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Abstract

In this paper, we consider the Zakharov-Kuznetsov-Benjamin Bona
Mahony nonlinear evolution equation and use the variational iteration
method combined with the improved generalized tanh-coth method.
This method is a powerful and advantageous mathematical tool for es-
tablishing abundant exact traveling wave solutions of nonlinear partial
differential equations. The new exact solutions consisted of trigono-
metric functions solutions, hyperbolic functions solutions, exponential
functions solutions and rational functions solutions. We obtain exact
solutions of the Zakharov-Kuznetsov-Benjamin-Bona-Mahony nonlinear
evolution equation by using the variational iteration method combined
with the improved generalized tanh-coth method.
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1 Introduction

In recent years, the nonlinear partial deferential equations (NPDEs) are widely
used to describe many important phenomena and dynamic processes in many
fields of science such as physics, mechanics, chemistry and biology, so on.
Therefore, exact solution methods of NPDEs have become more important.
Many researchers have used diverse methods to get exact solutions of NPDEs,
such as, the Hirota’s bilinear method, the extended generalized Riccati equa-
tion mapping method, the tanh method, the (G′/G) expansion method, the
extended tanh-method, the Jacobi elliptic function expansion method, the first
integral method, the inverse scattering transform, the tanh-coth method, and
so on.[1]-[14]

The Variational iteration method (VIM) was first proposed by Ji-Huan He
[15]-[16].The idea of the VIM is to construct an iteration method based on
a correction functional that includes a generalized Lagrange multiplier. The
VIM has been shown to solve effectively, easily and accurately, a large class
of linear or nonlinear problems [18]-[21]. The method gives rapidly convergent
successive approximations of the exact solution if such a solution exists.

Lately, Malfiet [31] introduced the tanh method. In order to Fan and Hona
[32] extended the tanh method which is called the extended tanh method. In
2007, Wazwaz [3] extended and improved this method. In 2008 Salas and
Go

′
mez [22] improved and generalized this method which is called the im-

proved generalize tanh-coth method. Afterwards, several researchers applied
this method to NPDEs [22]-[25]

The purpose of this paper is to study the generalized Zakharov-Kuznetsov-
Benjamin-Bona-Mahony nonlinear evolution equation:[26]-[30]

ut + ux + (aun + b(uxt + uyy)x = 0, n > 1

where a, b and c are arbitrary constants. We show exact solutions for the
generalized Zakharov-Kuznetsov-Benjamin-Bona-Mahony nonlinear evolution
equation by using the variational iteration method combined with the improved
generalized tanh-coth method.

2 Variational iteration method

Consider the following differential equation

Lu(x, t) +Nu(x, t) = g(x, t) (1)
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where L is a linear operator, N is a nonlinear operator and g(x, t) is a known
real function. According to VIM [15]-[21], we can construct a correction func-
tional u(t) ,as follows:

un+1(x, t) = un(x, t) +
∫ t

0
λ(Lun(x, s) +Nũn(x, s)− g(x, s))ds, n = 1, 2, ..., (2)

where un(x, t) is a correction functional but ũn(x, t) is considered as a restricted
variation [15]-[17], i.e. δũn(x, t) = 0. The subscript n denotes the nth-order
approximation. The optimal value of the general Lagrange multipliers λ can be
identified by using the stationary conditions of the variational theory [16]. We
can assume the initial solution special form u0(x, t) with arbitrary parameters
by using the relations

un(x, t) = un+1(x, t) and
∂k

∂tk
un(x, t) =

∂k

∂tk
un+1(x, t). (3)

These can be obtained a set of algebraic polynomials equations. Solving this
system, we can derive the exact solution of (1).

3 The improved generalized tanh-coth method

Consider the nonlinear partial differential equation in the variables x and t

P1(u, ux, ut, ux,t, ux,x, ut,t, ...) = 0. (4)

The traveling wave transformation is given by

u(x, t) = U(ξ), ξ = x− λt+ ξ0, (5)

where λ is the wave speed, we can reduce (4) to the ordinary differential
equation

P2(U,U
′
, U
′′
, ...) = 0. (6)

According to the improved generalized tanh-coth method, we seek the exact
solution of (4) that can be expressed in the following form

U(ξ) =
M∑
i=0

aiφ(ξ)i +
2M∑

i=M+1

aiφ(ξ)M−i, (7)

where M is a positive integer that will be determined by balancing the higest
order derivative term with the highest order nonlinear term. The coefficients
ai are constants (aM 6= 0 and a−M 6= 0) that are determined later while the
new variable φ(ξ) is the solution to the generalized Riccati equation

φ′(ξ) = α + βφ(ξ) + γ(φ(ξ))2. (8)
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One can know that the generlized Riccati equation has different solutions as
follows:

Case 1 (Exponential function solutions):when α = 0

φ(ξ) =
β

−γ + βe−βξ
. (9)

Case 2 (Trigonometric and hyperbolic function solution): when β = 0,

φ(ξ) =



√
αγ

γ
tan(
√
αγξ) , α > 0, γ > 0

√
αγ

γ
tanh(

√
αγξ) , α > 0, γ < 0

√
−αγ
γ

tanh(−
√
−αγξ) , α < 0, γ > 0

√
αγ

γ
tan(−√αγξ) , α < 0, γ < 0

. (10)

Case 3 (Exponential function solutions): when γ = 0,

φ(ξ) =
−α + βeβξ

β
. (11)

Case 4 (Rational function solution): when α = β = 0,

φ(ξ) = − 1

γξ
. (12)

Case 5 (Rational function solution): when β2 6= 0 and β2 = 4αγ,

φ(ξ) = −2α(βξ + 2)

β2ξ
. (13)

Case 6 (Trigonometric function solution): when β2 < 4αγ and γ 6= 0,

φ(ξ) =

√
4αγ − β2tan(1

2

√
4αγ − β2ξ)− β

2γ
. (14)

Case 7 (Hyperbolic function solution): when β2 > 4αγ and γ 6= 0,

φ(ξ) =

√
β2 − 4αγtanh(1

2

√
β2 − 4αγξ)− β

2γ
. (15)

We substitute (7) and (8) into (6) and collect all terms with the same order
of φj(ξ) together. We can get a polynomial in φ(ξ). Equating each coefficient
of the polynomial to zero yields a system of algebraic equations involving the
parameters ai, α, γ, β. Solving the equation system, we can construct a variety
of exact solutions of (4).
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4 The exact travelling wave solutions

We consider the generalized Zakharov-Kuznetsov-Benjamin-Bona-Mahony
nonlinear evolution equation

ut + ux + (aun + b(uxt + uyy)x = 0. (16)

We use the transformation u(x, t, y, z, w) = u(ξ), where ξ = x+ y − λt+ ξ0,
reduce (16) to the ordinary differential equation

(1− λ)u
′
+ (au(n) + b(u

′′ − λu′′))′ = 0. (17)

Integrating (17) once and taking the constant of integration equal to zero,
yields

(1− λ)u+ au(n) + b(u
′′ − λu′′) = 0. (18)

Balancing un with u
′′

in (18) gives m = 2
n−1 . We use the transformation

u = v
2

n−1 to convert 18 into

(1− λ)(n− 1)2v2 + a(n− 1)2v4 + b(1− λ)(6− 2n)(v
′
)2 (19)

+2b(1− λ)(n− 1)vv
′′

= 0.

Applying the VIM, we construct the following correction functional:

un+1(ξ) = un(ξ) +
∫ ξ

0
τ(s)

(
(1− λ)(n− 1)2v2 + a(n− 1)2v4 (20)

+ b(1− λ)(6− 2n)(v
′
)2 + 2b(1− λ)(n− 1)vv

′′)
ds,

where τ(s) is the Lagrange multiplier. Calculus of variation give the Lagrange
multiplier can obtained as τ(s) = −1 and the following varitional iteration
formula can be obtained as

un+1(ξ) = un(ξ) −
∫ ξ

0
(
(
(1− λ)(n− 1)2v2 + a(n− 1)2v4 (21)

+ b(1− λ)(6− 2n)(v
′
)2 + 2b(1− λ)(n− 1)vv

′′)
ds.

Assume that the initial solution of the special from

v0(ξ) =
M∑
i=0

aiφ
i(ξ) +

2M∑
i=M+1

aiφ
M−i(ξ), (22)

where φ(ξ) satisfies the Riccati equation and a0, a1, ..., a2M are constants. We
balance the terms v4 with vv

′
,give us M = 1. Therefore complementary solu-

tion

v0(ξ) = a0 + a1φ(ξ) + a2φ(ξ)−1 (23)
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Substituting (23) into (21) ,we can calculate v1(ξ) and set dv1
dξ

= dv0
dξ

. We

give collecting the coefficients of each power of φj(ξ),j = −4,−3,−2, ..., 4. By
solving the algebraic equations for a, b, a0, a1, a2 and λ, we obtain the following
set of nontrivial solutions
First set:n = 3, a = −4γ2(c−1)

a21(4αγ−β2)
, b = −4

3(aαγ−β2)
, a0 = βa2

2γ
, a1 = a1, a2 = 0

Case 1:When α = 0, φ(ξ) = β
−γ+βe−βξ , we obtain the solitary solution

u1(x, y, t) = [
βa1
2γ

+
a1β

−γ + βe−β(x+y−λt+ξ0)
]

2
n−1 (24)

Case 2 : when β = 0 and φ(ξ) =
√
αγ

γ
tan(−√αγ), α > 0, γ > 0, we obtain the

solitary solution

u2(x, y, t) = [
1

2

βa1
γ

+
a1
√
αγtan(

√
αγ(x+ y − λt+ ξ0))

γ
]

2
n−1 (25)

Case 3 : when β = 0 and φ(ξ) =
√
αγ

γ
tanh(−√αγ), α > 0, γ < 0, we obtain

the solitary solution

u3(x, y, t) = [
a1
√
αγtanh(

√
αγ(x+ y − λt+ ξ0))

γ
]

2
n−1 (26)

Case 4 : when β = 0 and φ(ξ) =
√
−αγ
γ

tanh(−
√
−αγ), α < 0, γ > 0, we obtain

the solitary solution

u4(x, y, t) = [
−a1
√
−αγtanh(

√
−αγ(x+ y − λt+ ξ0))

γ
]

2
n−1 (27)

Case 5 : when β = 0 and φ(ξ) =
√
αγ

γ
tan(−√αγ), α < 0, γ < 0, we obtain the

solitary solution

u5(x, y, t) = [
−a1
√
αγtan(

√
αγ(x+ y − λt+ ξ0))

γ
]

2
n−1 (28)

Case 6 : when α = β = 0 and φ(ξ) = − 1
γξ

, we obtain the solitary solution

u6(x, y, t) = [− a1
γ(x+ y − λt+ ξ0)

]
2

n−1 (29)

Case 7 : when β2 < 4αγ γ 6= 0 and φ(ξ) =

√
4αγ−β2tan( 1

2

√
4αγ−β2ξ−β)

2γ
, we obtain

the solitary solution

u7(x, y, t) = [
1

2

βa1
γ

+
1

2

a1(
√

4αγ − β2tan(1
2

√
4αγ − β2(x− λt+ ξ0))− β)

γ
]

2
n−1(30)
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Case 8 : when β2 > 4αγ γ 6= 0 and φ(ξ) =

√
−4αγ+β2tanh( 1

2

√
−4αγ+β2ξ−β)

2γ
, we

obtain the solitary solution

u8(x, y, t) = [
1

2

βa1
γ

(31)

+
1

2

a1(
√
−4αγ + β2tanh(1

2

√
−4αγ + β2(x+ y − λt+ ξ0))− β)

γ
]

2
n−1

Case 9 : when β2 6= 0, β2 = 4αγ and φ(ξ) = −2α(βξ+2)
β2ξ

, we obtain the solitary
solution

u9(x, y, t) = [
βa1
2γ

+
2a1α(β(x+ y − λt+ ξ0) + 2)

β(x+ y − λt+ ξ0)
]

2
n−1 (32)

Second set : n = 3, a = −4α2(c−1)
a22(4αγ−β2)

, b = −4
3(4αγ−β2)

, a0 = βa2
2α
, a1 = 0, a2 = a2

Case 1 : when β = 0 and φ(ξ) =
√
αγ

γ
tan(
√
αγξ), α > 0, γ > 0, we obtain the

solitary solution

u10(x, y, t) = [
1

2

βa2
α

+
a2γ√

αγtan(
√
αγ(x+ y − λt+ ξ0))

]
2

n−1 (33)

Case 2 : whenβ = 0 and φ(ξ) =
√
αγ

γ
tanh(

√
αγξ), α > 0, γ < 0, we obtain the

solitary solution

u11(x, y, t) = [
a2γ√

αγtanh(
√
αγ(x+ y − λt+ ξ0))

]
2

n−1 (34)

Case 3 : when β = 0 and φ(ξ) =
√
−αγ
γ

tanh(−
√
−αγξ), α < 0, γ > 0, we obtain

the solitary solution

u12(x, y, t) = [− a2γ√
−αγtanh(

√
−αγ(x+ y − λt+ ξ0))

]
2

n−1 (35)

Case 4 : whenβ = 0 and φ(ξ) =
√
αγ

γ
tan(−√αγξ), α < 0, γ < 0, we obtain the

solitary solution

u13(x, y, t) = [− a2γ√
αγtan(

√
αγ(x+ y − λt+ ξ0))

]
2

n−1 (36)

Case 5 : when γ = 0 and φ(ξ) = −α+βeβξ
β

, we obtain the solitary solution

u14(x, y, t) = [
1

2

βa2
α

+
a2β

−α + βeβ(x+y−λt+ξ0)
]

2
n−1 (37)

Case 6 : whenα = β = 0 and φ(ξ) = − 1
γξ

, we obtain the solitary solution

u15(x, y, t) = [−a2γ(x+ t− λt+ ξ0)]
2

n−1 (38)
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Case 7 : when β2 < 4αγ, γ 6= 0 and φ(ξ) =

√
4αγ−β2tan( 1

2

√
4αγ−β2ξ−β)

2γ
, we obtain

the solitary solution

u16(x, y, t) = [
1

2

βa2
α

+
2a2γ√

4αγ − β2tan(1
2

√
4αγ − β2(x+ y − λt+ ξ0))− β

]
2

n−1(39)

Case 8 : when β2 > 4αγ, γ 6= 0 and φ(ξ) =

√
β2−4αγtanh( 1

2

√
β2−4αγξ−β)

2γ
, we

obtain the solitary solution

u17(x, y, t) = [
1

2

βa2
α

+
2a2γ√

−4αγ + β2tanh(1
2

√
−4αγ + β2(x+ y − λt+ ξ0))− β

]
2

n−1(40)

Case 9 : whenβ2 6= 0, β2 = 4αγ and φ(ξ) = −2α(βξ+2)
β2ξ

, we obtain the solitary
solution

u18(x, y, t) = [
βa2
2α

+
a2β(x+ y − λt+ ξ0)

2α(β(x+ y − λt+ ξ0) + 2)
]

2
n−1 (41)

5 Conclusions

We have presented a kind of exact solutions to the generalized Zakharov-
Kuznetsov-Benjamin-Bona-Mahony nonlinear evolution equation by using the
variational iteration method combined with the improved generalized tanh-
coth method. We constructed exact solutions in terms of the hyperbolic func-
tions,the trigonometric functions, the exponential function and the rational
function. Finally, our solutions is verified by substituting them into original
equation (1). The result reveal that the variational iteration method com-
bined with the improved generalized tanh-coth method have significant effects
on the wave behavior and can also be applied to other NLEEs in mathematical
physics.
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