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Abstract

A subset L ⊆ V of a graph G = (V,E) is called a connected
liar’s dominating set of G if (i)|N [v] ∩ L| ≥ 2 for every vertex v ∈
V ,(ii)|(N [v]∪N [u])∩L| ≥ 3 for every pair of distinct vertices u, v ∈ V ,
and (iii) the induced subgraph of subset L is connected. In this paper,
we show another proof of the minimum connected liar’s dominating set
problem is NP-hard, and present a 2(1+ ln∆)-approximation algorithm
of minimum connected liar’s dominating set in general graph.
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1 Introduction

Let G = (V,E) be a graph,the sets NG(v) = {u|uv ∈ E(G)} is the
neighborhood of v,and NG[v] = {NG(v) ∪ {v}}denote the close neighborhood
of v.A set D ⊆ V (G) is called a dominating set (DS) of G if |NG(v) ∩D| ≥ 1
for every vertex v ∈ V (G).The dominating number γ(G) is the minimum
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cardinality of a dominating set of G. If|NG[v] ∩ D| ≥ 2 for every v ∈ V (G)
and the subgraph of G induced by D is connected, then we call the set D
is connected double dominating set of graph G. In general, the k − tuple
dominating set of a graph G = (V,E) is a subset Dk of V (G) such that
|N [v]

⋂
Dk| ≥ k for every vertex v ∈ V (G), and denote γ×k as the cardinality

of minimum k − tuple dominating set of graph G. Domination or k-tuple
domination in the graphs and its variation have been extensively studied since
it has many applications.(see[1]-[5]).

Liar’s dominating set were fist introduced in[6] as follows: Suppose that a
graph G = (V,E) models a communication network which each vertex repre-
sent a communication device. Every communication device can communicated
with each other directly if there is an edge between two vertices. Now assume
that each vertex of graph G is the possible location for an intruder such as
a saboteur, a thief, a fire or some possible fault. Assume also that there is
exactly one intruder in the system represent by G. Assume a protection device
at a vertex has two functions. First is to correctly detect the presence of an
intruder, and second is to accurately report the correct location.We desire to
have some fault-tolerance. Specially, assume we must allow for any one pro-
tection device to be faulty. If a device might fail to detect the presence of an
intruder that is actually in its closed neighborhood, then the set D of locations
for the protection devices will be a single-fault-tolerant set if and only if it is
a double-dominating set. This paper consider connected liar’s dominating set
for which it is assume any one protection device in the neighborhood of the
intruder vertex might misreport the location of an intruder in its closed neigh-
borhood. That is, what is sought is a single-fault-tolerant protection device’s
fault could be in correctly reporting the location.

A liar’s dominating set L ⊆ V (G) means for any designated vertex x ∈
V (G) if all or all but one of the vertices in NG[x]

⋂
L reported vertex x, and

at most one vertex w in NG[x]
⋂
L either reports a vertex y in NG[w] − {x}

or fails to report any vertex, then the vertex can be correctly identified as
the designated vertex. That is if an intruder is at any vertex x then the
protection devices outside NG[x] are assume to not report any intruder location
every other element of NG[x]

⋂
L will correctly report location x and x will

be identifiable. We denote γcl as the minimum cardinality of connected liar’s
dominating set, γlr as the minimum cardinality liar’s dominating set of graph
G, 〈L〉 as the subgraph generated by L.

Theorem 1.1.[6] If L ⊆ V (G) is a liar’s dominating set then each component
of 〈L〉 contains at least three vertices.

Theorem 1.2.[6] For every connected graph G of order n ≥ 3, and if G has
minimum degree δ(G) ≥ 2, then we have γ×2(G) ≤ γlr(G) ≤ γ×3(G).

Theorem 1.3. Vertex set L ⊆ V (G) is a connected liar’s dominating set if
and only if (1) L double dominates every v ∈ V (G); (2) for every pair of u, v
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of distinct vertices we have |(NG[v]
⋃
NG[v])

⋂
L| ≥ 3; (3) 〈L〉 is connected.

2 Complexity

Panda and Paul[10] has proved that the connected liar’s domination decision
problem is NP-complete for general graphs. In this section, we give another
proof of this problem.

DS problem. Instance: Graph G = (V,E), positive integer K ≤ |V (G)|.
Question: Does there exist a dominating set D for G such that |D| ≤ K?

CLR problem. Instance: Graph G = (V,E), positive integer L ≤ |V (G)|
Question: Does there exist a dominating set S for G such that |S| ≤ L?

Theorem 2.1.[2] DS problem is NP − complete.
Theorem 2.2. Minimum connected liar’s dominating set problem is NP −
hard for general graph.

proof: DS is well-know NP-complete problem,We construct a reduction from
DS to Min− CLR as follows.

Let G = (V,E) be a graph without isolated vertices and having at least 3
vertices. Assume V (G) = (v1, v2, · · · , vn) and K ∈ Z+, K ≤ |V (G|. Construc-
tion graph H as follows(see Figure 2.1):V (H) = (

⋃n
i=1Wi ∪X ∪ V (G)), where

Wi = {w1
i , w

2
i },X = {x1, x2, · · · , xn} and E(H) = {xivi|1 ≤ i ≤ n}∪{xiwj

i |1 ≤
i ≤ n, 1 ≤ j ≤ 2} ∪ E(G) ∪ {xixi+1|1 ≤ i ≤ n− 1}. Let J = K + 3n. We will
show that γ(G) ≤ K if and only if γcl(H) ≤ J .

First assume that D ⊆ V (G) is a dominating set of graph G with γ(G) ≤
K. Let S =

⋃n
i=1Wi ∪X ∪D. We will notice that S dominates each vi twice

by X and D, S dominates each xi by xi and wj
i , and S dominates wj

i by
xi and wj

i . Thus , each vertex in V (H) is dominated st least 2 times by S.
Now, consider each pair of vertices. Any pair of vertices (vi, vj) in V (G), and
vi 6= Vj. We will have |N [vi] ∪N [vj]| = 2 and |(N [vi] ∪N [vj]) ∩D| ≥ 1, since
|(N [vi]

⋃
N [vj])∩S| ≥ 3. For wj

i 6= wp
l , |(N [wj

i ]∪N [wp
l ])∩S| ≥ |{wj

i }∪{w
p
l }∪

{xi}| = 3. Also |(N [vi] ∪N [wp
l ]) ∩ S| ≥ |{yi} ∪ {xi} ∪ {wp

l }| = 3. Since every
pair of vertices in V (H) is 3-dominated by S, and the subgraph of H induced
by S is connected, So S is a connected liar’s dominating set of graph H. Thus
we have γcl(H) ≤ |S| = |D|+ 3n ≤ K + 3n = J .

Then assume subset S ⊆ V (H) is a connected liar’s dominating set of graph
H, and |S| ≤ J . LetD = S−(

⋃n
i=1Wi∪X), since |(N [wj

i ]∪N [wl
i])∩S| = |{xi}∪

{wj
i } ∪ {xi}| = 3, then (X ∪Wi) ⊆ S. We consider the pair (vi, w

j
i ), |N [wj

i ] ∩
S| = |{wj

i } ∪ {xi}| = 2 then vi is dominated by some yi ∈ S − (
⋃n

i=1Wi ∪X).
Thus D dominates V (G). So, γ(G) ≤ |D| = |S|−|

⋃n
i=1Wi∪X| ≤ J−3n = K.
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Figure 1: the construction of graph H

3 Approximation algorithm

Panda and Paul[10] posed a 10
3

(1 + ln(∆ + 1))-approximation algorithm for
connected liar’s dominating set in general graph. In this section, we present a
approximation algorithm for finding a minimum connected liar’s dominating
set in general graph. The basic idea of our algorithm is similar to the method
proposed in[7] and is as follows: First, construct a connected double dominat-
ing set of graph G, then find all pair of vertices which are not triple dominated
by D; And finally we construct a dominating set Dg about the vertices, add
Dg in D. The algorithm is more formally present as follows.

Algorithm 1 Algorithm for connected liar’s domination set

Require: A connected graph G = (V,E) which admit a connected liar’s dom-
inating set

Ensure: A connected liar’s dominating set L of G
1: Find a connected double dominating set D of graph G
2: Let (x1, y1), (x2, y2), · · · , (xl, yl)) be the l pairs of vertices such that
|(N [xi] ∪N [yi]) ∩D| = 2 for each 1 ≤ i ≤ l.

3: Let V ′ =
⋃n

i=1 Ti, where Ti = (N [xi] ∪N [yi])\D) for each 1 ≤ i ≤ l
4: Find a dominating set Dg in V ′.
5: L = D ∪Dg.
6: return L

Theorem 3.1. Let G = (V,E) is a connected graph with at least 3 vertices,
assume the subset D ⊆ V (G) is a connected double dominating set of G, Dg

is a domination set of G[V ′]. Then D ∪ Dg is a connected liar’s dominating
set of G.

proof: Let L = D ∪ Dg. Due to the subset D is a connected double
dominating set of graph G and then |N [v]∩D| ≥ 2 for each vertex v ∈ V (G).
And for every pair of vertices (xi, yi), |(N [xi] ∪ N [yi]) ∩ D| ≥ 2. We just
consider the situation of |(N [xi]∪N [yi])∩D| = 2. And it will be three different
situations: 1) xi ∈ Dandyi ∈ D, we will find |(N [xi]∪N [yi])∩D| ≥ 3, because



Connected liar’s domination in graphs: complexity and algorithm 493

D is connected, so there must be a vertex z ∈ D ∩ (N [xi] ∪N [yi]). Then, we
have|(N [xi] ∪N [yi]) ∩D| ≥ 3, which is impossible; 2)xi ∈ D and yi ∈ V \D or
yi ∈ D and xi ∈ V \D. Because of the construction of Dg, we have |Ti∩Dg| ≥ 1,
hence |(N [xi] ∪ N [yi]) ∩ L| ≥ 3; 3) xi ∈ V \D and yi ∈ V \D ,this situation
is same with 2). In any case ,we will have |(N [xi] ∪ N [yi]) ∩ L| ≥ 3 for every
pair of vertices of graph G. And the subgraph of G induced by L is connected.
Hence L is a connected liar’s dominating set of graph G.

Real et al.[8][9]proved the following lemma, which will be used in our per-
formance analysis of proposed algorithm.
Lemma 3.1.[8] Let G = (V,E) be a connected graph and ∆ is maximum
degree of V (G). D is a connected double dominating set from algorithm in[8]
and D∗ is a minimum connected double dominating set of G. Then we have
|D|
|D∗| ≤ 2 + ln∆.

Lemma 3.2.[9] Let G = (V,E) be a undirected graph and ∆ is a maximum
degree of V (G) . Assume Dg is a domination set from algorithm in[9] and D∗g
is a minimum dominating set of graph G. Then |Dg |

|D∗
g |
≤ ln∆.

Because of Theorem3.1, we know that L is a connected liar’s dominating
set of graph G. Suppose L∗ is a optimal connected liar’s dominating set of
G.D∗ is a minimum connected double domination set of G. We can easily
know |L∗| ≥ D∗. Similarly assume D∗g is a minimum dominating set of graph
G[V ′],it’s also easy to show that |L∗| ≥ D∗g . Hence

|L|
|L∗| = |D|+|Dg |

|L∗| = |D|
|L∗| + |Dg |

|L∗| ≤
|D|
|D∗| + |Dg |

|D∗
g |
≤ 2 + ln∆ + ln∆ = 2(1 + ln∆).

Then we have the following theorem.
Theorem 3.2. The MINIMUM CONNECTED LIAR’S DOMINATING SET
PROBLEM in a general graph G = (V,E) can be approximated with an
approximation ratio of 2(1 + ln∆), where ∆ is the maximum degree of G.

4 Conclusion

In this paper we have proposed a approximation algorithm for computing a
minimum cardinality connected liar’s dominating set of a general graph. Then
we show another proof that the connected lair’s dominating set problem is
NP − hard. Our future work is to extend our study in some special graph,
and design a better even line time algorithm for the minimum connected liar’s
dominating set problem .
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