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Abstract 

Most extreme hydrological events cause severe human and material damage, such 

as floods and landslides. Extreme rainfall is usually defined as the maximum daily 

rainfall within each year. In this study, the annual maximum daily rainfalls from 

1990 to 2007 are modeled for a station rainfal in Pekanbaru city. The three-

parameter generalized extrem value (GEV) and generalizd Pareto (GP) 

distribution are considered to analized the extrem events. The paramters of these 

distributions are determined using L-moment method (LMOM). The goodness-of-

fit (GOF) betwen empirical data and theorical distribution are then evaluated. The 

result shows that GEV provide best fit for station rainfall in Pekanbaru city. Based 

on the model that have been identified, the return levels of the GEV distribution 

for station rainfall and their 95% confidence interval are provided. In addition, the 

return period is also calculated based on the best model in this study, we can 

reasonably predict the risks associated the extreme event for various return 

periods. 
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1 Inroduction 
 

The extreme rainfall events is the main cause flash floods and landslides in many 

parts of the world, and thus, considerable attention has been paid to the modeling 

of extreme rainfall to help prevent flooding hazard, monitoring climate changes, 

and other issues [17, 24]. The modeling of extreme event is important in various 

disciplines including hydrology, engineering and environmental science. For 

environmental processes extreme value theory can be used to estimate the 

probabilities of extreme levels of the processes. For some processes, such as sea-

level and wind speed, this information can help in the design of structures such as 

sea walls, bridges and buildings.  

Most often, the modelling of extreme rainfall events have been done using 

sophisticated distribution modelling methods such as generalized extreme value 

distribution also known as extreme Frechet [3, 4, 18, 19], generalized logistic 

distribution [6, 9, 14].  

In this study, an analysis of the distributions of extreme rainfall events has 

been attempted based on the rainfall amount recorded at station rainfall in 

Pekanbaru city for the period from 1990 to 2007. The analysis of extreme rainfall 

events to obtain the maximum amount of rainfall to be received at different 

periods in Pekanbaru city. 

The objective of this paper is to compare the return values of extreme rainfall 

events found based on GEV and GP. In the analysis, GEV and GLP models are 

fitted to the data found using both sampling strategies. The choice of GEV and GP 

models to fit the data may seem to arbitrary, however this two distributions are the 

most commonly used for analysis extreme rainfall event [12, 13]. Thus, in our 

analysis, this two models will be fitted to the data obtained using the two 

strategies. For parameter estimation, the L-moments approach [10] is used. The L-

moments possible to obtain reasonable estimates for sample size as small as 20 

without any assumed distribution [15]. The application of L-moments to fit some 

distribution extreme rainfall events has been done by several researches [7, 8, 16]. 

In this research, comparison is then made to determine the distribution which is 

suitable to describe the data for station rainfall using L-moment ratio diagram and 

several goodness-of-fit tests. From the best-fitted distribution, the return period 

can be generated; thus, the result based on the two distributions can be compare. 

 

2 Study Area and Data 
 

Pekanbaru city is the capital of Riau and is located 00 32’ 0.6180’’ N and 1010 26’ 

50.6508’’ E. Pekanbaru has a tropical rainforest climate, as with many cities with 

an equatorial climate, the temperature only varies a little throughout the year. The 

hottest month is May with average temperature 27.6 0C, while the coolest month is  
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January with average temperature 26.4 0C. The precipitation accumulation also 

remains constant throughout the year with no real dry season. The month with 

most precipitation is November with precipitation total 312 milimeters, while the 

least precipitation is July with precipitation total 123 milimeters. The original data 

consisted of daily rainfall records from 1990 to 2007, which were provided by the 

meteorological, climatological, and geophysical agency of Pekanbaru city, 

Indonesia. The daily rainfall and annual maximum daily rainfall are presented in 

Figure 1. 

 

 
 

Figure 1: Daily Rainfall Records from 1990 to 2007 which were Provided by The 

Meteorological, Climatological, and Geophysical Agency of Pekanbaru, Indonesia 

and Annual Maximum Daily Rainfall 

 

3 Methods 
 

3.1 Probability Distribution 

 

The most common analysis of extreme hydrological events involves the use of 

annual maximum or annual extreme. Many works that apply the annual maximum 

series usually involve fitting of a probability model to the rainfall data. Thereafter, 

several researchers have provided useful applications of annual maximum 

distributions to rainfall data obtained from different regions of the world. 

Examples of applications include Nguyen et al. [18] and Adamowski and 

Bougadis [1] for applications in Canada; Koutsoyianis and Baloutsos [11] for 

application in Greece; Rakhecha and Soman [23], and Parida [20] for application 

in India; Aronica et al. [2] and Crisci et al. [5] for application in Italy; Withers and 

Nadarajah [22] for applications in New Zealand; Park et al. [21] and Park and 

Jung [22] for applications in South Korea.  

       Two probability distributions associated with modeling extreme events, GEV 

and GP are considered in this paper.  The probability density function, probability 

function and quantile function for each distribution that we consider are as given 
in Table 1, where x denote the observed values of the random variable representing 
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the event of interest, α is the scale parameter, ε is the location parameter, and κ is 

the shape parameter.  

         In order to fit a particular theoretical distribution to the observed distribution 

of extreme rainfall events, parameters are estimated using L-moment method. 

 

3.1 L-Moment Method (LMOM) and Goodness-of-Fit (GOF) 

 

The L-moment method (Hosking and Wallis [10] is widely applied in the field of 

applied research such as hydrology, meteorology, and civil engineering for 

estimating parameters of a distribution. It is based on a linear combination of 

order statistics where the first-order until the fourth-order statistics correspond to 

measures of location, scale, skewness, and kurtosis, respectively. The main 

advantages of using L-moments are that the parameter estimates are more reliable 

than method of moments, particularly from small samples, and are usually 

computationally more tractable than method of maximum likelihood. 

  

The population L-moments and parameters of GEV and GP, following 

Hosking are presented in Table 2 and Table 3, respectively. The r-th L-moment, 

denoted as 𝜆𝑟 is defined as 

 

𝜆𝑟 =
1

𝑟
∑(−1)𝑘
𝑟−1

𝑘=0

(
𝑟 − 1

𝑘
)𝐸(𝑋𝑟−𝑘:𝑟);     𝑟 = 1, 2, …, 

 

where 𝑋𝑟−𝑘:𝑟 is the random variable variable for (𝑟 − 𝑘)th order statistics. 

 

The most appropriate distribution is identified using results found based on 

several goodness-of-fit tests. Three GOF tests considered are relative root mean 

square error (RRMSE), relative absolute square error (RASE) and probability plot 

correlation coefficient (PPCC). The first two methods involve the assessment on 

the difference between the observed values and the expected values under the 

assumed distribution while the third method involves measuring the correlation 

between the ordered values and the associated expected values. The formulas for 

the tests are 

 

𝑅𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(

𝑥𝑖:𝑛 − �̂�(𝐹𝑖)

𝑥𝑖:𝑛
)

2𝑛

𝑖=1
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Table 1 List of Distributions Used in This Study 

 

Distribution 
Probability Density Function (PDF) 

 f(x) 

Cumulative Distribution (CD) 

F(x) 

Quantile Function (QF) 

Q (F) 

GEV 𝑓(𝑥) = 𝛼−1𝑒𝑥𝑝{−(1 − 𝜅)𝑦 − 𝑒𝑥𝑝(−𝑦)} 

  

with 

 

𝑦 = {
−𝜅−1𝑙𝑜𝑔{1 − 𝜅(𝑥 − 𝜉) 𝛼⁄ },    𝜅 ≠ 0

(𝑥 − 𝜉) 𝛼⁄ ,                               𝜅 = 0
 

 

−∞ < 𝑥 < 𝜉 + 𝛼 𝜅𝑓𝑜𝑟𝜅 > 0 ⁄  

−∞ < 𝑥 < ∞𝑓𝑜𝑟𝜅 = 0  

𝜉 + 𝛼 𝜅 ≤ 𝑥 < ∞𝑓𝑜𝑟𝜅 < 0⁄ . 

 

𝐹(𝑥) =

{
 
 

 
 
𝑒𝑥𝑝 (−(1 −

𝜅

𝛼
(𝑥 − 𝜀))

1

𝜅

) , 𝑖𝑓𝜅 ≠ 0

𝑒𝑥𝑝 (−𝑒𝑥𝑝 (−
1

𝛼
(𝑥 − 𝜀))) , 𝑖𝑓 𝜅 = 0

 

 

 

𝑄(𝐹) = 𝜀 +
1

𝜅
(1 − (−𝑙𝑛(𝐹))

𝜅
) 

 

GP 
𝑓(𝑥) =

1

𝛼
(1 −

𝜅

𝛼
(𝑥 − 𝜀))

1−𝜅

𝜅

 

𝜀 ≤ 𝑥 < ∞𝑓𝑜𝑟𝜅 ≤ 0 

𝜀 ≤ 𝑥 ≤ 𝜀 + 𝛼 𝜅𝑓𝑜𝑟𝜅 > 0⁄  

 

𝐹(𝑥) = 1 − (1 −
𝜅

𝛼
(𝑥 − 𝜀))

1

𝜅

 

 

𝑄(𝐹) = 𝜀 +
𝛼

𝜅
(1 − (1 − 𝐹)𝜅) 
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Table 2 The Population L-Moments 

 

Distribution Probability Weighted Moment L-Moments L-CV, L-Skewness, L-Kurtosis 

GEV 𝛽0 = 𝜀 +
𝛼

𝜅
(1 − Γ(1 + 𝜅)) 

 

𝛽1 =
1

2
(𝜀 +

𝛼

𝜅
(1 − (1 − 2−𝜅)Γ(1 + 𝜅))) 

 

𝛽2 =
1

3
(𝜀 +

𝛼

𝜅
(1 − (1 − 3−𝜅)Γ(1 + 𝜅))) 

 

𝛽3 =
1

4
(𝜀 +

𝛼

𝜅
(1 − (1 − 4−𝜅)Γ(1 + 𝜅))) 

𝜆1 = 𝛽0 =  𝜀 +
𝛼

𝜅
(1 − Γ(1 + 𝜅)) 

 

𝜆2 =
𝛼

𝜅
Γ(1 + 𝜅)(1 − 2−𝜅) 

 

𝜆3 =
𝛼

𝜅
Γ(1 + 𝜅)(2(1 − 3−𝜅) − 3(1 − 2−𝜅)) 

 

𝜆4 =
𝛼

𝜅
Γ(1 + 𝜅) × (5(1 − 4−𝜅) − 10(1 − 3−𝜅)

+ 6(1 − 2−𝜅)) 

𝜏 =

𝛼

𝜅
(1 − 2−𝜅)Γ(1 + 𝜅)

𝜀 +
𝛼

𝜅
(1 − Γ(1 + 𝜅))

 

 

𝜏3 =
2(1 − 3−𝜅)

(1 − 2−𝜅)
− 3 

 

𝜏4 =
5(1 − 4−𝑘) − 10(1 − 3−𝜅) + 6(1 − 2−𝜅)

1 − 2−𝜅
 

GP 𝛽0 = 𝜀 +
𝛼

𝜅 + 1
 

𝛽1 =
1

2
(𝜀 +

𝛼

𝜅
) −

𝛼

𝜅(𝜅 + 1)(𝜅 + 2)
 

𝛽2 =
1

3
(𝜀 +

𝛼

𝜅
) −

2𝛼

𝜅(𝜅 + 1)(𝜅 + 2)(𝜅 + 3)
 

𝛽3 =
1

4
(𝜀 +

𝛼

𝜅
) −

6𝛼

𝜅(𝜅 + 1)(𝜅 + 2)(𝜅 + 3)(𝜅 + 4)
 

𝜆1 =  𝜀 +
𝛼

1 + 𝜅
 

𝜆2 =
𝛼

(1 + 𝜅)(2 + 𝜅)
 

𝜆3 =
𝛼(1 − 𝜅)

(1 + 𝜅)(2 + 𝜅)(3 + 𝜅)
 

𝜆4 =
𝛼(1 − 𝜅)(2 − 𝜅)

(1 + 𝜅)(2 + 𝜅)(3 + 𝜅)(4 + 𝜅)
 

𝜏 =
𝛼

(2 + 𝜅)(𝜀(1 + 𝜅) + 𝛼)
 

𝜏3 =
1− 𝜅

3 + 𝜅
 

𝜏4 =
(1 − 𝜅)(2 − 𝜅)

(3 + 𝜅)(4 + 𝜅)
 

 

Table 3 Parameters of GEV and GP 

Distribution �̂� (Shape) �̂� (Scale) 𝜀̂ (Location) 

GEV �̂� = 7.8590�̂� + 2.9554�̂�2 
 

with 

 

�̂� =
2

3 + �̂�3
−
𝑙𝑛(2)

𝑙𝑛(3)
 

 
 

�̂� =
�̂�2𝜅

Γ(1 + �̂�)(1 − 2−�̂�)
 

 

 

𝜀̂ = �̂�1 +
�̂�

�̂�
(Γ(1 + �̂�) − 1) 

 

GP 
�̂� =

1 − 3�̂�3
1 + �̂�3

 
�̂� = �̂�2(1 + �̂�)(2 + �̂�) 
 

𝜀̂ = �̂�1 + �̂�2(2 + �̂�) 
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                            𝑅𝐴𝑆𝐸 =∑|
𝑥𝑖:𝑛 − �̂�(𝐹𝑖)

𝑥𝑖:𝑛
|

𝑛

𝑖=1

 

𝑃𝑃𝐶𝐶 =
∑ (𝑥𝑖:𝑛 − �̅�) (�̂�(𝐹𝑖) − �̅�(𝐹𝑖))
𝑛
𝑖=1

√∑ (𝑥𝑖:𝑛 − �̅�)2
𝑛
𝑖=1

√∑ (�̂�(𝐹𝑖) − �̅�(𝐹𝑖))
2

𝑛
𝑖=1

 

 

where 𝑥𝑖:𝑛 is observed values for i-th order statistics of random sample of size n, 

�̅�(𝐹𝑖) =
1

𝑛
∑ �̂�𝑛
𝑖=1 (𝐹𝑖) is the estimated quantile values associated with Gringorton 

plotting position 𝐹𝑖. If RRMSE and RASE are used to compare the models, the 

smallest value of RRMSE and RASE will indicate best fitting distribution. 

However, when PPCC test is used, the model with the computed PPCC value 

closest to 1 is the best. 

 

4. Results 
 

L-moments 𝜆1 and 𝜆2, the L-CV 𝜏, L-moments ratio 𝜏3 and 𝜏4 the most useful 

quantities for summarizing extreme rainfall distribution GEV and GP in 

Pekanbaru city. The quantities are given in Table 4. 

 

Table 4 The L-moments Quantities for Summarizing Extreme Distribution 

λ1 λ2 τ τ3 τ4 

155.9555556 49.9326797 0.3201725 0.6522344 0.5334863 
 

Those quantities are then plotted to determine the suitable distribution in 

Figure 2. A Gumbel distribution (G) is plotted as a single point on the diagram, 

while the other distribution as a line. Under the L-moments ration diagram, the 

Pekanbaru city station as shown by a black dot lie closet to GEV distribution. 

Based on this figure, The GEV distribution has been selected as the best fit 

distribution for Pekanbaru city station. 

 

 

Figure 2 The L-moments Ratio Diagram for Pekanbaru City Station 
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Table 5 The Parameters of GEV and GP 

 

Distribution 𝜺 𝜶 𝜿 

GEV 

GP 

104.1279532 

81.1651899 

31.9549453 

37.6762658 

-0.7621879 

-0.7333416 

Table 6 Goodness-of-Fit Test of GEV and GP 

Distribution RRMSE RASE PPCC 

GEV 

GP 

0.2107566 

0.2044617 

0.8386298 

0.8322713 

0.9855994 

0.9872729 

 

The parameters of these distributions are also estimated by L-moments. 

The parameter estimates of extreme rainfall distribution (GEV, GP), and 

goodness-of-fit statistics (RRMSE, RASE, PPCC) are given in Tables 5 and 6, 

respectively. The three numerical test, that is, the RRMSE, RASE and PPC are 

also calculated and listed in Table 6. The three test agree that GEV is a better 

model for extreme rainfall events in Pekanbaru city station. Figure 3 shows the 

relative frequency histogram and the probability functions of GEV and GP 

corresponding to the interval of each of the vertical bars computed from 

Pekanbaru city station. Here the GEV and GP are compared.  

 Based on best-fitted models, we can calculate the return values of the 

periods 5, 10, 20, 50, 100, 150 and 200 years for Pekanbaru city station. Table 7 

provides the estimates of the return level based on the best fitted models (GEV). 

The estimates and the associated 95% confidence intervals until 800 years are 

illustrated in Figure 4. 

 
 

Figure 3  Relative Frequency Histogram and The Probability Function (GEV, GP) 

on Pekanbaru City Using L-Moments Estimation 
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Table 7 Return Level Estimation at Selected Return Intervals (T) Determined 

Using GEV 

 

T=5 T=10 T=20 T=50 T=100 T=150 T=200 

196.4805 300.3561 473.6186 895.0904 1473.7816 1981.8152 2448.8789 

 

 
 

Figure 4  Design Values Corresponding to Various Return Periods (T  =  2, 5, 10, 

20, 50, 100, 200,500, 800) and its 95% Confidence Intervals 

 

5.  Conclusion 
 

We modelled extreme rainfall events in Pekanbaru city based on a statistical 

analysis of extreme daily rainfall, and we calculated the return level from the best 

fitted models and provided the corresponding 95% confidence interval for chosen 

models. The L-moments method has been applied to investigate the performance 

of GEV and GP distribution. The result show that for Pekanbaru city station, the 

GEV distribution is found to be more suitable as compare to other candidate 

distribution. In this study, we also used the series maximum daily rainfall as an 

extreme rainfall events to estimate the return period of this type of events in the 

future. The result show an important implication: rainfall at more than 800 mm 

can be regarded as a extreme rainfall for providing a warning system flood in the 

future in Pekanbaru city. 
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