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Abstract

In this paper, we studied the open limit point compactness which has
been introduced in [4]. The product of two open limit point compact
spaces is open limit point compact. Also, the quotient space of an
open limit point compact space is open limit point compact. We gave
equivalent statements of this concept. We introduced the concept of the
soft open limit point compactness and we discussed the product of two
soft open limit point compact spaces. Also, we proved that every soft
connected space is soft open limit point compact.
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1 Introduction

Historically limit point compactness called Frechet compactness, also it called
”Bolzano-Weierstrass Theorem”. It was proved by Bolzano in 1817 as a lemma
in the proof of the Intermediate Value Theorem. In 1906, Frechet used this
property when he generalized Weierstrass’s theorem to topological spaces. We
now know this property as The Bolzano-Weierstrass Property, or The Limit
Point Compactness [10]. In 2014, Hamza A.H. introduced the concept of The
Open Limit Point Compactness [4] which is a weaker than the limit point
compactness.

2 Limit Point Compactness

Definition 2.1. [7]: A space X is said to be limit point compact (LPC) if
every infinite subset of X has a limit point.

Example 2.2.

1. The space X with the cofinite topology τc is a LPC.

2. The usual topology (R, τu) is not a LPC.

Theorem 2.3. [1]: If X is a compact, then it is a limit point compact
space.

3 Open Limit Point Compactness

Definition 3.1. [4]: A topological space (X, τ) is said to be an open limit
point compact space (OLPC) if, and only if, any an infinite proper open subset
of X has a limit point. A subset A of X is said to be an open limit point
compact if, and only if, any an infinite proper open subset of A has a limit
point in A.

Example 3.2.

1. The cofinite space (X, τc) where X is an infinite set, is an OLPC space.

2. The space (R, τu) is an OLPC space.

Theorem 3.3. [4]: The continuous image of an open limit point compact
space is an open limit point compact.

Corollary 3.4. The quotient space of an open limit point compact space is
an open limit point compact.

Proof: It is clear.
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Remark 3.5. The convers of Corollary 3.4 is not true. Consider the space
of integer numbers with the discrete space topology (Z, τD), which is not OLPC.
Define a relation R on Z by x R y iff xy ∈ Z, R is an equivalence relation on
Z, q:Z −→ Z/R, q(x) = [x], for all x, y∈Z. Then Z/R = {Z}, so τq = τind,
which is OLPC.

Theorem 3.6. [4]: A limit point compact space is an open limit point
compact space.

Corollary 3.7. A compact space is an open limit point compact space.
Proof: it is clear.

Remark 3.8. The converse of Theorem 3.6 and Corollary 3.7 is not true.
For example, (R, τu) is an OLPC but it is neither compact nor LPC.

Theorem 3.9. [4]: If a topological space X is connected, then X is an
open limit point compact space.

Theorem 3.10. If X and Y are open limit point compact spaces, then
X × Y is open limit point compact space.

Proof: Let G = A × B be a proper infinite open subset of X × Y , where
A and B are two open sets in X and Y respectively, with A is proper infinite
subset of X or B is proper infinite subset of Y . Then Á 6= ∅ or B́ 6= ∅. Then
Ǵ = (A × B)́ = (Á × B) ∪ (A × B́) 6= ∅. Hence, every proper infinite open
subset of X × Y has a limit point, so X × Y is OLPC space.

Definition 3.11. Let A be a subset of X then:

1. A is called regular open set iff A =
(
A
)◦

[9].

2. A is called semi-open set iff A ⊆ A◦ [5].

Notes that every clopen set (open and closed) is regular open.

Theorem 3.12. If X be a topological space, then the following statements
are equivalent:

i X is open limit point compact space.

ii Every proper infinite semi-open set has a limit point.

iii Every proper infinite regular open set has a limit point.

Proof: (i) =⇒ (ii) Let X be an OLPC space. Suppose that there exists
a proper infinite semi-open set A has no limit point. Then Á = ∅, so A is
closed. Since A is semi-open set, then A ⊆ A◦ ... (1)

Now, A
◦ ⊆ A, so (A

◦
)́ ⊆ Á = ∅. Also, A◦ ⊆ A = A ...(2)
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From (1) and (2) =⇒ A◦ = A, and since (A
◦
)́ = ∅, then A

◦
= A. Then A is

an infinite open set has no limit point. It means that X is not OLPC space,
which is a contradiction. Hence, every proper infinite semi-open set has a limit
point.
(ii) =⇒ (iii) Assume that every proper infinite semi-open set has a limit point,
and let U be a proper infinite regular open subset of X. Then U is semi-open
subset of X, so U must have a limit point. Hence, every proper infinite regular
open set has a limit point.
(iii) =⇒ (i) Assume that, every proper infinite regular open set has a limit
point. Suppose that X is not an OLPC space.Then there exists a proper infinite
open set A has no limit point. Therefore Á = ∅. Then A is closed, so A is
clopen. It means that A is regular open subset of X and has no limit point,
which is a contradiction. Hence, X is an OLPC space.

4 Soft Sets and Soft Topological Spaces

Definition 4.1. [6]: Let X be a non-empty set and P be a set of parame-
ters. A pair (F, P ) is called a soft set over X, where F is a function given by:
F : P −→ P (X), where P (X) is the power set of X.

Example 4.2. Suppose that there are five metals in the set
X = {x1, x2, x3, x4, x5}, and that P = {p1, p2, p3} is a set of Physical property
parameters. pi (where i = 1, 2, 3) stand for the parameters ” Malleability” , ”
Electrical resistivity ” and ” Electromagnetic Force ”, respectively. Consider
the function F s.t. F : P −→ P (X), and given by Metals ( ), where ( )
is filled by one of the parameters pi ∈ P . For example, F (p1) means the
metals that have the Physical property ” Malleability”, and its functional value
is the set {x ∈ X : x is a malleability metal}. Now, we define the soft set
(F, P ) over X s.t. [F (p1) = {x2, x3, x4} , F (p2) = {x1, x2} , F (p3) = X.
Also, the soft set can be written as (F, P ) = ({x2, x3, x4} , {x1, x2} , X). Or
(F, P ) = {(p1, {x2, x3, x4}) , (p2, {x1, x2}) , (p3, X)}. We will use the first and
the second way to define the soft sets.

Definition 4.3. [8]: Let τ̃ be the collection of soft sets over X, then τ̃ is
said to be a soft topology on X if:

1. The null soft set Φ and X̃ belong to τ̃ .

2. The union of any number of soft sets in τ̃ belongs to τ̃ .

3. The intersection of any two soft sets in τ̃ belongs to τ̃ .

The triplet (X, τ̃ , P ) is called a soft topological space over X.
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Example 4.4. Let X = {x1, x2, x3} , P = {p1, p2} and
τ̃ = {Φ, X̃, (F1, P ) , (F2, P ) , (F3, P )} where (F1, P ) , (F2, P ) and (F3, P ) are
soft sets over X, defined as follows: F1 (p1) = {x1} , F1 (p2) = {x2}, F2 (p1) =
{x2} , F2 (p2) = {x2}, F3 (p1) = {x1, x2} , F3 (p2) = {x1, x2}. Then τ̃ defines a
soft topology on X, hence (X, τ̃ , P ) is a soft topological space over X.

Theorem 4.5. Let (X, τ̃X , P1) and (Y, τ̃Y , P2) be two soft topological
spaces, and let (F, P1) and (G,P2) be two soft sets over X and Y respectively,

then l̃p ((F, P1)× (G,P2)) =
(
l̃p(F, P1)× c̃l(G,P2)

)
∪̃
(
c̃l(F, P1)× l̃p(G,P2)

)
Proof: Let (x, y) ∈̃ l̃p ((F, P1)× (G,P2))

⇐⇒ (x, y) ∈̃ l̃p
(

((F, P1)× (G,P2)) \̃ (x, y)
)

⇐⇒ (x, y) ∈̃ c̃l
(

((F, P1)× (G,P2)) \̃ (x, y)
)

= c̃l
(((

(F, P1) \̃ {x}
)
× (G,P2)

)
∪̃
(

(F, P1)×
(

(G,P2) \̃ {y}
)))

=
(
c̃l
(

(F, P1) \̃ {x}
)
× c̃l (G,P2)

)
∪̃
(
c̃l (F, P1)× c̃l

(
(G,P2) \̃ {y}

))
⇐⇒ (x, y) ∈̃

(
l̃p(F, P1)× c̃l(G,P2)

)
∪̃
(
c̃l(F, P1)× l̃p(G,P2)

)
.

Definition 4.6. [2]: Two soft subsets (F, P ) and (G,P ) are said to be soft
disjoint if (F, P )∩̃(G,P ) = Φ.

Definition 4.7. [2]: Let (X, τ̃ , P ) be a soft topological space. The soft
topology is said to be soft connected if there does not exist two non-empty
disjoint soft open sets whose soft union is X̃. The soft topology is soft discon-
nected if it is not soft connected.

Definition 4.8. [3]: A family O = {(Fi, P ) | i ∈ I } of soft sets is called
a cover of a soft set (G,P ), if (G,P )⊆̃

⋃
i∈I (Fi, P ). It is a soft open cover, if

each member of O is a soft open set. A subcover of O is a subfamily of O that
is also a cover.

Definition 4.9. [3]: A soft topological space (X, τ̃ , P ) is soft compact if
each cover of X̃ by soft open sets in τ̃ has a finite subcover. A soft set (F, P )
of a soft topological space (X, τ̃ , P ) is soft compact if each cover of (F, P ) by
soft open sets in τ̃ has a finite subcover.

Definition 4.10. [11]: Let (X, τ̃X , P ) and (Y, τ̃Y , P ) be two soft topo-
logical spaces over X and Y , respectively, and f be a function from X to Y .
If for all (G, P )∈̃ τ̃Y , we have f̃−1((G, P ))∈̃ τ̃X , then f is called a soft con-
tinuous function from (X, τ̃X , P ) to (Y, τ̃Y , P ).

Definition 4.11. [11]: Let (Xi, τ̃i, Pi), i = 1, 2 be two soft topological
spaces, and pi : X1 × X2 → Xi , qi : P1 × P2 → Pi be projection func-
tions. Then the soft functions (pi, qi) is called soft projection function.
The soft projection functions are soft continuous.
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5 Soft Limit Point Compactness

Definition 5.1. A soft topological space (X, τ̃ , P ) is said to be Soft limit
point compact (soft LPC) if every infinite soft set has a soft limit point.

Example 5.2. Let (X, τ̃ , P ) be a soft topological space s.t.
X = {x1, x2, x3, . . . }, P = {p1, p2} and τ̃ generated by the soft base:

β̃ = {(F1, P ) , (F2, P ) , (F3, P ) , . . . }, where (F1, P ) , (F2, P ) , (F3, P ) , . . . are
soft sets over X, defined as follows: F1 (p1) = {x1, x2} , F1 (p2) = {x1, x2},
F2 (p1) = {x3, x4} , F2 (p2) = {x3, x4}, F3 (p1) = {x5, x6} , F3 (p2) = {x5, x6},
F4 (p1) = {x7, x8} , F4 (p2) = {x7, x8}, . . . , Fn (p1) = {x2n−1, x2n}, Fn(p2) =
{x2n−1, x2n}.n = 1, 2, 3, . . . Notice that every infinite soft set containing
x2n−1, most contain x2n. Hence, every infinite soft set has a soft limit point.
Then (X, τ̃ , P ) is Soft LPC space.

Notice that: The soft discrete space (X, τ̃D, P ) where X is infinite is not
soft LPC.

Theorem 5.3. If a soft topological space (X, τ̃ , P ) is soft compact, then
it is Soft limit point compact space.

Proof: Let (X, τ̃ , P ) be soft compact space. Suppose that (X, τ̃ , P ) is
not soft LPC space. Thus, the soft space (X, τ̃ , P ) has an infinite soft subset
(F, P ) that does not have a soft limit point. Since each x ∈̃(F, P ) is not a soft
limit point of (F, P ), it follows that for every x ∈̃(F, P ) there exists a soft open
neighbourhood Ñ(x) of x such that Ñ (x) ∩̃ (F, P ) = {x}. Also, since (F, P )

has no soft limit points, then (F, P ) is soft closed. Hence, X̃ \̃(F, P ) is soft

open. Let O be the collection of open soft sets {Ñ(x) | x∈̃(F, P )}∪̃(X̃ \̃ (F, P )).
Then O is a soft open cover of X̃. Furthermore O has no finite subcover, since
each of the infinitely many points x in (F, P ) is contained in only the soft open
set Ñ(x) in O. Therefore X̃ has a soft open cover with no finite subcover. Then
(X, τ̃ , P ) is not soft compact, which is a contradiction. Hence, (X, τ̃ , P ) is
soft LPC space.

Example 5.4. By using Theorem 5.3, we can see that the cofinite soft
topology (X, τ̃c, P ) is soft LPC.

Remark 5.5. The converse of Theorem 5.3 is not true, consider the soft
topological space in Example 5.2, which is soft LPC but not soft compact.

6 Soft Open Limit Point Compactness

Definition 6.1. A soft topological space (X, τ̃ , P ) is said to be a soft open
limit point compact space (soft OLPC) if, and only if, any an infinite proper
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soft open subset of X̃ has a soft limit point. A soft subset (F, P ) of X̃ is said
to be soft open limit point compact if, and only if, any an infinite proper soft
open subset of (F, P ) has a soft limit point in (F, P ).

Example 6.2. Let X = R, P = {p1, p2},
τ̃ =

{
Φ, R̃, (F1, P ) , (F2, P ) , (F3, P )

}
. Where (F1, P ) , (F2, P ) and (F3, P ) are

soft sets over R defined as follows:
F1 (p1) = R\ {1} , F1 (p2) = R\ {−1}, F2 (p1) = R\ {2} , F2 (p2) = R\ {−2},
F3 (p1) = R\ {1, 2} , F3 (p2) = R\ {−1,−2}. Then τ̃ defines a soft topology on
R, hence (R, τ̃ , P ) is a soft topological space over R. Clearly every infinite

proper soft open set over R has a soft limit point. i.e. l̃p (Fi, P ) 6= Φ where
i = 1, 2, 3. Then (R, τ̃ , P ) is soft OLPC.

Example 6.3. The soft topological space (X, τ̃D, P ) where X is an infinite,
is not soft OLPC.

Theorem 6.4. Every soft limit point compact is a soft open limit point
compact.

Proof: Assume that (X, τ̃ , P ) be a soft LPC. Let (F, P ) be an infinite
soft open set, and since the soft space is soft LPC then (F, P ) must have soft
limit point. Hence, (X, τ̃ , P ) is soft OLPC

Remark 6.5. The converse of Theorem 6.4 is not true, consider the soft
topological space (Z\{0} , τ̃ , P ) generated by the soft basis

β̃τ̃ = {(Fi, P ) : i = 1, 2, 3, . . . } where P = {p1, p2, p3} and (Fi, P ) are soft
sets over Z\{0}, defined as follows: Fi (pj) = {{−n, n} : n ∈ Z+}∪ {Z−} ∪
{{−n} : n ∈ Z+}, where i = 1, 2, 3, . . . and j = 1, 2, 3. Since every soft basis
element has a soft limit point, then every infinite soft open set has a soft limit
point =⇒ (Z\{0} , τ̃ , P ) is soft OLPC. However, if we consider the infinite
soft closed set (G,P ) that defined as follows: G (pj) = {Z+} where j = 1, 2, 3,

so l̃p (G,P ) = Φ , since there exists soft open set ({−n, n} , {−n, n} , {−n, n})
s.t. ∀n ∈ Z+, n∈̃ ({−n, n} , {−n, n} , {−n, n}) and(

({−n, n} , {−n, n} , {−n, n})\̃{n}
)
∩̃ (G,P ) = Φ. Hence, (Z\{0} , τ̃ , P ) is

not soft LPC.

Remark 6.6. The soft open limit point compactness is not a soft hereditary
property. Consider the same soft topological space (Z\{0} , τ̃ , P ) in Remark
6.5, which is soft OLPC. Take Y = Z+ ⊂ Z\{0}.
Then β̃Y =

{
Ỹ ∩̃ (Fi, P )

∣∣∣ (Fi, P )∈̃ β̃} where i = 1, 2, 3 . . . and Ỹ ∩̃ (Fi, P ) =

Z̃+ ∩̃ (Fi, P ) = ({n} , {n} , {n}), where i = 1, 2, 3 . . . and ∀n ∈ Z+. Clearly,
(Z+, τ̃Z+ , P ) is not soft OLPC.



2704 A. M. Hamza and Muslim Saad

Theorem 6.7. The soft continuous image of a soft open limit point compact
is a soft open limit point compact.

Proof: Let (X, τ̃X , P ) be a soft OLPC space,(Y, τ̃Y , P ) be a soft space,
and f : X → Y be a soft continuous function. Let (F, P ) be an infinite proper
soft open set over Y . Then f̃−1(F, P ) is an infinite proper soft open set over
X. Since (X, τ̃X , P ) is soft OLPC then f̃−1(F, P ) has a soft limit point a.
We claim that f̃(a) is a soft limit point of (F, P ). Let (G,P ) be a soft open
set containing f̃(a). Then(

(G,P ) \̃
{
f̃ (a)

})
∩̃ (F, P ) ⊇̃f̃

(
f̃−1

((
(G,P ) \̃

{
f̃ (a)

})
∩̃ (F, P )

))
= f̃

(
f̃−1

(
(G,P ) \̃

{
f̃ (a)

})
∩̃f̃−1 (F, P )

)
= f̃

((
f̃−1 (G,P ) \̃f̃−1

({
f̃ (a)

}))
∩̃f̃−1 (F, P )

)
= f̃

((
f̃−1 (G,P ) \̃{a}

)
∩̃f̃−1 (F, P )

)
6= Φ,

for a is a soft limit point of f̃−1(F, P ), so f̃ (a) is soft limit point of (F, P ).
Hence, (Y, τ̃Y , P ) is soft OLPC.

Corollary 6.8. The soft open limit point compactness is soft topological
property.

Proof: It is clear.

Theorem 6.9. Every soft connected space is a soft open limit point compact
space.

Proof: Let (X, τ̃ , P ) be a soft connected space over X. Suppose that
(X, τ̃ , P ) is not soft OLPC. Then there exists an infinite proper soft open set
over X, say (F, P ), which has no soft limit point. Then (F, P ) is soft closed
set over X. This means that (X, τ̃ , P ) is soft disconnected space, which is a
contradiction. Hence, (X, τ̃ , P ) is soft OLPC.

Theorem 6.10. The soft topological spaces (X, τ̃X , P1) and (Y, τ̃Y , P2)
are soft open limit point compact iff (X × Y, τ̃X × τ̃Y , P1 × P2) is soft open
limit point compact space.

Proof: Let (X, τ̃X , P1) and (Y, τ̃Y , P2) be soft OLPC and (H,P1 ×
P2) = (F, P1) × (G,P2) be a proper infinite soft open subset of X̃ × Ỹ , where
(F, P1) and (G,P2) are two soft open sets in X̃ and Ỹ respectively, with
(F, P1) is proper infinite soft subset of X̃ or (G,P2) is proper infinite soft

subset of Ỹ . Then l̃p (F, P1) 6= Φ or l̃p(G,P2) 6= Φ. Therefore l̃p(H,P1 ×
P2)=l̃p ((F, P1)× (G,P2))

=
(
l̃p(F, P1)× c̃l(G,P2)

)
∪̃
(
c̃l(F, P1)× l̃p(G,P2)

)
6= Φ. Hence, every proper
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infinite soft open subset of X̃ × Ỹ has a soft limit point.
Then (X × Y, τ̃X × τ̃Y , P1 × P2) is soft OLPC space.
Conversely, let (X × Y, τ̃X × τ̃Y , P1 × P2) be a soft OLPC space. Since the
soft projection functions are continuous functions, then by Theorem 6.7 we will
have each of (X, τ̃X , P1) and (Y, τ̃Y , P2) are soft open limit point compact.
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