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Abstract
One of the infectious diseases with the greatest impact in tropical regions
and particularly in Latin America is dengue, which generates problems
for health entities, not only because of their treatment, but also because
of the expensive controls that are implemented without significant im-
pacts in many cases. A mathematical model is then proposed for the
analysis of the growth of a local population of Aedes aegypti, the main
transmitter of this virus, which is controlled biologically through the
Wolbachia bacterium, where the results obtained will be very useful to
extend the knowledge of said associated infectious process. The stabil-
ity analyzes are complemented with simulations of the dynamic system
and the eco-epidemic patterns are determined.
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1 Introduction
Dengue, a viral disease transmitted to humans by the bite of a female mosquito,
principally the one of Aedes aegypti species, and in a smaller measure, Aedes
albopictus, with a faster propagation through the world. The last with an
increased incidence by 30 times in the last 50 years, due to the growing geo-
graphic expansion to new countries. In the actual decade, from urban to rural
areas. Annually, it occurs an estimate of 50 million infections by dengue, and
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around 2.5 thousand million people who lives in countries where Dengue is
endemic [7].

The use of wolbachia bacteria to control the transmitted diseases by mosquitoes
has been emerged as an innovative addition to the existing control measures
against them. This one is an environmental friendly measure compared with
the ones based in pesticides, and potentially more profitable [4]. Wolbachia
is an intracellular endosymbiotic bacteria which present naturally in approxi-
mately 60 % of all insect species worldwide, between them, the hematophagous
mosquitoes [10]. It is transmitted through the mother and modifies the repro-
ductive phenotype of the infected insects, depending on the species of insect
and the Wolbachia strain (wMel, wMelPop, as example), and its possible resul-
tant is the feminization, possible masculine death, and pathogenesis, or more
commonly, the cytoplasmic incompatibility [9].

Although infections by Wolbachia are relatively common in the Culex pipi-
ens, C. quinquefasciatus, Aedes fluviatilis and A. albopictus mosquitoes, it is
not present naturally in A. aegypti. Then the bacteria has been artificially
introducing in local populations of A. aegypti through transfection [11]. Upon
inducing cytoplasmic incompatibility, the expressed phenotype by Wolbachia
strains, which were developed by transfection of A. aegypti, makes the laid eggs,
as result of a non-infected female and an infected male, not viable, whereas the
infected females with Wolbachia laid infected eggs, where it does not matter
the state of infection of the male mosquito [5] [6].

In the next paragraphs some historic antecedents on the Wolbachia propaga-
tion models are reviewed, taking into account an eradication strategies context
or population replacement, applied to control diseases transmitted by vectors.

Hughes & Britton 2013 have proposed a mathematical model to investigate
the Wolbachia introduction as a dengue control measure as well as to evaluate
the desirable characteristics of the Wolbachia strain. They have demonstrated
that Wolbachia has an excellent potential to control dengue in areas where R0
is not too big [1]. Huang, Tang & Yu 2015 have developed a model system of
reaction-diffusion to treat the infection dynamics by Wolbachia in natural ar-
eas, the model was set assuming maternal perfect transmission and cytoplasmic
incompatibility. Its main concern has been the determination of the minimum
frequency of infection needed to spread Wolbachia to all the mosquitoes pop-
ulation [2].

Moreover, Zhang, Tang & Cheke 2015 proposed a birth-pulse of propagation
model of Wolbachia through a mosquitoes population, such model incorporates



A model to Aedes aegypti with Wolbachia 1319

cytoplasmic compatibility and different functions of mortality rate, which de-
pends on the density, where they have modeled the strategies to eradicate
the mosquitoes, or using a replacement of population by means of the sub-
stitution of non infected mosquitoes by infected ones to prevent dengue virus
[12]. Huang, Yu, Hu & Zheng 2016 have set a reaction-diffusion model which
plays the spatial dynamics of Wolbachia propagation for a mixed population,
infected and non infected mosquitoes. By using a linearization method, the
comparison principle, and the Leray-Schauder theory, it has been investigated
the influence of difussion on the dynamics of infection by Wolbachia [3].

Taking into account the previous discussion, our article has been structured
as follows: In section 2 we develop a mathematical model to describe the A.
aegypti dynamics, where infected mosquitoes by Wolbachia are introduced in
the population that must be controlled. In Section 3 a qualitative description
of the model and numerical simulations are carried out, in section 4 differ-
ent scenarios are discussed, and finally, in section 5, we make some important
conclusions.

2 The model
It has been proposed a model for the population control of A. aegypti by using
the Wolbachia bacteria, the model is characterized by a non-linear ordinary dif-
ferential equations system. The probability of infection of the adult mosquito
by that bacteria is represented as a negative binomial distribution and a spa-
tial dispersion index. The model has the following variables and entomo-
epidemiologic parameters: x ≡ x(t): average number of adult mosquitoes non
infected by Wolbachia, y ≡ y(t) average number of adult mosquitoes infected
by Wolbachia, ρ: growth rate of the non infected adult mosquitoes, ε: natural
mortality rate of mosquitoes, π: mortality rate of mosquitoes by the bacte-
ria, β: infection rate of non bacteria carrier mosquitoes, η: rate of infected
mosquitoes by Wolbachia released to the environment, θ: immigration rate of
Wolbachia carrier adult mosquitoes, z(x+y) : η ·(x+y)+θ: mosquitos’ release
as function of the total mosquitoes population, and k: a spatial dispersion in-
dex.

The incidence of infected mosquitoes by Wolbachia is modeled as follows:

k ln
(

1 + βy

k

)
x,

that is the moment generating function of the negative binomial distribution.
The next diagram represents the dynamics of the mosquitoes population (see



1320 Anibal Muñoz L. et al.
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Figure 1: Interaction between carrier and non-carrier populations.

Figure 1). Accordingly, the differential equations system which model the
infectious process in the mosquitoes population is:

dx

dt
= ρx− k ln

(
1 + βy

k

)
x− εx ≡ f(x, y) (1)

dy

dt
= η(x+ y) + θ + k ln

(
1 + βy

k

)
x− (ε+ π)y ≡ g(x, y) (2)

where ρ, ε, π > 0, θ ≥ 0, 0 < β, η < 1 and initial conditions x(0) = x0,
y(0) = y0, whose solutions belong to the biological interest region ∆.

3 Qualitative analysis of the model

The stationary solutions are calculated making dx
dt

= dy
dt

= 0, namely, solving
the resulting homogeneous system and obtaining the stationary point, with-
out non-infected mosquitoes P0 =

(
0, φ

β
δ0
)
, where δ0 = ωβθ

φη(1− ω) , 0 < ω =
η

ε+ π
< 1 and φ = k ln (1 + βy/k) =⇒ y = (exp(φ/k)− 1) /β and the station-

ary point with infected mosquitoes is P1 =
(
θ(1− δ)
δ(φ+ η) , φ

β
δ0
δ

)
, subject to the

following constraints φ > 0, 0 < ω < 1 and 0 < δ ≤ 1. In the neighborhood of
the stationary generic solution P∗ = (x∗, y∗), the behavior of the system (1)-
(2), is approximated by its linearization, with a coefficient matrix represented
by

J(x∗, y∗) =
[
fx(x∗, y∗) fy(x∗, y∗)
gx(x∗, y∗) gy(x∗, y∗)

]
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donde:

fx(x∗, y∗) = φ− k ln (1 + βy∗/k) ; fy(x∗, y∗) = −kβx∗/(k + βy∗)

gx(x∗, y∗) = η + k ln (1 + βy∗/k) ; gy(x∗, y∗) = η − ε− π − fy(·)
By

evaluating the previous matrix in each stationary point, it is obtained the fol-
lowing stability proposition.

Proposition 1 Let

φ = ρ− ε , ω = η

ε+ π
, δ0 = ωβθ

φη(1− ω) , δ = φ

k

(
eφ/k − 1

)
δ0

and c = ln
(

1 + φ

k
δ0

)
. Then, the system (1)-(2) allows two equilibrium points,

where:

• The stationary solution P0 has a biological sense when φ > 0 and 0 <
ω < 1. Also, P0 is,

(a) unstable and chair-like if 0 < c <
φ

k
.

(b) hyperbolic if c = φ

k
.

(c) a locally and asymptotically stable node if c > φ

k
.

• The stationary solution P1 has a biological sense when φ > 0, 0 < ω < 1
and 0 < δ ≤ 1: furthermore, it is a locally and asymptotically stable node
if φ > 0 and 0 < ω < 1.

4 Numerical simulations
In order to visualize and analyze in a better way the dynamics of the 1-2 sys-
tem, we have carried out a series of simulations depending on the time. To
carry out such simulations, we have used the Maple code, including both pop-
ulations of adult mosquitoes (Wolbachia carrier and non-carrier mosquitoes),
considering some hypothetic parameters (H0) and other form literature, as
depicted in Table 1. Figure 2 shows the behavior as function of time of the

Table 1: Parameters and value
Parameters φ ε π β η θ k x0 y0

Value 10 0.05 0.032 0.2 0.05 0 0.05; 1.5; 2.5; 3.5 100 0
Source [13] [13] [9] Ho. Ho. Ho. Ho. Ho. Ho.
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infected mosquitoes population, these trajectories correspond to k = 3.5 (dis-
persion parameter), an initial release of non-infected mosquitoes (x0) of 5%
and equilibrium point at (0,287). Furthermore, if the dispersion parameter
value is decreased to k=2.5, the infected mosquitoes population behavior at
time is similar, it is stabilized at a slightly higher level (2,670). Increasing

Figure 2: Behavior of the Wolbachia infected mosquitoes population with an
aggregation value of k = 3.5 (black line) and equilibrium point (0,287); k = 2.5
(blue line) and equilibrium point (2,670); k = 1.5 (red line) and equilibrium
point (19,5886).

the aggregation level of infected mosquitoes by Wolbachia and using a value of
k = 1.5, the populations in equilibrium are enhanced (19,5886). Taking into
account the previous discussion, it is clear that a lower level of aggregation of
the infected mosquito favors its control with a low release level.

5 Conclusions
The numerical analyses show that the dispersion of infected mosquitoes influ-
ences the stability level of the populations, for a set of established parameters
and a low release level of the Wolbachia bacteria infected mosquitoes. The
analysis of the proposed models under the established constraints also indi-
cate that the control by means of Wolbachia bacteria with low and constant
release levels is appropriate.

For a future work, it is important to go deeper in the mosquito dispersion
effect and its influence in the dynamics, upon introducing control by Wol-
bachia with release at distinct times (that is to say, using delay). In such
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mathematical model it will be important to consider coupling with the dy-
namics of the human population to analyze the incidence of the disease. Also,
it will be pertinent to carry out laboratory tests, or field trips, in order to
obtain the entomological parameters functions of the proposed model.
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