C,D] in Fig. 1 but change the numbers at 

cube vertices [F,G,H,I]. This method renders many biquadratic equations for the  

four-point rectangle ABDC [5]. In particular cases, which one of the many 

biquadratic equations for rectangle ABDC is preferred? How is the decision justified? 

 

An alternative approach is based on cubic equations for eight-point cubes [6,7]. 

Again, four positive numbers of particular interest can be assigned at vertices A, B, 

C, D in the eight-point cube. Numbers (usually positive) are chosen at pleasure and 

assigned to vertices F, G, H, I of the cube. The assignment z = –1 can now render a 

bicubic equation for the four-point rectangle ABDC. Given numbers for A, B, C, D, 

how are numbers for F, G, H, I to be chosen? How is the choice justified?  

 

For example, if (A,B,C,D) in Fig. 1 in [6] are (1,2,3,4), respectively, and if (F,G,H,I) 

are (6,7,8,9), respectively, and if the z-coordinate is z = –1, then the interpolation 

equation for rectangle ABDC is Eq. (30). If (F,G,H,I) are (6,7,8,10), respectively, the 

new interpolation equation for rectangle ABDC is Eq. (32). The numbers at vertices 

F,G,I,H can be changed in many ways so there are also many bicubic interpolation 

equations for rectangle ABDC.  

 

  R = 5/2 + 5x/12 + 11y/12 + x2y/16 + xy2/16 + x3/48 + y3/48            (32) 

 

A different approach to the analysis of four positive numbers in a rectangular array 

uses a measurement at the geometric center of the rectangle. The extra cost of the 

fifth measurement is offset by the opportunity to examine alternative equations for 

the remaining four-point rectangles [8]. One of those equations could be a better 

model of a four-point rectangle than other methods like the bilinear equation.   

 

Equations (15)–(22) are eight interpolation equations for a particular four-point 

rectangle. The arithmetic average of two of those eight equations is another equation 

for the same four-point rectangle. The arithmetic average of three of these eight 

equations is yet another equation for the given four-point rectangle. There is a total of 

255 possible equations based on the arithmetic averages of 1, or 2, or 3, … , or 7, or 8  
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alternative equations for the same four-point rectangle. Considered in this light, there 

are many polynomial equations for the same four-point rectangle.   

 

The preceding suggestions are based on the familiar idea of an average. Weighted 

averages, in which one or two (or three …) members are counted more than once, 

adds to the number of possible equations for interpolating a four-point rectangle.  
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