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Abstract 

 

The nature of the ground granulated blast furnace slag (GGBFS) experiment 

followed a mixture design in which the response can be described by a quadratic 

model. The five mixture components were water, cement, coarse aggregate, fine 

aggregate, and percentage GGBFS replaced the cement). Due to the constraints of 

the components, the experimental region was not a simplex. The constraints of the 

mixture component affect the experimental region. For the irregular shape, the 

design points are difficult to identify by hand. The XVERT algorithm can be used 

for selecting a subset of extreme vertices and centroids when the number of 

candidates is large. The Fedorov algorithm used for selecting a design of available  
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vertices and centroids. Through the optimal design of the GGBFS experiment, 

experimental runs can be reduced more efficiently.   

 

Keywords: Fedorov algorithm, GGBFS, Irregular shape, Mixture experiments, 

XVERT algorithm 

 

1 Introduction 

 
A mixture experiment is an experiment in which the response depends on 

the proportions of the q components, not the total amount. There are two main 

constraints of mixture experiments. First, the proportion of a component is 

between 0 and 1. Second, the sum of proportions of all components is unity.  
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Both constraints affect the experimental region. The experimental region becomes 

a  simplex. An overview of the mixture experiment methodology was 

given by [1] and [2]. Furthermore, additional constraints on proportions, such as 

lower bounds  is , upper bounds  it , will affect the shape of the experimental 

region. 
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The experimental region becomes a regular or irregular shape. Design points 

of the irregular shape of the mixture experiment of more than three components 

are difficult to determine by hand. It is needed for a computational approach. To 

determine the design points of an irregular mixture experiment is needed a 

computational approach. XVERT algorithm to find the design points in the linear 

model was proposed by [3]. The XVERT algorithm can be used for selecting a 

subset of extreme vertices when the number of candidate vertices is large. The 

linear model can be described by  [4]  
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XVERT algorithm to find the design points in the quadratic model was developed 

by [5]. The mixture design for a quadratic model produces large experimental 

runs. The centroids are calculated by averaging various subsets of vertices. The 

quadratic model  Scheff’e can be described by  [4]  
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and   1 2p q q   is the number of parameter in the quadratic model. 
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A design which minimizes the determinant of  ˆvar  , or maximizes the 

determinant of the information matrix M  is called D-optimal design. The D-

optimality criterion is defined as   

                              max max TD  M X X                                     (5) 

The first point exchange algorithm for computing D-optimal completely 

randomized designs were proposed by [6]. Fedorov algorithm is useful in the 

selection of designs for constrained experimental regions. Many types of point-

exchange algorithms was  discussed by  [7]. 

A drawback of the classical mixture is if the experiment consists of large  

components, then the number of experiments will be larger. It affects the cost of 

experiments. In this paper, the aim of the study was to create a mixture design for 

quadratic models with constrained experimental regions. The consideration of 

building the design was the number of observations available. The study case in 

this paper was a GGBFS concrete experiment. 

 

2 The Ground Granulated Blast Furnace Slag Concrete 

Experiment 

 

Concrete is a mixture of four mixture components. The four mixture 

components  were water ( , cement ( , aggregate coarse ( , aggregate fine 

( , Mixture component on concrete have constrained components and their 

upper and lower bounds. 

 

Table 1. Mixture Components on Concrete 

 

Component Minimum Maximum 

= water 0.14 0.21 

 = cement 0.07 0.15 

= coarse aggregate 0.36 0.48 

=  fine aggregate 0.24 0.32 

 

On the other hand, the cost of concrete with expensive and expensive 

materials is used by using alternative materials that are economical in its 

production. This requirement is drawn the attention of investigators to explore 

new replacements of ingredients of concrete. The present technical report focuses 

on investigating characteristics of concrete with partial replacement of cement 

with ground granulated blast furnace slag (GGBFS). GGBFS to make durable 

concrete structures in combination with ordinary Portland cement and/or other 

pozzolanic materials were used [8]. The experiment involved five mixture 

components. The five mixture components were water ( , cement ( , 

aggregate coarse ( , aggregate fine ( , percentage GGBFS replaced 10-50% 

of the cement ( . Mixture components on GGBFS concrete have constrained 

components and their upper and lower bounds 
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            Table 2 Mixture Components on GGBFS Concrete 

 

Component Minimum Maximum 

= water 0.14 0.21 

 = cement 0.06 0.08 

= coarse aggregate 0.36 0.48 

= aggregate fine 0.24 0.32 

 fine aggregate 0.01 0.07 

 

3 XVERT Algorithm 
 

        Several algorithms are available to obtain the design to fit the linear model to 

constrained mixture experiment. Algorithm start with writing combinations 

of upper and lower bounds for all but one factor which is left blank as in  [9]. 

XVERT algorithm to find the extreme vertices to fit a linear model for mixture 

experiment were proposed by [3]. The extreme vertices also can be computed 

using the XVERT Algorithm describe below 

 

1. Rank the components in order of increasing ranges   has the smallest 

range and  has the largest range.  

2. Consider first   components with the smallest ranges. Form a two-level 

design from the lower - upper bounds of these q-1 components. There are 

combinations. 

3. Determine the level of the omitted component  with each of the 

combination in step 2 using   . 

4. If this computed value lie within the constraint limits it is an extreme vertex 

called as core point. If it falls outside the constraint limits of the corresponding 

component it is called as the candidate point. For the points which are outside 

of the constraint limits, set  equal to the upper or lower limit, whichever is 

closest to the computed value.   

5. Additional points are generated from the candidate points. Find the difference 

between computed value and substituted upper or lower limit. Adjust this 

difference to one of the q-1 components. The generated point is an extreme 

vertex if the level after adjustment remains within the limits of the components. 

Thus maximum q-1 points can be generated from one candidate point.  

                                                              

             The points in an efficient design for the quadratic model will consist of a 

subset of the vertices, edge centroids, constraint plane centroids, and overall 

centroid was proposed by [4]. The software in R available to compute extreme 

vertices and other points in irregular shape region in R packages mixexp 

purposed by [10]. The software in R available to calculate D-optimal design 

using Fedorov exchange algorithm in R packages AlgDesign purposed by [11]. 
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4 Main Result 
 

For an irregularly shaped mixture design region, available the candidate set 

is constructed taking into account the recommendations used the XVERT 

algorithm in  [3]. 

 

Table 3 Results of XVERT Algorithm in the Linier Model 

for the GGBFS Concrete 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In this case, the quadratic model all 114 design points are 24 extreme vertices 

(points 1-24), one overall centroid (point 25), 36 constraint plane centroids (points 

26-61), and 53 edge centroid (points 62-114, see Table 4 for vertices used in 

computing each of the edge centroids).   

 

 

No Point      
1 Vertices 0.210 0.060 0.480 0.240 0.010 

2 Vertices 0.140 0.080 0.480 0.240 0.060 

3 Vertices 0.210 0.060 0.360 0.320 0.050 

4 Vertices 0.210 0.080 0.360 0.320 0.030 

5 Vertices 0.140 0.060 0.480 0.310 0.010 

6 Vertices 0.140 0.060 0.470 0.320 0.010 

7 Vertices 0.140 0.080 0.480 0.290 0.010 

8 Vertices 0.210 0.080 0.460 0.240 0.010 

9 Vertices 0.190 0.080 0.480 0.240 0.010 

10 Vertices 0.210 0.060 0.400 0.320 0.010 

11 Vertices 0.140 0.080 0.450 0.320 0.010 

12 Vertices 0.210 0.080 0.380 0.320 0.010 

13 Vertices 0.210 0.060 0.420 0.240 0.070 

14 Vertices 0.210 0.060 0.360 0.300 0.070 

15 Vertices 0.140 0.080 0.470 0.240 0.070 

16 Vertices 0.210 0.080 0.360 0.280 0.070 

17 Vertices 0.210 0.080 0.400 0.240 0.070 

18 Vertices 0.150 0.060 0.480 0.240 0.070 

19 Vertices 0.140 0.070 0.480 0.240 0.070 

20 Vertices 0.140 0.060 0.480 0.250 0.070 

21 Vertices 0.190 0.060 0.360 0.320 0.070 

22 Vertices 0.140 0.060 0.410 0.320 0.070 

23 Vertices 0.170 0.080 0.360 0.320 0.070 

24 Vertices 0.140 0.080 0.390 0.320 0.070 

25 Overall 0.175 0.070 0.427 0.283 0.045 
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                    Table 4 Compute Edge Centroid for GGBFS Concrete 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 
*no point 62 was computed by averaging vertices 5 and 20. 

 

 The Fedorov algorithm was used constructed design for the GGBFS concrete 

described above by selecting points from 114 points candidate list. Table 5 showed 

n= 18 maximizes the determinant of the information matrix. 

 

 

Table 5 Calculate D-optimal using Fedorov Algorithm 

 

N 18 19 20 22 23 

D-Optimal 2.604 × 10-3 2.599 × 10-3 2.597 × 10-3 2.603 × 10-3 2.594 × 10-3 

 

In summary, while the 18 run design consisting of the 11 vertices, one constraint 

plane centroid and 6 edge centroids was a good design. The quadratic model puts 

the greatest weight on the vertices and edge centroids, and as q increases. The 

constraint plane centroids move farther away from the vertices. 

 

 

 

no  

point 

edge  

centroid 

no  

point 

edge  

centroid 

no  

point 

edge  

centroid 

62 5,20* 80 3,10 98 1,5 

63 6,22 81 1,10 99 18,20 

64 5,6 82 13,14 100 18,21 

65 20,22 83 4,16 101 13,18 

66 2,7 84 8,17 102 6,10 

67 2,15 85 4,8 103 21,22 

68 11,24 86 8,12 104 4,23 

69 7,11 87 16,17 105 16,23 

70 15,24 88 12,13 106 2,9 

71 2,19 89 14,16 107 7,9 

72 5,7 90 15,21 108 8,9 

73 7,19 91 13,16 109 15,17 

74 15,19 92 1,8 110 11,12 

75 6,11 93 13,17 111 23,24 

76 22.24 94 10,12 112 21,23 

77 3,14 95 3,21 123 1,9 

78 1,12 96 14,21 114 18,19 

79 1,13 97 1,18   
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                      Table 6 Mixture Design using Fedorov Algorithm 

 

 No 

no 

point 
     

 Point 

1 1 0.210 0.060 0.480 0.240 0.010 1 

2 6 0.140 0.060 0.470 0.320 0.010 1 

3 8 0.210 0.080 0.460 0.240 0.010 1 

4 11 0.140 0.080 0.450 0.320 0.010 1 

5 12 0.210 0.080 0.380 0.320 0.010 1 

6 14 0.210 0.060 0.360 0.300 0.070 1 

7 15 0.140 0.080 0.470 0.240 0.070 1 

8 17 0.210 0.080 0.400 0.240 0.070 1 

9 20 0.140 0.060 0.480 0.250 0.070 1 

10 21 0.190 0.060 0.360 0.320 0.070 1 

11 24 0.140 0.080 0.390 0.320 0.070 1 

12 36 0.210 0.060 0.480 0.240 0.010 2 

13 64 0.140 0.060 0.475 0.315 0.010 3 

14 67 0.140 0.080 0.475 0.240 0.065 3 

15 78 0.210 0.060 0.480 0.240 0.010 3 

16 85 0.210 0.080 0.370 0.320 0.020 3 

17 96 0.200 0.060 0.360 0.310 0.070 3 

18 99 0.145 0.060 0.480 0.245 0.070 3 

 

point 1= Vertices, 2 = constraint plane centroid, 3= edge centroid 

 

5 Conclusions 
 

 The GGBFS concrete experiment was run using mixture design. The 

candidate set use the XVERT algorithm consisted of 24 vertices, 53 edge centroid, 

36 constraint plane centroids and 1 overall centroid. The final design procedure is 

to use the Fedorov algorithm to select a design from a candidate set with 18 

observations. The design of efficient small experiments involving mixture designs 

for quadratic models with constrained experimental regions is a difficult problem 

because the number of observations tends to be larger as the number of 

components increases. 
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