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Abstract 

 

We propose mathematical model for magnetic field response from an exponential 

half-space. The magnetic field at various locations are calculated by assuming that 

the half-space structure having exponential conductivity profile, .0

bze  A 

Direct Current source   and  a  receiver are provided on the surface of half-space. 

Finite element method (FEM) is introduced by using the Galerkin’s method of 

Weighted Residuals to find solutions of the Maxwell’s equations. Matlab 

programing is used to calculate and plot graphs of magnetic field intensity at many 

locations of half-space. 
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1 Introduction 
 

   Mathematical model is created by using magnetometric resistivity method to find 

the value of magnetic field located in half-space. In 2003, Chen and Oldenburg [1] 

conducted mathematical model for the Earth structure which has horizontally 

stratified layers having constant conductivity at certain depths except the last layer 

where the conductivity having the same varying through the rest of the layer. They 

derived the magnetic field directly by solving a boundary value problem of a 

horizontally stratified layered Earth with homogeneous layers. However, in the real 

situation there are cases where the subsurface conductivities vary exponentially, 

linearly or binomially with depth. There exists a considerable amount of research  
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about mathematical modeling which assumes that the Earth structure consists of 

horizontally stratified multilayer with one or more layers having exponentially, 

linearly or binomially varying conductivities at certain depths except the last layer 

where the conductivity having the same varying through the rest of the layer. 

Sripunya and Yooyuanyong [6, 7] derived solutions of the steady state magnetic 

field due to a DC current source in a layered Earth with some layer having 

exponentially or binomially or linearly varying conductivity. Both of works done 

by Chen and Oldenburg [1] and Sripunya and Yooyuanyong [6, 7] proposed the 

Hankel Transforms to solve their problems. Tunnurak and et al. [4] used finite 

element method to study magnetic field on the ground surface. The model, 

conductivity used, was in the form   .101

bze   Khonkem and 

Yooyuanyong [8] also studied magnetic field but the method used is finite different 

which different from Tunnurak and et al [4].  

 

   In this paper, mathematical model is presented by using numerical techniques for 

finding approximate solutions of partial differential equations. The finite element 

method (FEM) is used to find numerical solutions of magnetic field under the 

surface of half-space. We assume that the half-space contains only a continuous 

layer having exponential conductivity bze 0 which is different from the work 

done by Tunnurak et al. [4]. This method is different from the Hankel transform 

approach which is used to solve for some specific complex problems such as the 

research mentioned above by Chen and Oldenburg [1] and Sripunya and 

Yooyuanyong [6, 7]. There are a few research using FEM by applying the 

Galerkin’s method of Weighted Residuals to find the solution of the magnetic field. 

For instance, Lee [3] presented a numerical method of computing the 

electromagnetic response of two-dimensional Earth models to an oscillating 

magnetic dipole. Velimsky and Martince [2] introduced a time-domain method to 

solve the problem of geomagnetic induction in a heterogeneous Earth excited by 

variations of the ionospheric and magnetospheric currents. Mitsuhata and Uchida 

[9] presented a finite element algorithm for computing magnetic field response for 

3D conductivity structures.  

 

2 Formulation of the Problems 
 

   In this section, we use finite element method (FEM) for solving our problems. 

Assuming that the half-space contains only one layer having exponential 

conductivity .)( 0

bzez    There are a source providing a DC voltage and a 

receiver on the surface of half-space which picks up the signal from mr 10  to 

mr 190  as shown in Figure 1. 
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Figure 1: Geometric model of the half-space 

 

We define z  as the depth of an object from the half-space surface (meter), r  as the 

distance between source and receiver of magnetic field on half-space surface 

(meter) and .)( 0

bzez   as the conductivity of the medium which is a function 

of z  (S/m), where 
0  is a positive constant and b  is a constant. 

    From Maxwell’s equations [5, 6, 7], the relationship between the electric and 

magnetic fields written in cylindrical coordinates ),,( zr   is as follows. 

  ,0


 E                 (1) 

 

             ,EH


                 (2) 

where E


and H


are electric and magnetic field vectors,  is conductivity of medium 

and ∇  is the gradient operator in cylindrical coordinates (r, φ, z) [5] defined by 
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where re is the unit vector in radial direction r , e  is the unit vector in the direction 

of  , ze is the unit vector in the direction of z . Substituting equation (2) into (1), 

we obtain 
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   In cylindrical coordinates  zr ,, , equation (3) can be simplified to be a scalar 

partial differential equation as [4] 
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   Finite element method is used to establish a numerical solution of problem. We 

apply the Galerkin’s Method of Weighted Residuals to equation (4). We transform 

equation (4) into weak formulation to find .1HH   Let  vHvV :1  is a 

continuous function on , 
r
v

 and 

z
v

 are piecewise continuous on  and 0v on

 . The weak formulation of equation (4) is denoted by 
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3. Numerical Computations 
 

3.1 Case of an Exponentially Decreasing Conductivity 
 

     Since the Galerkin's Method of Weighted Residuals was applied to equation (5), 

we obtained the values of magnetic field at various positions of the half-space with 

one layer having exponentially decreasing conductivity ,0

bze  where 0b . 

There are a source providing a DC voltage and a receiver on the surface of half-

space which picks up the signal from mr 10  to mr 190 . We divide the depth 

into 9 subintervals equally of the size ,20mh   i.e. we consider .180...,,20,0 mz   

We use constant 075.0,05.0,01.0,001.0b and .1.0 m  The numerical solutions of 

the magnetic field at each node is calculated and plotted the contour graphs of 

relationship between magnetic field and distance of receiver from source at various 

depths by using MATLAB program. 

 

 

                     

 

 

  

                 ( a )                        (b)       ( c ) 

 

 

 

 

 

 

                                        ( d )    ( e ) 

      

               

Figure 2: Contour graphs of magnetic field at different distances of 

receiver from source and different depths when 

                   (a) 1001.0  mb  (b) 101.0  mb (c) 105.0  mb   

                   (d) 1075.0  mb  (e) 11.0  mb  

 

From Figure 2(a) to (e), when 11.075.0,05.0,01.0,001.0  mandb , the red color 

shows the area when the value of magnetic field intensity is high and the blue color 

shows the area when the value of magnetic field intensity is low. The value of 

magnetic field intensity decreases when b increases, as we can see in Figure 2(a) to 

(e). 
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3.2 Case of an Exponentially Increasing Conductivity 
 

     Turning to the case of increasing conductivity ,0

bze  where ,0b the 

numerical solutions of the magnetic field at each node is calculated and the contour 

graphs of relationship between magnetic field and distance of receiver from source 

at various depths by using MATLAB program. 

 

 

 

 

 

 

 

                      (a)             (b)         (c) 

 

 

 

 

 

 

 

                                 (d)                      (e) 

Figure 3: Contour graphs of magnetic field intensity at different distances of 

receiver from source and different depths when (a) 1001.0  mb  

                        (b) 101.0  mb (c) 105.0  mb (d) 1075.0  mb   

                        (e) 11.0  mb  

 

From Figure 3(a) to (e), when 075.0,05.0,01.0,001.0 b and ,1.0 1 m  

the red color shows the area when the value of magnetic field intensity is high and 

the blue color shows the area when the value of magnetic field intensity is low. The 

value of magnetic field intensity increases when b decreases, as we can see in 

Figure 3(a) to (e). 

 

4. Conclusions 
 

In our model, the half-space has an exponentially decreasing and increasing 

conductivity profile. There are a source providing DC voltage and a receiver on the 

ground surface which picks up the signal from mr 10  to mr 190 .  We begin our 

study with the relationship between magnetic and electric fields. The Maxwell's 

equations is our governing equation that can be used to find magnetic field. Finite 

element method is used to approximate the solution of partial differential equation. 

Galerkin’s Method of Weighted Residuals is applied in finite element method.    

Numerical results are calculated and plotted by using MATLAB R2008b program 

to show the behavior of magnetic field in the half-space. Using the boundary  
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conditions and the conductivity of half-space as  ,0

bze  we obtain the 

behavior of magnetic field intensity decreases to zero when the depth increases. As 

well as the case of increasing the space between source-receiver, the magnetic field 

intensity decreases to zero too. The value of b is an important role for the 

conduction of medium and effect to the magnetic field quantities as well. The 

comparison of the quantities of magnetic field intensity for the case of  as an 

increasing function is higher than the case of   as a decreasing function according 

to the advantage of the DC source that better reflex at very large depth than on the 

surface of medium. The results of magnetic field intensity in our study is 

corresponded to the work done by Khonkhem and Yooyuanyong [8] for one 

dimensional case. The magnetic field intensity responded from an increasing 

conductivity model such bze 0 is stronger than the magnetic field intensity 

responded from an increasing conductivity model such   bze 101   

computed by Tunnurak and et al. [4]. The magnetic field intensity responded from 

a decreasing conductivity model such bze 0 is not much different from the 

magnetic field intensity responded from a decreasing conductivity model such 

  bze 101  computed by Tunnurak and et al. [4]. 
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