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Abstract

In this paper, we investigate the hybrid algorithm to the bisection
method and the Newton-Raphson method suggested in [1]. We suggest
an improved hybrid algorithm that is suitable for functions which are not
applicable to the hybrid algorithm[1]. We give some numerical results
to justify our algorithm.
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1 Introduction

Finding an approximated solution to the root of a nonlinear equation is one
of the main topics of numerical analysis([4], [6]). An algorithm for finding x
such that f(x) = 0 is called a root-finding algorithm. The bisection method
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using the intermediate value theorem is the simplest root-finding algorithm.
Note that the bisection method converges slowly but it is reliable. Tanakan[7]
suggested a modified bisection method using the concept of the secant method.
On the other hand, the Newton-Raphson method using the derivative of a
given nonlinear function is a root-finding algorithm which is more efficient
than the bisection method. Note that the Newton-Raphson method converges
quadratically although the bisection method converges linearly. Homeier[2]
suggested a modified Newton-Raphson method with cubic convergence.

Since the Newton-Raphson method may not be reliable, Altaee, Hoomod
and Hussein[1] suggested a hybrid algorithm to the bisection method and the
Newton-Raphson method. In addition, Hussein, Altaee and Hoomod[3] in-
vestigated a parallel hybrid algorithm to improve the simultaneous root-find
algorithm suggested in [5].

In this paper, we give some examples which show that the hybrid algorithm
suggested in [1] may not be complete. So, we suggested an improved hybrid
algorithm that is more reliable than the hybrid algorithm[1] and more efficient
than the bisection method.

2 Main Results

The Hybrid algorithm suggested by Altaee, Hoomod and Hussein[1] was given
as follows.

Hybrid Algorithm :

Given f(x), f ′(x), [a, b](interval) and δ = 1.0× 10−5 (tolerance error)

Step 1 : for i = 1 to 2

Step 2 : xi = a+b
2

Step 3 : If f(xi) = 0 or |f(xi)| < δ, then go to Step 10.

Step 4 : If f(a) ∗ f(xi) < 0, then b = xi.

Step 5 : Else, a = xi.

Step 6 : end for

Step 7 : x = xi − [f(xi)/f
′(xi)]

Step 8 : If |f(x)| < δ, then go to Step 10.

Step 9 : xi = x and go to Step 7.

Step 10 : Stop iteration.
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Hybrid Method
n xn f(xn)
1 0.5000000 0.4636476
2 -1.7500000 -1.0516502
3 2.5223290 1.1933462
4 -6.2632575 -1.4124713
5 50.5581955 1.5510197
6 -3915.6026410 -1.5705409
7 2.4075531 ×107 1.5707963
8 -9.1048253 ×1014 -1.5707963
9 1.3021563 ×1030 1.5707963

10 -2.6634595 ×1060 -1.5707963
11 1.1143255 ×10121 1.5707963
12 -1.9504914 ×10242 -1.5707963

Table 1: Hybrid Method for f(x) = Tan−1x on [−4, 5]

In this algorithm, Altaee, Hoomod and Hussein suggested two bisection
steps at the beginning and then applied the Newton-Raphson steps without
considering a given function and an interval.

Now, we show that the hybrid algorithm[1] may not be a good root-finding
algorithm for f(x) = Tan−1x on [−4, 5]. We obtain numerical results imple-
mented by MATHEMATICA. As we can see in Table 1, the sequence {xn}
obtained by the hybrid algorithm[1] diverges although the root of the nonlin-
ear equation f(x) = 0 is x = 0. The main reason of this result comes from
the fact that the sequence obtained by the Newton-Raphson method in the
hybrid algorithm[1] may not converge although the interval containing a root
of nonlinear equation reduced by applying the bisection method twice.

In order to avoid the shortcoming of the hybrid algorithm[1], we suggest
an improved hybrid algorithm. In our improved hybrid algorithm, we compute
the x-intercept x∗ using the Newton-Raphson method at the midpoint of the
previous interval. We set [a0, b0] = [a, b]. If x∗ ∈ [an−1, bn−1], then we set
xn = x∗ and test the intermediate value theorem on [an−1, xn] and [xn, bn−1].
When we determine the interval which contains a root by the intermediate
value theorem, we denote it by [an, bn]. If x∗ /∈ [an−1, bn−1], then we set xn =
an−1+bn−1

2
and test the intermediate value theorem on [an−1, xn] and [xn, bn−1].

When we determine the interval which contains a root by the intermediate
value theorem, we denote it by [an, bn]. This process gives us a reliability for
the convergence of our algorithm. In addition, our algorithm is more efficient
than the bisection method since we mix the bisection method with the Newton-
Raphson method.
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Improved Hybrid Method
n xn f(xn)
1 -0.0795595 -0.0793922
2 2.4602202 1.1847268
3 1.1903304 0.8720762
4 0.5553854 0.5069685
5 -0.0088784 -0.0088782
6 0.2732535 -0.2667418
7 -0.0015345 -0.0015345
8 0.1358595 0.1350327
9 -0.0002018 -0.0002018

10 0.0678289 0.0677251
11 -0.0000258 -0.0000258
12 0.0339015 0.0338886
13 -3.2394 ×10−6 -3.2394 ×10−6

Table 2: Improved Hybrid Method for f(x) = Tan−1x on [−4, 5]

An Improved hybrid algorithm to the bisection method and the Newton-
Raphson method is given as follows.

Improved Hybrid Algorithm :

Given f(x), f ′(x), [a, b](interval) and δ = 1.0× 10−5 (tolerance error)

Step 1 : i = 1.

Step 2 : c = a+b
2

.

Step 3 : if a < c− f(c)
f ′(c)

< b, then xi = c− f(c)
f ′(c)

.

Step 4 : Else, xi = a+b
2

.

Step 5 : If |f(xi)| < δ, then go to Step 8.

Step 6 : If f(a)f(xi) < 0, then b = xi and go to Step 2.

Step 7 : Else, a = xi and go to Step 2.

Step 8 : Stop iteration.

As we can see in Table 2, the sequence {xn} obtained by the improved
hybrid algorithm converges although the sequence {xn} obtained by the hybrid
algorithm[1]. In addition, the number of iteration by the improved hybrid
algorithm is 13 although the number of iteration by the bisection method is
22 when the tolerance error is 1.0× 10−5.
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3 Numerical Results

We suggest another example to show that the improved hybrid algorithm is
more reliable than the hybrid algorithm[1]. Note that g(x) = 0 has a root on
[−5, 6] since g is continuous on [−5, 6] and g(−5)g(6) < 0.

Using MATHEMATICA, we obtain sequences by the hybrid algorithm[1]
and the improved hybrid algorithm for g(x) = esin x2−3x− 5x− 150 on [−5, 6].
We use 1.0 × 10−5 as the tolerance error. As we can see in Table 3, the
sequence {xn} obtained by the improved hybrid algorithm converges although
the sequence {xn} obtained by the hybrid algorithm[1] diverges.

In order to show that our improved hybrid algorithm is faster than the bi-
section method, we select f1(x) = e−x+cos x on [−2, 2] and f2(x) = 10xe−x

2−1
on [−1, 1] which are used in [7]. We use 1.0× 10−5 as the tolerance error. The
results are given as follows.

4 Conclusion and Remarks

We suggest an improved hybrid algorithm which converges to the root of a
nonlinear equation faster than the bisection method. Because of the complexity
of our algorithm, we don’t get the rate of convergence of our improved hybrid
algorithm. So, we will try to compute the rate of convergence of our improved
algorithm in the future.

In addition, we show by some examples that our algorithm is more reliable
than the hybrid algorithm[1]. In order to get a reliable simultaneous roots of
nonlinear equations, we will investigate the possibility of application of our
improved hybrid algorithm to the parallel hybrid algorithm[3] in the future.
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Hybrid Method Improved Hybrid Method
n xn g(xn) xn g(xn)
1 0.5000000 -152.2142380 0.5000000 -152.2142380
2 -2.2500000 195.0911768 -2.1218032 79.2540885
3 -2.1218032 79.2540884 -0.8101016 -124.9586965
4 -1.9521700 47.6804062 1.2969686 -11.2624049
5 -9.1575502 1.9389065 ×1012 -1.7093859 68.3122991
6 -9.2914207 4.7012521 ×1011 -1.5031773 54.1954247
7 -8.7433299 5.8578208 ×1011 -1.3238055 -1.5039385
8 -8.6581316 1.2517785 ×1011 -1.4134914 29.6057957
9 -8.6046663 6.1148261 ×1010 -1.3270933 -0.3119595

10 -8.4539618 2.0997157 ×1011 -1.3702923 15.0973735
11 -8.5658861 5.8866025 ×1010 -1.3277974 -0.0568913
12 -8.7881915 7.4014614 ×1011 -1.3490449 7.5917519
13 -9.4233527 3.9761811 ×1012 -1.3279227 -0.0115291
14 -9.3594539 1.0943802 ×1012 -1.3384838 3.8032750
15 -9.3106361 5.1883829 ×1011 -1.3279475 -0.0025323
16 -9.1915704 1.3169576 ×1012 -1.3332156 1.9030976
17 -9.2612918 5.1700554 ×1011 -1.3279529 -0.0005888
18 -9.3895544 2.0864537 ×1012 -1.3305842 0.9518669
19 -9.3428429 7.9606218 ×1011 -1.3279541 -0.0001415
20 -9.2859527 4.6785306 ×1011 -1.3292692 0.4760071
21 -29.9995263 3.2978752 ×1039 -1.3279544 -0.000347
22 -29.8842429 1.8347592 ×1039 -1.3286118 0.2380211
23 -29.8605414 4.7203448 ×1038 -1.3279545 -8.6200 ×10−6

24 -29.8418801 2.8088627 ×1038

25 -30.1564858 7.2010054 ×1038

26 -30.7567863 8.3043867 ×1039

27 -30.7751150 4.6086807 ×1039

28 -31.2579933 5.1745219 ×1040

29 -31.2748019 2.3164293 ×1040

30 -31.3124014 8.3256500 ×1040

Table 3: Hybrid and Improved Hybrid Method for g(x) = esin x2−3x−5x−150
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The Bisection Method Improved Hybrid Method
n xn f1(xn) xn f1(xn)
1 0.0000000 2.0000000 0.0000000 2.0000000
2 1.0000000 0.9081818 1.7509666 -0.0055910
3 1.5000000 0.2938674 0.8754833 1.0572864
4 1.7500000 -0.0044721 1.7369304 0.0106892
5 1.6250000 0.1427345 1.7461388 8.3000 ×10−7

6 1.6875000 0.0685425
7 1.7187500 0.0318756
8 1.7343750 0.0136603
9 1.7421875 0.0045836

10 1.7460938 0.0000531
11 1.7480469 -0.0022102
12 1.7470703 -0.0010787
13 1.7465820 -0.0005129
14 1.7463379 -0.0002299
15 1.7462158 -0.0000884
16 1.7461548 -0.0000177
17 1.7461243 0.0000177
18 1.7461395 4.6838 ×10−9

Table 4: Bisection and Improved Hybrid Method for f1(x) = e−x + cos x
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The Bisection Method Improved Hybrid Method
n xn f2(xn) xn f2(xn)
1 0.0000000 -1.0000000 0.1000000 -0.0095502
2 0.5000000 2.8940039 0.5500000 3.0643267
3 0.2500000 1.3485327 0.3250000 1.9242265
4 0.1250000 0.2306206 0.2125000 1.0311773
5 0.0625000 -0.3774366 0.1562500 0.5248149
6 0.0937500 -0.0707036 0.1007566 -0.0026111
7 0.1093750 0.0807435 0.1285033 0.2639873
8 0.1015625 0.0052027 0.1009635 -0.0006044
9 0.0976563 -0.0327065 0.1147334 0.1323298

10 0.0996094 -0.0137407 0.1010108 -0.0001453
11 0.1005859 -0.0042661 0.1078721 0.0662416
12 0.1010742 0.0004690 0.1010222 -0.0000356
13 0.1008301 -0.0018983 0.1044472 0.0331391
14 0.1009522 -0.0007146 0.1010249 -8.8100 ×10−6

15 0.1010132 -0.0001228
16 0.1010437 0.0001731
17 0.1010284 0.0000252
18 0.1010208 -0.0000488
19 0.1010246 -0.0000118
20 0.1010265 6.6587 ×10−6

Table 5: Bisection and Improved Hybrid Method for f2(x) = 10xe−x
2 − 1
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