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Abstract

In this paper, we have studied the mathematical model of HIV in-
fection of CD+

4 T cells. This model corresponds to initial value problem
consisting a class of nonlinear ordinary differential equations. The main
objective of this paper is to apply homotopy perturbation and varia-
tional iteration approaches to evaluate the uninfected CD+

4 T cells in
the body. Homotopy perturbation and variational iteration methods
have been studied to introduce an approximated solutions of the sys-
tems of ordinary differential equations. The approximated solutions of
the mathematical model of HIV infection have been studied and com-
pared using two methods. They have clearly shown the advantage and
the efficiency of the two methods in terms of accuracy and computa-
tional time.
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1 Introduction

The most important mathematical models for physical phenomena is the DEs.
Motion of objects, Fluid and heat flow, bending and cracking of materials, vi-
brations, chemical reactions and nuclear reactions are all modeled by systems
of DEs. Moreover, Numerous mathematical models in science and engineering
are expressed in terms of unknown quantities and their derivatives. Many ap-
plications of DEs, particularly ODEs of different orders, can be found in the
mathematical modeling of real life problems (Mechee et al. 2014a). Mechee et
al. (2013) and You & Chen (2013) have derived direct integrators of Runge-
Kutta type for solving special third-order ODEs with constant step-size while
Senu et al. (2014) have derived variable step-size direct integrators of RK
type of orders 6(5), 5(4) and 4(3) for solving third-order problem. Moreover
different orders of direct explicit RKD methods for solving special third-order
ODEs with constant step-size have been derived by (Mechee et al. (2014a),
Mechee et al. (2013) and Mechee et al. (2014c). However, the regions of
stability for RKD methods have been derived by Mechee et al. (2016) while
Mechee & Rajihy (2017) have studied a survey for the numerical integrators of
RK type. A third-order ordinary and delay DEs have been studied by Mechee
et al. (2014b). Howsoever, different orders of direct explicit RKD methods
for solving special third-order delay and ODEs with constant step-size have
been derived by Mechee et al. (2014a), Mechee et al. (2014c) and Mechee et
al. (2014b) while Mechee (2014) has derived direct integrators of Runge-Kutta
type for special third-order ODEs with their applications. Famelis & Tsitouras
(2017) have introduced a symbolic derivation of Runge–Kutta–Nyström type
order conditions and methods for solving y

′′′
= f(x, y). However, the regions

of stability for RKD methods have been derived by Mechee et al. (2016).
Moreover, for fourth-order ODEs, Mechee & Kadhim (2016b) and Hussain et
al. (2015) have derived direct numerical integrators with constant step-size
for solving fourth-order ODEs named as RKM and RKFD methods. However,
Mechee & Kadhim (2016a) has derived direct numerical integrators with con-
stant step-size for solving fifth-order ODEs. Considering that the numerical
integrators of the RK type for third-, fourth-, and fifth-order ODEs named as
RKD, RKT, RKFD and RKM methods are derived based on the derivation
of RK and RKN methods, for use in solving ODEs directly (Mechee & Rajihy
(2017)).

Several studies, including mathematical modeling, have been devoted to
understand the transmission of the infection. Elaiw (2010) studied the global
properties of a class of human immunodeficiency virus (HIV) models. The basic
model is a 5-dimensional nonlinear ODEs that describes the interaction of the
HIV with two target cells, CD+

4 T cells and macrophages. Ross et al. (2017)
modeled HIV disease progression as a function of changes in viral load and
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CD4 count over time among ART persons. The disease progression Markov
model was nested within a dynamic model of HIV transmission at population
level. Ye & Ding (2009) introduced fractional order into an HIV model with
considering the effect of viral diversity on the human immune system with
frequency dependent rate of proliferation of cytotoxic T-lymphocytes (CTLs)
and rate of elimination of infected cells by CTLs, based on a fractional-order
DE model. HIV models can be classified into two categories: population-level
models and within-host models (Ogunlaran & Oukouomi Noutchie (2016)).
In this study, we consider the HIV infection model of CD+

4 T cells is exam-
ined (Yuzbasi (2012)). This model is given by the components of the basic
three-component model are the concentration of susceptible CD+

4 T cells, they
infected by the HIV viruses and free HIV virus particles in the blood. CD+

4 T
cells are also called as leukocytes or T helper cells. These with order cells
in human immunity systems fight against diseases. HIV use cells in order to
propagate. In a healthy person, the number of CD+

4 T cells is 800− 1200 mm3

(Yuzbasi (2012)).

Many nonlinear mathematical models have been developed to describe in-
fection by the human immunodeficiency virus (HIV). A model for the infection
of the human immune system by HIV was developed by Perelson et al. (1996).
This model of virus spread has three variables: the population sizes of un-
infected cells, infected cells, and free virus particles. Perelson et al. (1996),
Yuzbasi (2012), Ghoreishi et al. (2011), and Merdan (2007) extended HIV
model and developed a new model by considering four variables:

1. Cells that are uninfected,

2. Cells that are latently infected,

3. Cells that are actively infected, and

4. Free virus particles. Their model is described by a system of four ODEs.

It was noted that the model can replicate many of the symptoms of AIDS
observed clinically. Culshaw et al. (2003) reduced the HIV model described to
a system of three ODEs by assuming that all the infected cells are capable of
producing the virus (Ghoreishi et al. (2011)). Dynamic of a model for HIV in-
fection of CD+

4 T cells has been examined by (Jiang et al. (2017) while Wang
& Song (2007) studied global stability and periodic solution of a model for
HIV infection of CD+

4 T cells and Gökdog (an et al.(2011) solved a fractional
order model of HIV infection of CD+

4 T cells. The components of the basic
four-component model are the concentration of CD+

4 T cells, the concentration
of infected CD+

4 T cells by the HIV viruses and free HIV viruses partialness
are denoted respectively by x(t), y(t) and z(t). In this paper, many nonlinear
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mathematical models have been developed to describe infection by the hu-
man immunodeficiency virus (HIV). We consider the HIV infection model of
CD+

4 T cells is examined. This model is given by the components of the ba-
sic three-component model are the concentration of susceptible CD+

4 T cells,
they infected by the HIV viruses and free HIV virus particles in the blood
are denoted respectively by x(t), y(t) and z(t). CD+

4 T cells are also called as
leukocytes or T helper cells. In a healthy person, the number of CD+

4 T cells
is 800

1200
mm3. A Lie symmetry model of for HIV infection of CD+

4 T cells is
reviewed (Ghoreishi et al. (2011)).

2 Preliminary

2.1 Mathematical Model for HIV systems

In this subsection, we will give an application, about dynamics of T cell in vivo.
previously, many mathematical models have been proposed for describing the
in vivo dynamics of T cell and VIM interaction. Of particular interest to us is
a model in, which is given by the following system of ODEs.

dT

dt
= s− βT + rT (1− T + I

Tmax

)− kV T, (1)

dI

dt
= kV T − βI, (2)

dV

dt
= NβI − λV, (3)

and

T (0) = r1, I(0) = r2, V (0) = r3.

In this subsection, the functions T (t), I(t), and V (t) denote the concentration
of susceptible CD4 + T cells, CD4 + T cells infected by the HIV viruses and
free HIV virus particles in the blood, respectively. Parameters a, b and c

Table 1: List of variables and parameters of CD4+ T cells

no Dependent variables Parameters and variables

1 T Uninfected CD4+ T-cell population

2 I Infected CD4+ T-cell density

3 V HIV population size
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Table 2: List of constants and parameters of CD4+ T cells

No. Dependent constants Parameters and variables

1 α Production rate for uninfected CD4+ T cells

2 β Blanket death rate of infected CD4+ T-cells

3 λ Death rate of free virus

4 r Proliferation rate of the CD4+ T-cell population

5 N Number of virus produced by infected cells

6 Tmax Maximal concentration of CD4Âf y T-cells

7 k Rate CD4Âf y T-cells become infected with virus

8 s Source term for uninfected CD4+ T-cells

are natural turnover rates of uninfected T cells, infected T cells, and virus
particles, respectively. The system of equations incidence of HIV infection of
healthy CD4+T cells, cells from precursors in the bone marrow and thymus at
a constant rate p. A technique for calculating a solutions of nonlinear systems
of ODEs is developed in this study. by using VIM in computer not consume
too much time it to nonlinear or parameter varying systems.

2.2 Analysis of the Variational Iteration Method

In this subsection, we will introduce the analysis of variational iteration method
(VIM). The main idea of VIM is approximate the solution of DE by using
an iteration formula in the form of a correctional functional which involves
Lagrange multiplier. By applying variational theory, Lagrange multiplier can
be determined. To illustrate the main concept of this method.

Consider the following system of DEs:

Tu(t) = g(t), (4)

where T is a differential operator that acts on a sufficiently smooth function
u defined on such an interval I ( R. The given function g is also defined in I.
Initially, split T into its linear and non linear part, namely

Tu(t) = Lu(t) +Nu(t) = g(t), (5)

where L and N are linear and non linear differential operator respectively. A
correctional functional for Equation (5) is always defined iteratively as

un+1(t) = un(t) +

∫ t

0

λ(t, s)(Lun(s) +Nun − g(s))ds, (6)
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where λ(t, s) is Lagrange multiplier, un is the nth approximate solution, and
un is the restricted variations, so that un = 0. By choosing such an simple
initial function u0, the iterations are perform until it converges to a fixed point,
under a condition where

un+1(t) = un(t).

When this condition is reached, then we obtain

∫ t

0

λ(t, s)(Lun(s) +Nun − g(s))ds = 0, (7)

which is equivalent to the condition

Tu(t) = Lu(t) +Nu(t) = g(t), (8)

It means that un+1(t) can be considered as an approximated solution for equa-
tion.

δyn+1(x) = δyn(x) +

∫ x

0

λδ(Lu(t) +Nu(t)− g(t)). (9)

By choosing such an simple initial function u0, iterations are perform until it
converges to a fixed point, under a condition when this condition is reached,
then we obtain

un+1(t) = un(t) +

∫ t

0

(Lun(s) +Nun − g(s))ds, (10)

which is equivalent to the condition

Tu(t) = Lu(t) +Nu(t) = g(t), (11)

. It means that un+1(t) can be considered as an approximated solution for
Equation (5).

2.3 Analysis of Homotopy Perturbation Method

In this subsection, we present a brief description of the HPM, to illustrate
the basic ideas of the HPM, we consider the following DEs (Neamaty & Darzi
(2010), Chun & Sakthivel (2010), Batiha (2015) & Abbasbandy (2006)):

A(u)− f(τ) = 0, τ ∈ Ω, (12)



Mathematical model of HIV infection of CD+
4 T cells 1331

with boundary conditions:

B(u,
∂u

∂τ
) = 0, τ ∈ ∂Ω, (13)

where A is general differential operator, B is a boundary operator, f(τ) a
known analytic function and ∂Ω is the boundary of the domain Ω. The op-
erator A can be generally divied into two parts of L and N where L is linear
part, while N is the nonlinear part in the DE, Therefore Equation (12) can be
rewritten as follows (He (1999)):

L(u) +N(u)− f(τ) = 0. (14)

By using homotopy technique, one can construct a homotopy

V (τ, p) : Ω× [0, 1] 7→ R,

which satisfies:

H(v, p) = (1− p)[L(v)− L(u0)] + p[L(v) +N(v)− f(τ)] = 0, (15)

or

H(v, p) = L(v)− L(u0) + pL(u0 + p[N(v)− f(τ)]) = 0, (16)

where p ∈ [0, 1], τ ∈ Ω & p is called homotopy parameter and uo is an ini-
tial approximation for the solution of Equation (12) which satisfies the bound-
ary conditions obviously, Using Equation (15) or (16), we have the following
equation:

H(v, 0) = L(v)− L(u0) = 0, (17)

and

H(v, 1) = L(v) +N(v)− f(τ) = 0. (18)

Assume that the solution of equations (15) or (16) can be expressed as a series
in p as follows:

V = v0 + pv1 + p2, v2 + p3v3 + · · · =
∞∑
i=0

pivi. (19)

Set p→ 1 results in the approximate solution of (12).



1332 Ghassan A. AL-Juaifri, Zahrah Ismael Salman and Mohammed S. Mechee

Consequently,

u(τ) = lim
p→1

V = v0 + v2 + v3 + · · · =
∞∑
i=0

vi, (20)

It is worth to note that the major advantage of He’s HPM is that the pertur-
bation equation can be freely constructed in many ways and approximation
can also be freely selected

3 Implementations

In the three-component mathematical model for HIV system of section2.1

dT

dt
= s− αT (t) + rT (t)(1− T (t) + I(t)

Tmax

)− kV (t)T (t),

dI

dt
= kV (t)T (t)− βI(t),

dV

dt
= NβI(t)− λV (t).

Here,

T (0) = r1, I(0) = r2, V (0) = r3.

We have consider the following parameters:

α = 0.02, β = 0.3, λ = 2.4, k = 0.0027, Tmax = 1500,

T0(t) = 0.1, L0(t) = 0, V0(t) = 0.1, N = 10, s = 0.1, r = 3.

A few first approximations for T (t), I(t), and V (t) are calculated and presented
as below:

We have,

Tn+1(x) = Tn(x) +

∫ x

0

λ1(
dT

dt
− s− αTn + rTn(1− Tn + In

Tmax

)− kVnTn),

In+1(x) = In(x) +

∫ x

0

λ2(
dI

dt
− kV (t)T (t)− βI(t)),

Vn+1(x) = Vn(x) +

∫ x

0

λ3(
dV

dt
−NβI(t)− λV (t)),
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and

δTn+1(x) = δTn(x) + δ

∫ x

0

λ1(
dT

dt
− s− αTn + rTn(1− Tn + In

Tmax

)− kVnTn),

δIn+1(x) = δIn(x) + δ

∫ x

0

λ2(
dI

dt
− kV (t)T (t)− βI(t)),

δVn+1(x) = δVn(x) + δ

∫ x

0

λ3(
dV

dt
−NβI(t)− λV (t)).

Then,

λ1 = λ2 = λ3 = −1,

Tn+1(x) = T (x)n −
∫ t

0

(
dT

dt
− s+ αT (t)− rT (t)(1− T (t) + I(t)

Tmax

)− kV (t)T (t))dt,

(21)

In+1(x) = I(x)n −
∫ t

0

(
dI

dt
− kV (t)T (t) + βI(t))dt, (22)

and

Vn+1(x) = V (x)n −
∫ t

0

(
dV

dt
−NβI(t) + λV (t))dt. (23)

From equations (21), (22) and (23), we get

T1(t) = r1 + st− αr1t+ rr1t(1−
r1 + r2
Tmax

) + kr2r3t,

I1(t) = r2 + kr1r3t− βr2t,
V1(t) = r3 +Nβr2t− λr3t.

Here,

T (0) = 0.1, I(0) = 0, V (0) = 0.1.

s = 0.1, a = 0.02, b = 0.3, r = 3,

c = 2.4, k = 0.0027, Tmax = 1500, n = 10.
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Then,

T (t) ' 0.1 + .398007t+ 0.5888276529t3 + 0.5929721569t2 − 0.0001512808670t7

− 0.000241796593t6 − 0.0005985955337t5 + 0.4383872154t4 − 3.077565838.10−26t15

+ 2.408266835.10−22t14 − 4.60069678.10−19t13 − 1.522274418.10−16t12 + 3.972123868.10−13t11

− 1.691413553.10−11t10 + 3.875965981.10−9t9 + 1.328278184.10−7t8

I(t) ' 0.000027t+ 0.00001728094500t2 − 0.00000840646739t3 − 0.00001224326654t4

+ 0.00009225682729t5 − 2.483265585 ∗ 10−8t6,

V (t) ' 0.1− 0.24t+ 0.2880405t2 − 0.2304151191t3 + 0.1382427666t4 + 0.00002360306440t5

+ 0.00004612841365t6 − 1.064256679x10−8t7.

On other hand, using HPM for solving this problem, we get the follows:

H1(T, p) = (1− p)(Ṫ − Ṫ0) + p(Ṫ − s+ αT (t)− rT (t)(1− T (t) + I(t)

Tmax
) + kV (t)T (t)),

(24)

H2(I, p) = (1− p)(İ − İ0) + p(İ − kV (t)T (t) + βI(t)), (25)

H3(V, p) = (1− p)(V̇ − V̇0) + p(V̇ −NβI(t) + λV (t)) (26)

Here

T (0) = r1, I(0) = r2, V (0) = r3.

Substituting the follows equations into equations (24), (25) and (26)

T = T0 + pT1 + p2T2 + p3T3 + . . . , (27)

I = I0 + pI1 + p2I2 + p3I3 + . . . , (28)

V = V0 + pV1 + p2V2 + p3V3 + . . . , (29)
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And we equate the coefficients of like power p, we will have the set of DEs:

p1 : Ṫ1 + Ṫ0 − s+ (α− r)T0 +
rT 2

0

Tmax
+
rT0I0
Tmax

+ kV0T0 = 0,

İ1 − İ0 − kV0T0 + βI0 = 0, (30)

V̇1 − V̇0 −NβI0 + λV0 = 0,

p2 : Ṫ2 + (α− r)T1 +
r

Tmax
(2T0T1 + T1I0 + I1T0) + k(V0T1 + V1T0) = 0,

İ2 − k(V0T1 + V1T0) + βI1 = 0, (31)

V̇2 −NβI1 + λV1 = 0,

p3 : Ṫ3 + (α− r)T2 +
r

Tmax
(2T0T2 + T 2

1 + T2I0 + I1T1 + I2T0) + k(V2T0 + V1T1 + V0T2) = 0,

İ3 − k(V2T0 + V1T1 + V0T2) + βI2 = 0, (32)

V̇3 −NβI2 + λV2 = 0,

p4 : Ṫ4 + (α− r)T3 +
r

Tmax
(2T0T3 + 2T1T2 + T0I3 + I2T1 + T2I1 + T3I0)

+ k(V0T3 + V1T2 + V2T1 + V3T0) = 0,

İ4 − k(V0T3 + V1T2 + V2T1 + V3T0) + βI3 = 0, (33)

V̇4 −NβI3 + λV3 = 0,

. . . (34)

Next, we solve the equations (30)-(34) to get the solutions:

T (t) = 0.1 +
389853

1000000
t+

1169710511

2000000000
t2 +

8771537901491

15000000000000
t3 +

1753334011369227517

4000000000000000000
t4,

L(t) =
27

1000000
t+

3308931

200000000000
t2 − 152679827

18750000000000
t3 +

1535406961

250000000000000
t4, (35)

V (t) = 0.1− 6

25
t+

576081

2000000
t2 − 276498589

1200000000
t3 +

5529814657

40000000000
t4. (36)

4 Discussion and Conclusion

In this article, a mathematical model of HIV infection of CD+
4 T cells has been

studied. In which corresponds to initial value problem that consisting a class
of nonlinear ordinary differential equations. Homotopy perturbation and vari-
ational iteration method have been applied to evaluate the uninfected CD+

4 T
cells in the body. The approximated solutions of the mathematical model
of HIV infection have been studied and compared using two methods.The
methods have been compared on the approximated solutions of the systems of
ordinary differential equations. They have clearly shown the advantage and
the efficiency of the two methods in terms of accuracy and computational time.
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(a)

(b)

(b)

Figure 1: The Graphs of Functions (a) T (t), (b) L(t) and (c) V (t) against the time t
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