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Abstract

G. Buttazzo and G. Carlier [2] studied an optimal consumption prob-
lem for a fixed consumption location, and deduced an optimal con-
sumption strategy. In this paper, we consider the optimal consumption
strategies problem for a stochastic consumption location. By the max-
imum principle and finite pivot method, we derive the existence and
consistency results of this optimal spatial stochastic consumption prob-
lem.

Keywords: stochastic; optimal strategies; existence; consistency

1 Introduction

In paper [2], the authors considered such a model: in a prescribed region Q of
the Euclidean space Rd, a certain product is sold and all the customers living
in Q have to buy the same quantity of the product. The supply of goods is
sufficient at each location. The customer living at x can purchase the good
at any location and the total costs may vary with the place of consumption.
Assuming that there is a deterministic location to purchase for each consumer,
then the individual strategy of each customer is to minimize the individual
total costs. Moreover, the authors proved that the optimal problem admit a
solution.

In the present paper, we consider the case when the consumption location
is stochastic(i.e. the consumption location of each customer is a random vari-
able). We assume that the distribution of the random variable is known but is
not unique. The distribution family denotes the consumption strategies. This
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means, as for the consumers living at x, there are many consumption strategies
to choose and the optimal problem is to find the strategies which minimizes
the expected costs. The structure of this problem is similar to the classical
optimal transportation problem in [1] and [4].

The organization of this paper is arranged as follows: Section 2 will formu-
late the mathematical model of the optimal consumption strategies problem.
In Section 3, we will study the existence of the optimal strategies and it’s con-
sistency with respect to x, based on the Weierstrass extremum principle and
finite covering theory. The last section presents an example.

2 Problem formulation

In this section, we refer to some concepts and representations of the classical
optimal transport problem. We also assume that the total supply equals the
total demand in Q.

Given a measurable Polish space Q and the customers density µ(x) is as-
sumed to be completely known. c : Q × Q → R is the cost function with
transportation costs and c(x, y) represents the payment of a customer living
at x when he consumes at y. We also assume that c is nonnegative, continuous
and bounded from above.

By the assumption that the distribution family is completely known, the
consumption strategies of consumer living at x is given by

Πx := {πx : πx(y) · µ(x) = π(x, y),∀y ∈ Q, π ∈ Π(µ, ν)} ,∀x ∈ Q (1)

where Π(µ, ν) is a set of probability measures [1] and µ is a probability measure.
We notice that Πx varies with the location x.

Remark 2.1. Notice that πx(y) in (1) can go to infinity, by the boundness
of π(x, y), as µ(x) goes to zero. This means that Πx is not necessarily a special
case of Π(µ, ν). In this paper, we might as well let Πx be a set of probability
measures.

In what follows, the goal of the consumers living at x is to minimize the
expected cost function

F (πx) =

∫
Q

c(x, y)dπx(y). (2)

Then the optimal consumption strategies is the solution of minimization prob-
lem:

inf
πx∈Πx

∫
Q

c(x, y)dπx(y). (3)
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The next section will discuss the existence of optimal strategies and it’s
consistency with respect to x.

3 Optimal strategies

3.1 Existence

The existence means that for each x in Q, problem (3) can reach it’s infimum.
The proof of existence involves the topology of weak convergence[3]. Actually,
the proofs of continuity and compactness are crucial.

Lemma 3.1 (Compactness of consumption strategies). Let Q be a measur-
able Polish space and the consumption strategies of consumers living at x be
defined as (1). If Π(µ, v) is compact for the weak topology, then Πx is compact.

Proof. Π(µ, v) has been proved to be compact in [1]. Given a certain x ∈ Q, for
any sequence {πxn} ⊂ Πx, according to (1), there always exists {πn} ⊂ Π(µ, ν)
such that

πxn(y) · µ(x) = πn(x, y),∀y ∈ Q, n ∈ N.

By the compactness of Π(µ, v), we can find a subsequence of {πn}, denoted by
{πnk
}, converging weakly to some π0 ∈ Π(µ, ν). Namely, ∀ε > 0, ∃N , when

nk > N , we have∣∣∣∣∫
Q×Q

h(x, y)dπnk
(x, y)−

∫
Q×Q

h(x, y)dπ0(x, y)

∣∣∣∣ < ε,∀h ∈ Cb(Q×Q) (4)

where Cb(Q×Q) is the space of bounded continuous functions: Q×Q→ R.
By (4) and the boundness of function h,∫

Q×Q
|dπnk

(x, y)− dπ0(x, y)| < ε.

Moreover, fixed x, we deduce that∫
Q

|dπxnk
(y)− dπx0(y)| < ε

in which πxnk
(y) · µ(x) = πnk

(x, y), πx0(y) · µ(x) = π0(x, y).
then, ∣∣∣∣∫

Q

h(y)dπxnk
(y)−

∫
Q

h(y)dπx0(y)

∣∣∣∣ < ε,∀h ∈ Cb(Q)

where Cb(Q) is the space of bounded continuous functions: Q→ R.
That is πxnk

(y)
w−→ πx0(y).

As a result, Πx is compact for the weak topology.



2802 Hongyan Chai

Lemma 3.2 (Continuity of the expected cost function). Let Q be a mea-
surable Polish space, let function c be nonnegative and continuous. Then
F (πx) =

∫
Q
c(x, y)dπx(y) is continuous among Πx, equipped with the topology

of weak convergence. In other words, for any sequence {πxn} ⊂ Πx converging
weakly to some πx0 ∈ Πx, there holds

lim
n→∞

∫
Q

c(x, y)dπxn(y) =

∫
Q

c(x, y)dπx0(y).

Proof. When fixed a point x ∈ Q, f(y) := c(x, y) is continuous with respect
to y. For any πxn

w−→ πx0 , by the definition of weak convergence,we have

lim
n→∞

∫
Q

f(y)dπxn(y) =

∫
Q

f(y)dπx0(y). (5)

Theorem 3.3 (Existence of an optimal strategy). Let Q be a measurable
Polish space and c be a nonnegative continuous function. Let the consumption
strategies of consumers living at x be defined as (1) where Π(µ, ν) is compact
for the weak topology, then problem (3) admits a solution among all admissible
strategies Πx.

Proof. By Lemma 3.1 and the fact (2) is nonnegative, there exists a sequence
{πxn} ⊂ Πx satisfying

lim
n→∞

F (πxn) = inf
πx∈Πx

∫
Q

c(x, y)dπx(y).

Extracting a subsequence if necessary, we may assume πxn
w−→ πx0 ∈ Πx. So

Lemma 3.2 implies

F (πx0) = lim
n→∞

F (πxn) = inf
πx∈Πx

∫
Q

c(x, y)dπx(y)

Thus πx0 is a minimizer.

3.2 Consistency

Now, it’s time to describe the uniform existence(i.e. the existence result is
consistent with respect to location x). In order to obtain the consistency
result, we must check uniform continuity and uniform compactness w.r.t. x
firstly.

Let f(x, y) = π(x,y)
µ(x)

, in which π ∈ Π(µ, ν). When x is fixed, there hold

f(x, y) = πx(y) where πx ∈ Πx and
∫
Q
df(x, y) = 1. Now, given a sequence

{fn}n∈N, by Lemma 3.1, when x is different, we can extract different subse-
quence {fnk

} ⊂ {fn} and fk such that fnk
(x, y)

w−→ fk(x, y).
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Lemma 3.4 (Uniform compactness). Let Q be a measurable Polish space,
let f be continuous and {fn} be an equicontinuous family, then the compactness
of Πx is consistent with respect to x.

Proof. For every xi ∈ Q, there exist {fki} ⊂ {fn} and f i
(
f i(x, y) = πi(x,y)

µ(x)

)
such that fki(xi, y)

w−→ f i(xi, y), equally, ∀ε > 0, ∃Nxi , when ki > Nxi , we have∣∣∣∣∫
Q

h(y)dfki(xi, y)−
∫
Q

h(y)df i(xi, y)

∣∣∣∣ < ε,∀h ∈ Cb(Q).

{fn} is an equicontinuous family and f i is continuous, so that, ∀ε > 0,
∃δxi , when x ∈

⋃
(xi, δxi), ∀n ∈ N, we have

|fn(x, y)− fn(xi, y)| < ε∣∣f i(x, y)− f i(xi, y)
∣∣ < ε.

(6)

As a result, forming an open cover of Q: Q ⊂
⋃
xi∈Q

⋃
(xi, δxi). Since Q is

compact, ∃{x1, x2, · · · , xn} ⊂ Q such that

Q ⊂
n⋃
i=1

⋃
(xi, δxi) (7)

Let N = max{Nx1 , Nx2 , · · · , Nxn}, so, when ki > N ,∣∣∣∣∫
Q

h(y)dfki(xi, y)−
∫
Q

h(y)df i(xi, y)

∣∣∣∣ < ε,∀h ∈ Cb(Q), i ∈ {1, 2, · · · , n}.

We might suppose that |h| ≤ M1 and
∫
Q
dy = M , then ∀ε > 0, ∃N =

max{Nx1 , Nx2 , · · · , Nxn}, when ki > N , we have∣∣∣∣∫
Q

h(y)dfki(x, y)−
∫
Q

h(y)df i(x, y)

∣∣∣∣
=

∣∣∣∣∫
Q

h(y)dfki(x, y)−
∫
Q

h(y)dfki(xi, y)

∣∣∣∣
+

∣∣∣∣∫
Q

h(y)dfki(xi, y)−
∫
Q

h(y)df i(xi, y)

∣∣∣∣
+

∣∣∣∣∫
Q

h(y)df i(xi, y)−
∫
Q

h(y)df i(x, y)

∣∣∣∣
≤MM1ε+ ε+MM1ε

=(2MM1 + 1)ε,∀h ∈ Cb(Q), i ∈ {1, 2, · · · , n}

(8)
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For any x ∈ Q, we can always find a xi ∈ {x1, x2, · · · , xn} such that x ∈⋃
(xi, δxi), moreover,

fki(x, y)
w−→ f i(x, y). (9)

In summary, the compactness of Πx is consistent with respect to x.

Lemma 3.5 (Uniform continuity). Let Q be a measurable Polish space. Let
f be continuous and {fn} be an equicontinuous family. Let c be nonnegative
continuous and bounded from above. Then the continuity of F (πx) among Πx

is consistent with respect to x.

Proof. By Lemma 3.2, when x = xi, F (πxi) is continuous among Πxi . Namely,
∀πxin

w−→ πxi0 in which πxin, πxi0 ∈ Πxi , we have

lim
n→∞

∫
Q

c(xi, y)dπxin(y) =

∫
Q

c(xi, y)dπxi0(y).

Rewriting the above contents: ∀ε > 0, ∃Nxi , δxi , when ki > Nxi ,∣∣∣∣∫
Q

h(y)dfki(xi, y)−
∫
Q

h(y)df i(xi, y)

∣∣∣∣ < δxi ,∀h ∈ Cb(Q),

then ∣∣∣∣∫
Q

c(xi, y)dfki(xi, y)−
∫
Q

c(xi, y)df i(xi, y)

∣∣∣∣ < ε.

Similar to the deduction of (6), by assumptions, we conclude that ∀ε, δ > 0,
∃ηx, when x ∈

⋃
(xi, ηxi), ∀f ∈ {fki}, there hold

|f(x, y)− f(xi, y)| < δ,∣∣f i(x, y)− f i(xi, y)
∣∣ < δ,

|c(x, y)− c(xi, y)| < ε.

(10)

On these grounds, forming a cover of Q which is the same as (7) in structure,
i.e.

Q ⊂
n⋃
i=1

⋃
(xi, ηxi).

Let δ = min{δx1 , δx2 , · · · , δxn , ε}, we obtain corresponding N
′
x1
, N

′
x2
, · · · , N ′

xn ,

moreover, let N = max{N ′
x1
, N

′
x2
, · · · , N ′

xn}, we see that ∀ε > 0, ∃N, δ(≤ ε),
when ki > N , there holds∣∣∣∣∫

Q

h(y)dfki(xi, y)−
∫
Q

h(y)df i(xi, y)

∣∣∣∣ < δ,∀h ∈ Cb(Q),
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then ∣∣∣∣∫
Q

c(xi, y)dfki(xi, y)−
∫
Q

c(xi, y)df i(xi, y)

∣∣∣∣ < ε, i = 1, 2, · · · , n.

Deduced by (9), when x ∈
⋃

(xi, ηxi),∣∣∣∣∫
Q

h(y)dfki(x, y)−
∫
Q

h(y)df i(x, y)

∣∣∣∣ < MM1δ, ∀h ∈ Cb(Q)

On the other hand, supposing that 0 ≤ c ≤M2, then∣∣∣∣∫
Q

c(x, y)dfki(x, y)−
∫
Q

c(x, y)df i(x, y)

∣∣∣∣
≤
∣∣∣∣∫
Q

c(x, y)dfki(x, y)−
∫
Q

c(xi, y)dfki(x, y)

∣∣∣∣
+

∣∣∣∣∫
Q

c(xi, y)dfki(x, y)−
∫
Q

c(xi, y)dfki(xi, y)

∣∣∣∣
+

∣∣∣∣∫
Q

c(xi, y)dfki(xi, y)−
∫
Q

c(xi, y)df i(xi, y)

∣∣∣∣
+

∣∣∣∣∫
Q

c(xi, y)df i(xi, y)−
∫
Q

c(xi, y)df i(x, y)

∣∣∣∣
+

∣∣∣∣∫
Q

c(xi, y)df i(x, y)−
∫
Q

c(x, y)df i(x, y)

∣∣∣∣ .

(11)

By (10), we deduce∣∣∣∣∫
Q

c(x, y)dfki(x, y)−
∫
Q

c(xi, y)dfki(x, y)

∣∣∣∣ < ε,∣∣∣∣∫
Q

c(xi, y)df i(x, y)−
∫
Q

c(x, y)df i(x, y)

∣∣∣∣ < ε,∣∣∣∣∫
Q

c(xi, y)dfki(x, y)−
∫
Q

c(xi, y)dfki(xi, y)

∣∣∣∣ < MM2δ,∣∣∣∣∫
Q

c(xi, y)df i(xi, y)−
∫
Q

c(xi, y)df i(x, y)

∣∣∣∣ < MM2δ.

(12)

As a result,∣∣∣∣∫
Q

c(x, y)dfki(x, y)−
∫
Q

c(x, y)df i(x, y)

∣∣∣∣ < 2ε+ 2MM2δ + ε ≤ (3 + 2MM2)ε

which concludes the proof.
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Theorem 3.6 (Uniform existence). Let Q be a measurable Polish space. Let
f be continuous and {fn} be an equicontinuous family. Let c be nonnegative
continuous and bounded from above. Then the existence of problem (3) is
consistent with respect to x.

Proof. We know that (2) is nonnegative, then, similar to the proof of Theorem
3.3, based on Lemma 3.4 and Lemma 3.5, we can deduce the consistency w.r.t
x.

4 Example

Let Q be a Polish space in R2, let c(x, y) = |x − y|2, let the consumer distri-
bution µ be restricted to {0} × [−1, 1], and let the consumption locations be
restricted to {−1, 1} × [−1, 1]. Then, when x is fixed at (0, a), we can find an
optimal consumption strategy, i.e. the customers living at (0, a) may purchase
the good at (−1, a) and (1, a) respectively with probability 1

2
. Note that for

every a ∈ (−1, 1), the previous optimal strategy is true.
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