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Abstract

Inequalities of Nordhaus-Gaddum category have been established
for many dissimilarities of domination parameters of a graph G. In
this article, we study the Nordhaus - Gaddum category bounds for
Monophonic Domination Sum of a Graph and its Complement and cer-
tain general properties are discussed. Characterized the bounds (lower
or upper ) for a graph G and its complement G. Finally, we real-
izes the bounds ( lower or upper ) of monophonic domination sum
γm(G) + γm(G) through the Nordhaus - Gaddum approach. Here
is an open question. Can all the graphs be brought under the new title
Type-I Graph , Type- II or Type-III Graph ?
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1 Introduction

Nordhaus - Gaddum proved the inequality for the chromatic numbers of a
graph G and its complement G in the typical paper [12] as 2

√
p ≤ χ(G) +

χ(G) ≤ p+1 and p ≤ χ(G)χ(G) ≤ (p+1)2

4
, where χ(G) and χ(G) are chromatic

numbers . In 1972 Jaeger and C.Payan [10] published the first Nordhaus-
Gaddum category inequalities relevant for the domination number of a graph
G and its complement G.

For the domination problems in graphs, multiple edges and loops are ir-
relevant, so throughout this paper we consider only finite undirected connected
simple graphs ( without loops or multiple edges ). All basic graph theoretic
notations and terminologies are taken from Buckley and Harary [3]. For any
graph G = (V,E) set of vertices is denoted by V and set of edges by E. A
graph G with order p = |V | and size q = |E| is usually known as (p, q) graph.
The concept of dominating sets in graphs was introduced by O.Ore, which is
presently getting much concentration in the literature of graph theory. Numer-
ous types of domination parameters have been examined by imposing different
conditions on the dominating sets. An outstanding handling of domination
in graphs is done by T. W. Haynes et al in the classical title ”Fundamentals
of Domination in Graphs” [8]. The famous authors in [8] made remarkable
history through more than 1200 articles related to the domination in graphs.

A subset D of V is said to be a dominating set of G if every vertex in V
is either an element of D or is adjacent to an element of D, that is N [D] = V .
The minimum of the cardinalities of the dominating sets of G is called domina-
tion number of G. The symbol γ(G) denote the domination number of G, we
write γ(G) = min{|D| : N [D] = V }. For further references on domination pa-
rameters, see [8]. As defined in the system of paths in a connected graph, there
are two types of graph convexities, namely geodetic convexity and monophonic
convexity ( or an induced path convexity). The shortest paths are used in the
geodetic convexity and chordless paths( induced path) are in the monophonic
convexity.These concepts are appeared in [3] and were studied by Pelayo et
al in [9,13].Various concepts instigated by monophonic number are introduced
in [14] and further examined in [4]. The concept of monophonic number and
related facts has not yet been fully considered and investigated.

A chord of a path P : [u1, u2, . . . un] in a graph G is an edge uiuj with
j ≥ i + 2. A u − v path P is a monophonic path (or an induced path) if it
is chordless path.The closed monophonic interval JG[u, v] is the set containing
vertices u, v and all vertices lying on some u− v monophonic path of G, while
for a subset M of V , the set JG[M ] = ∪u,v∈M(JG[u, v]) is the monophonic
closure of M in V . For any two vertices u and v, the monophonic distance
dm(u, v) from u to v is the length of the longest u − v monophonic path and
em(v) = max{dm(v, u) : u ∈ V } is the monophonic eccentricity of v in G. The
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symbol rm or radm(G) denote the monophonic radius of G, and is defined by
rm = min{em(v) : v ∈ V } and the monophonic diameter of G is denoted by
dm or diamm(G), defined by dm = max{em(v) : v ∈ V }.

A subset M of V is said to be a monophonic set of G if JG[M ] = V , or
every vertex of G is contained in a monophonic path of some pair of vertices of
M .The minimum of the cardinalities of the monophonic sets of G is called the
monophonic number of G. The symbol m(G) denote the monophonic number
of G, we write m(G) = min{|M | : JG[M ] = V }. A monophonic set with car-
dinality m(G) is called m− set of G. The concepts of monophonic number of
a graph appeared in [3] and studied by I.M Palayo et al [9,13]. For the further
reference on monophonic number of a graph,see [14] and for the geodetic sets
and related parameters of a graph, see [3, 6, 9].

The study of monophonic domination number of a graph was initiated
by J.John et al [11] in 2012. Motivating results related to this parameter are
studied and extended by P. Arul Paul Sudhahar et al [1,2]. Further, several
useful realization problems were found in [11].

Definition 1.1. A subset M of V is said to be a monophonic dominating
set of a graph G if M is both a monophonic and a dominating set of G. The
minimum of the cardinalities of the monophonic dominating sets in G is called
the monophonic domination number of G, and is denoted by γm(G), that is
γm(G) = min{|M | : N [M ] = V and JG[M ] = V }. A monophonic dominating
set of G of order γm(G) is called γm − set of G.

We accompany this definition by sharing the following basic results.

Theorem 1.2. For any connected graph G of order p and size q. Then the
following statements hold

1. 2 ≤ max{m(G), γ(G)} ≤ γm(G) ≤ p.

2. γm(G) = p⇔ G = Kp, a complete graph on p vertices.

3. γm(G) = p and q = p− 1 if G is a tree with order p and size q.

4. q ≥ p−1 and p×δ(G) ≤ 2×q ≤ p×∆, where δ and ∆ are the minimum
and maximum degree of G.

5. 2q = p(p− 1) if G = Kp, a complete graph on p vertices.

For unexplained term and symbols, see [2]. In the next section, we cite
some results related to monophonic domination, which are to be used in the
sequel.
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2 Some Basic Observations

Observation 2.1. For every monophonic dominating sets M in a graph
G , then Simp(G) ⊆ M . Moreover if M = Simp(G), then M is the unique
monophonic dominating set of G, where Simp(G) is the set of all simplicial
vertices of G.

Observation 2.2. For any connected graphG with a cut vertex v , every
monophonic dominating set contains at least one vertex from each component
of G− {v}.

Observation 2.3. For every monophonic dominating sets M in a graph G
, then End(G) ⊆ M , where End(G) is the set of all end or pendant vertices
of G.

Next theorems due to J.John et.al [11].

Theorem 2.4. For a complete bipartite graph, then γm(Kp,q) = min{p, q, 4},
where the integers p, q ≥ 2.

Example 2.5. Consider a graph G and its complement G are given in the
Figure 1, since M1 = {v2, v3, v5} and M2 = {v2, v3, v6} are monophonic dom-
inating sets of G, γm(G) = 3 and also, we can see that γm(G) = 3.Therefore
monophonic domination sum γm(G) + γm(G) = 3 + 3 = 6, so 6 and 12 are
the lower and upper bounds of monophonic domination sum γm(G) + γm(G)
respectively. Hence 6 ≤ γm(G) + γm(G) ≤ 12.

Figure 1: Graph G with γm(G) = 3 and Graph G with γm(G) = 3
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Example 2.6. Consider a graph G = C5 and its complement C5 in the
Figure 2. we have γm(C5) = 2 and γm(C5) = 2 . Therefore, monophonic
domination sum γm(C5) + γm(C5) = 4 and C5 ∪C5 = K5, also γm(C5 ∪C5) =
γm(K5) = 5 .Hence γm(C5) + γm(C5) < γm(C5 ∪ C5).

Figure 2: Graph G with γm(G) = 2 , GraphG with γm(G) = 2 and γm(G∪G) =
5

The monophonic domination number of some standard classes of graph
can be found, and are given below.

1. For the cycle graph Cp, γm(Cp) = dp
3
e for all p ≥ 5

2. For the complement of cycle graph Cp , γm(Cp) = 3 for p ≥ 6.

3. For the path graph Pp, γm(Pp) = dp+2
3
e for all p.

4. For the complement of the path Pp, γm(Pp) = 3 for p ≥ 5.

5. For any tree T , we have γm(T ) = t, where t = |Pend(T )|.

6. For the star graph K1,p−1, we have γm(K1,p−1) = p− 1

3 Characterization of Nordhaus-Gaddum Bounds

In this section, we examine the various bounds ( lower or upper ) for the
monophonic domination sum in terms of order p and size q of graphs.

Theorem 3.1. Let G be any (p, q) connected graph. Then m(G) = p−k ⇒
γm(G) ≤ p− 2, where the integer k ≥ 3.
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Proof. Since m(G) = p − k, there exists a minimum monophonic set M with
|M | = p − k. Clearly we can take |V −M | = k and every vertex of VM lies
in a monophonic path connecting two vertices of M of length at most k + 1.
It follows that, at least two vertices of VM are dominated by the vertices
of M . Next, constitute a monophonic dominating set of G by combining the
remaining k−2 vertices of VM with M . Therefore, γm(G) ≤ (p−k)+(k−2) =
p− 2. Hence γm(G) ≤ p− 2.

Theorem 3.2. For a non-complete (p, q) graph G with p ≥ 4 and mono-
phonic diameter dm(G) ≤ 3, then γm(G) ≤ p− 2.

Proof. Let M = {u1, v1} be the set of antipodal vertices of G and let P be
the monophonic path of length dm(u1, v1) between the vertices u1 and v1.
Then dm(u1, v1) = dm(G). If u2 and v2 are the vertices adjacent to u1 and
v1 respectively in the monophonic path P , then V − {u2, v2} is a monophonic
dominating set of G. Hence, γm(G) ≤ p− 2.

Next theorem taken from J.John et.al [11] to analyze the Nordhaus-Gaddum
bounds (sharp or weak ).

Theorem 3.3. Let G be a (p, q) graph with p ≥ 3 such that both G and G
are connected. Then γm(G) + γm(G) = 2p− 1⇔ G = K1,p−1 or G = K1,p−1.

Proof. Suppose that γm(G)+γm(G) = 2p−1 .This leads to fact that γm(G) = p
or γm(G) = p. First we consider the case γm(G) = p. Clearly we get γm(G) =
p − 1 and the components of G are complete. Also we can find a vertex v
which is is adjacent to every other vertices of G and G − {v} is the union of
at least two complete graphs. Since γm(G) = p and p ≥ 3 , the components of
G−{v} are isolated vertices. This means that G is equal to a star graph on p
vertices, that is G = K1,p−1. Similarly, conclude that G = K1,p−1 for the case
γm(G) = p.

Conversely,suppose that p ≥ 3 and G = K1,p−1 or G = K1,p−1, It follows
that γm(G) = p − 1 or γm(G) = p − 1 for p ≥ 3. Hence γm(G) + γm(G) =
(p− 1) + p = 2p− 1

Next imposing few conditions on G or G, to obtain the sharp Nordhaus-
Gaddum bounds (lower or upper) of graphs.

Theorem 3.4. Let G be a (p, q) graph with p ≥ 4 such that both G and G
are connected.Then γm(G) + γm(G) = 2p− 2⇔ G or G are isomorphic to one
of the graphs Gi for i = 1, 2, 3

1. G1 = K2 ∪K2,

2. G2 = Kp−2 ∪K1 ∪K1 or
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3. G3 = K1,p−2 ∪K1.

Proof. Suppose that γm(G) + γm(G) = 2p − 2, then p − 2 ≤ γm(G) and
γm(G) ≤ p and generality γm(G) ≤ γm(G) .First consider the case,

Case (1): If γm(G) = p and hence γm(G) = p−2. Clearly, G is the union
of at least two complete graphs and G is the join of K1 with the union of at least
two disjoint complete graphs, that is G = K1 + (Kp1 ∪Kp2 ∪ · · · ∪Kpr), where∑i=r

i=1 pi = p−1 and r ≥ 2. By keeping the generality 1 ≤ p1 ≤ p2 ≤ · · · ≤ pr, if
we assume that pr−1 = 1 and pr ≥ 2. Then by Theorem 2.4 and γm(G) = p−2,
we have p1 = p2 = 1 and pr = p3 = p−2 and so p ≥ 4 and G = Kp−2∪K1∪K1.
Again if we assume that pr−1 ≥ 2, then Theorem 2.4 and γm(G) = p − 2, we
have 4 ≤ p ≤ 6. Now G = K2,2 is the only possible case, and so G = K2 ∪K2.

Case(2): Suppose that γm(G) = p− 1 and hence γm(G) = p− 1. Then
we can find a vertex v ∈ V ,which is adjacent to every other vertices of G and
G− v is the union of at least two complete graphs. Therefore F = G− v is a
complete r -partite graph of order p− 1 with r ≥ 2 such that γm(F ) = p− 2.
Again using Theorem 2.4 to conclude that p ≥ 4 and F = K1,p−2. Finally
G = K1,p−2 ∪K1.

Conversely, suppose that p ≥ 4 and G or G are isomorphic to one of
the following graphs G1 = K2 ∪K2 , G2 = Kp−2 ∪K1 ∪K1 or G3 =
K1,p−2 ∪K1. Clearly, in all cases we have γm(G) + γm(G) = 2p− 2.

4 Realization of Nordhaus-Gaddum Bounds

This section, gives the realization of the Nordhaus - Gaddum category bounds
(lower or upper ) for the monophonic domination sum in a connected graph
and its complement.

Theorem 4.1. Let G be a (p, q) connected graph such that G and its com-
plement G are connected. Then

1. γm(G) + γm(G) ≤ 2p.

2. γm(G) + γm(G) = 2p⇔ G = Kp, a complete graph on p vertices.

Proof. Since G and G are connected, we have γm(G) ≤ p and γm(G) ≤ p by
Theorem 1.2. Hence we reached the upper bound of the monophonic domina-
tion sum γm(G) + γm(G) ≤ 2p. This proves (1).

To prove (2), we assume that G = Kp, then γm(G)+γm(G) = p+p = 2p.
Conversely, if equality holds, then we should have γm(G) = p and γm(G) = p.
Clearly, every vertex of G and G are either a cut vertex or an extreme vertex.
Since G and G are connected, it follows that G = Kp.

Theorem 4.2. Let G be a (p, q) connected graph such that G and its com-
plement G are connected. Then γm(G) + γm(G) ≤ p2 − 3p+ 4.
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Proof. By trivial case for any connected graph G, we have γm(G) ≤ 2q− p+ 2
and γm(G) ≤ 2q′ − p + 2 where q and q′ are denotes the number of edges in
G and G respectively. Note that q + q′ is the number edges in G ∪ G = Kp.
Therefore, we can write 2(q + q′) = p(p− 1), see Theorem 1.2. Thus, we have
γm(G)+γm(G) ≤ (2q−p+2)+(2q′−p+2) ≤ 2(q+q)−2p+4 ≤ p(p−1)−2p+4.
Hence, γm(G) + γm(G) ≤ p2 − 3p+ 4.

Remark 4.3. The upper bound in Theorem 4.2 is sharp and strict.

Consider a complete graph G = K4, we have γm(G) + γm(G) = 8 also note
that p23p+ 4 = 16−12 + 4 = 8. This shows that upper bound is sharp. Hence
γm(G) + γm(G) = p2 − 3p+ 4. To prove the strictness ,we consider the graph
G = P5. we have γm(G) = 3 and γm(G) = 3. Thus, γm(G) + γm(G) = 6 also
note that p2−3p+4 = 25−15+4 = 14.This shows that upper bound is strict.
Hence γm(G) + γm(G) < p2 − 3p+ 4.

Theorem 4.4. Let G be a (p, q) connected graph with p ≥ 4 such that G
and its complement G are connected. Then the following statements hold

1. 4 ≤ γm(G) + γm(G) ≤ 2p− 4,

2. γm(G) + γm(G) = 4 ⇔ p = 4.

Proof. To prove (1), consider different connected graphs G and G with order
p ≥ 4. The characterizations of connected graphs, we have γm(G) + γm(G) ≤
(p−2)+(p−2) ≤ 2p−4. But in the case of a complete graph Kp or a complete
r-partite Kp1,p2,...pr where r ≥ 2, we can easily reached at a contradiction to
the connectedness property.By the definition 1.1 and Theorem 1.2, evidently
γm(G) + γ(G) ≥ 4. Hence 4 ≤ γm(G) + γ(G) ≤ 2p− 4. This proves (1).

To prove (2), first assume that γm(G) + γ(G) = 4. Automatically we
write, γm(G) = 2 and γ(G) = 2. First consider the case

Case: (1) γm(G) = 2. Clearly, we can find a monophonic set M1 =
{u, v} in G such that u and v are simplicial or extreme vertices in G and the
monophonic distance dm(u, v) = 3 with respect to G, that is G has a m-set
M1 = Ext(G) or Simp(G) with dm(u, v) = 3 based on the graph G, where
Ext(G) is the set of all extreme vertices of G.

Case: (2) γm(G) = 2. By the same procedure, there exists a mono-
phonic set M2 = {u1, v1} of G such that u1 and v1 are simplicial vertices in G
and monophonic distance dm(u1, v1) = 3 with respect to the complement G,
that is M2 = Ext(G) with dm(u1, v1) = 3 based on the complement G. Let
u ∈ M1. Then N [u] = {w ∈ V (G) : wu ∈ E(G)}. Assume that u1 is adjacent
to u in the graph G. Then we consider two sub cases

Sub case: (2.1) Assume u = u1. Here N(u1) = N [v] with respect to G
and G respectively, also the subgraph induced by the neighborhood 〈N [v]〉 is
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not complete. This contradict the fact that u1 is not an extreme vertex in the
complement G.

Sub case: (2.2) Assume that u 6= u1.Consider an edge u1u ∈ E(G),
clearly u1v1 ∈ E(G) since u1v1 is an edge in G. If an edge vv1 /∈ E(G) , then
u1v, vv1 ∈ E(G). This contradict the fact that [u1, v, v1] is a monophonic path
in G. It follows that [u, u1, v1, v] is a u− v monophonic path with dm(u, v) = 3
in the graph G.

Finally we show that p = 4. If we assume that p ≥ 5 , then there
exists a vertex z ∈ V (G) such that z not included in the u − v monophonic
path [u, u1, v1, v] in G. Suppose that an edge u1z ∈ E(G) and we know that
u1 ∈ Ext(G). This shows that u1v ∈ E(G) , zv ∈ E(G) and, accordingly
zu ∈ E(G), also we know that u ∈ Ext(G), then clearly u1z ∈ E(G), we
arrive at a contradiction. Hence order of the graph must be p = 4. Conversely
assume that p = 4. Since G and (G) are connected, γm(G) = 2 and γ(G) = 2.
Hence γm(G) + γ(G) = 4.

Remark 4.5. Upper bound in Theorem 4.4(1) is strict.

Consider the graph G obtained from the cycle C4 = [u1, u2, u3, u4, u1] by
adding two new vertices v and w and the edges vu1, vu4, wu2 and wu3 . For
the new graph G, we can easily see that γm(G) + γm(G) = 2 + 2 = 4 also
2p− 4 = 12− 4 = 8. Clearly the upper bound is strict.

Remark 4.6. Theorem 4.4 indicates the fact that for p ≥ 5, there exists a
connected graph G such that 5 ≤ γm(G) + γm(G) ≤ 2p− 4.

Consider a cycle graph C5 on five vertices. Since γm(C5) = 2 and γm(C5) =
3 , we have γm(C5) + γm(C5) = 5 also, 2p − 4 = 10 − 4 = 6. Clearly, lower
bound is sharp and also, the upper bound is strict in the Remark 4.6.

Corollary 4.7. Let G be a (p, q) connected graph with p ≥ 4 such that G
and G are connected. Then γm(G) + γm(G) = 4 ⇔ G = P4, where P4 is path
graph on four vertices.

Proof. It clearly follows from Theorem 4.4.

Corollary 4.8. Let G be a (p, q) connected graph with p ≥ 4 such that G
and G are connected. Then Monophonic domination sum γm(G) + γm(G) =
4⇔ G = C4 ,where C4 is cycle graph on 4 vertices

Proof. It clearly follows from Theorem 4.4.
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Open Problem

In the view of Example 2.5, 2.6 and other related theorems considered in
this article, we lift the following questions as an open problem to the readers.
Let G be a (p, q) graph of order p such that G and its complement G are
connected. First define three types of graphs.

1. A graph G is said to be Type-I Graph if γm(G)+γm(G) < γm(G∪G).

2. A graph G is said to be Type-II Graph if γm(G)+γm(G) > γm(G∪G).

3. A graphG is said to be Type-III Graph if γm(G)+γm(G) = γm(G∪G).

Open problem. Find all graphs of Type-I , Type-II and Type-III .

5 Conclusion

Nordhaus - Gaddum type bounds and related correlation is an active and
power research area in the field of Graph Theory. Many such relations have
been found, although they are not known yet for a large number of graph
theoretic invariants. Some types of different domination related problems
have been extensively studied. This article strictly focused on Monophonic
Domination problems of different graphs and their complements.Use this fea-
sible induced path convexity parameter and monophonic domination number,
to establish the bounds ( lower or upper ) for monophonic domination product
in the connected graphs.
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