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Abstract

Prediction of market prices is an important and well-researched
problem. While traditional techniques have yielded good results, rooms
for improvement still exists, especially in the ability to explain sud-
den changes in behavior, as a response to shocks. Nonlinear systems
have been successfully used to describe phase transitions in determin-
istic chaotic systems, so the combination of the expressive power of
nonlinear systems and the efficient computation of linear models is an
attractive idea. On such basis, in this work, an hybrid model is proposed
that tunes its regression parameters with the results of nonlinear tools.
Experiments, performed on several stocks in diverse sector and markets,
show interesting performances, confirming as well the presence of dis-
tinct phases in the stock evolution, characterized by distinctly separated
dynamics.
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1 Introduction

Forecasting financial time series is important, not only for the financial profits
that can be achieved, but also on a wider scale, for its potential in support
a timely introduction of measures aimed at prevent financial crises. The sub-
ject of stock price prediction has traditionally attracted research efforts from
different disciplines: econometrics, pattern recognition, signal processing, and
machine learning. All these have had to cope with the uncertainty that char-
acterizes financial time series and is their distinctive feature.

Linear statistical models such as autoregressive integrated moving average
(ARIMA) are based on the stationarity of the log return series, while volatil-
ity models such as generalized autoregressive conditional heteroskedasticity
(GARCH) capture the cases where log returns are uncorrelated but not inde-
pendent [1]. Response to isolated shocks is a point where these models need
improvement.

General nonlinear analysis provides a toolbox of techniques that can be used
to assess properties of time series that can not be described adequately by linear
methods. In particular, they can indicate whether all episodes of a signal show
similar dynamics or there are different portions with diverse characteristics,
also identifying time points at which transitions occurred. Nonlinear methods
can also provide predictions, but we found the results unsatisfactory. Thus, we
devised an hybrid scheme, where the parameters of a linear regression scheme
are tuned on the basis of nonlinear techniques.

Since forecasting prices or return is a very hard task, other related vari-
ables may be predicted with better accuracy. An example is directional pre-
diction, addressing the tendency of prices to perform better (UP) or worse
(DOWN) than the previous time period (ignoring the magnitude of the in-
crease/decrease). The objective in this work is to achieve a good predictor for
the direction that the price will take in the next market period.

The next section briefly discusses related works. Subsequently, in Section
3, fundamentals about the concepts used in this work are recapitulated. The
model is described in Section 4, while the experimental findings are reported
and discussed in Section 5. Finally, Section 6 concludes the paper.

2 Related Work

In the past two decades, a large number of research efforts have focused on
the use of computational intelligence tools to forecast stock market prices [2].
Computational intelligence (CI) methods have been also tried, including artifi-
cial neural networks (ANNs) [3]. For example, the closing price movements of
Kuwait stock exchange have been forecast with an ANN in [4]. Hybrid systems,
combining different CI tools, have also been adopted [5]. Chang et al. used
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ensemble of neural networks and intelligent piecewise linear representation to
determine stock turning points [6].

Lu et al. combined Support Vector Regression with Independent Compo-
nent Analysis for the purpose of financial forecasting in [7]. A trading sys-
tem based on SVR [8] has been recently proposed in [8], where stocks are
grouped according to the performance of a trading model and stocks from
different groups are selected to build a diversified portfolio. Pan et al. [9]
used mixed-frequency independent variables with a proposes a multiple out-
put support vector machine unrestricted mixed data sampling. Okasha [10]
mentions delay-coordinate embedding in the application of SVM. However,
the embedding dimension is chosen by looking at the RMSE of regression.

In contrast with the work mentioned above, the approach proposed here is
based on a prediction of the differences of observation through a linear combi-
nation of a number of previous observation, where this number is estimated by
nonlinear analysis methods. We have attempted at using nonlinear prediction,
with the method of analogues, but the results were unsatisfactory, motivating
us to revert to a linear model tuned with nonlinear tools.

3 Background

Dynamical systems are described by a set of state variables (living in the
phase space) and evolve in time in accordance with a collection of differential
equations. At any given time, the state is all information necessary to tell
what the system will do next. If the state is fully known, the system trajec-
tory, i.e., the sequence of all future states, can be unambiguously determined.
While dynamical systems are purely deterministic, they are able to produce
chaotic behavior, with persistently erratic motion. Small changes in the ini-
tial conditions can determine arbitrarily large variation in the corresponding
trajectories.

In this perspective, stock prices can be viewed as a scalar signal emitted by
a dynamical system, whose state variables and equations are unknown. Since
all we can observe is a time series, we need to find a way to convert observations
into state vectors. The method of delay coordinates is based on vectors of the
form

st = (St, St−τ , . . . , St−(m−1)τ ) (1)

where the m is the embedding dimension and τ is the time lag.
Finite-dimensional attractors can be embedded: the reconstructed attrac-

tor is homeomorphic to the attractor of the original system in the phase space
if the dimension m of the reconstructed space is large enough. Indeed, it is
sufficient that m > 2d, where d is the (unknown) number of degrees of freedom
of the system [11].
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Determining an appropriate value for the time lag is tricky, because even
the properties that the optimal value should have are unclear. Several methods
have been proposed, including the selection of the first zero of the autocorre-
lation function and the study of the Average Mutual Information.

To find a good estimate for the embedding dimension m, a compromise
must be found between the fact that a good embedding in m′ dimensions is
equally good in any m′′ > m′ dimensions and the need to keep redundancy
at a minimum. The technique of False Nearest Neighbors [12] is based on
the observation that the projection of orbits in low-dimensional embedding
spaces may make some points incorrectly appear as near neighbors, while this
phenomenon disappears once the “right” dimension is reached. The technique
proceeds by increasing m one step at a time and measuring the percentage
of points that were nearest neighbors at dimension m− 1 and become are no
longer such at dimension m, stopping when no significant improvement can be
achieved.

A trait of dynamical system that can be exploited for the predictability of
their evolution (better, of the predictability of a signal emitted by them) is the
presence of approximate repetitions in their behavior. Just as periodic sys-
tems, which revisit the same states infinite times, orbits of stationary chaotic
systems return close to the attractor. If the system is observed for a long time,
the trajectory will not depart very much from the region of space previously
covered by itself. The method of analogues [13] basically amounts to looking
in the history of past reconstructed states for states sti that are close to the
current state st, retrieving for each of them the state sti+1 that followed them
in time, and averaging such states to obtain a prediction for st+1.

The return of the trajectory to the neighborhood of a region of the state
space which had been visited before is called a recurrence. A recurrence plot
graphically represents the mutual distances between the reconstructed state
space vectors. Visual inspection reveals patterns where deterministic behavior
is evident (typically, lines parallel to the main diagonal), as well as coinci-
dental closeness (revealed by isolated spots). As a final remark, note that a
stochastic component can be added to the system model as well, viewing it as
a perturbation of the nonlinear dynamics, or vice versa.

4 Model

Let St be the stock value at time t. In our study, we considered a time period
of a single day. Our results can be readily extended to other time periods,
provided that adequate data are available.

Let G denote the first order difference of S. Taking the difference has
the purpose of removing linear trends. At time t, we estimate the unknown
difference Gt with a linear combination Ĝt of the k known differences Gti , i =
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1, 2, ...k:
Ĝt = β1Gt1 + β2Gt2 + ...+ βkGtk , (2)

where ti = t− iψ with ψ be the time step (tipically, a day).
The coefficients β are estimated in order to minimize the residual of the

overdetermined linear system Aβ = g where A is the (r × k) matrix:
Gtr−k

Gtr−k+1
... Gtr−1

Gtr−k−1
Gtr−k

... Gtr−2

Gtr−k−2
Gtr−k−1

... Gtr−3

. . . .
Gtk−1

Gtk ... Gt2 .

 (3)

and the r vector g:
(Gtr , Gtr−1 , ..., Gt1)

T .

As it is known, the coefficients β are the solution of the linear system:

ATAβ = ATg.

Generally, in least squares problems, the matrices A have a bad condi-
tioning number and it can be necessary to use some numerical scheme, for
example QR factorizazion, to improve the conditioning. In our problem, hav-
ing observed that the matrix ATA is not ill-conditioned in practice, we found
no need to resort to any alternative scheme and the system can be solved
directly.

The number of equations r is a crucial parameter for this model. Choosing
a value too small will cause the model to lose its predictive ability, for there
will be insufficient information. On the other hand, a value too large will be
likely to cause the coefficients to reflect all the fluctuations in a long streak of
data, with an undesired averaging effect. Consequently, the choice of a suitable
value for r will need to be based on a careful evaluation. A parameter that
encompasses the notion of a minimal window of data sufficient to provide a
meaningful description of its behavior is the estimation of the optimal time
lag with AMI method. It seemed thus appropriate to use such estimate as an
initial value for r, fine tuning it in the close vicinity.

For circumscribing the analysis to a small range of values for k, an ini-
tial selection was made on the basis of the embedding dimension m, obtained
through the technique of False Nearest Neighbors and we will evaluate the
performance of predictions for k close to m. Although the embedding dimen-
sion and the training window are different notions, both relate to the idea of
a minimal number of elements that are sufficient to produce a description of
the evolution of a time series.

Predictions Ĝ may assume a range of values, some of which are very close
to zero. In such cases, the direction of the prediction can be assumed to
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be uncertain. We consider as significant only the cases when the predicted
variation w.r.t. the previous observation is greater in absolute value than a
predetermined threshold θ, which is determined by empirical analysis, as it
will be better detailed later.

We noticed that rescaling the observations in the interval [0, 1] had no ap-
preciable effects neither on the estimated data nor on the conditioning prop-
erties of the matrix in (3).

In addition, we studied the variation of the number L of valid predictions

L = #{Ĝt||Ĝt| > θ}
in relation to the number k of previous values used for computing a predic-

tion. We first note that, in general, as k grows, the number of valid predictions
L increases. A plausible explanation is that a higher variation is present in
the predictions when k is large. This would also suggest that increasing k too
much would be detrimental for the prediction accuracy α, and later we will
see that this is indeed the case. The accuracy α is defined in the usual way, as
the fraction between the number of correct predictions and the total number
of predictions. We also analyze the effect of k on α, attempting at achieving
a satisfactory balance between L and α. Intuitively, when L rises, α can be
expected to plummet. It is worth studying, then, how to strike a balance be-
tween the conflicting objectives of having a large L and a large α at the same
time.

To express the goodness of a prediction with a single number, we used the
expected value v of a repeated gamble with +1 as reward and -1 as loss at each
step, with probability of winning equal to α, starting with an initial wealth of
zero:

v = L ∗ (2α− 1) (4)

that is equivalent to the number of correct predictions minus the number of
incorrect predictions. This is a very rough approximation, but it is nevertheless
useful insofar as it quantifies the overall prediction performance with a single
number.

5 Experiments

To reduce the risk that experimental results are influenced by spurious factor
bound to specific characteristics of a single stock or market, evaluation was
performed on three stocks in different markets. Stocks were selected in order
to represent a wide spectrum of financial activities, including electricity, oil,
and internet economy. Table 1 details the stocks used in the evaluation.

To obtain good estimates for the time delay τ , we observed the autocorre-
lation function (see Fig. 1). Note the the autocorrelation is slowly-decaying,
and the first zero is reached at time lag 330, a suspiciously large value.
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Table 1: Details of the experimental data
Ticker Description Market N.Observations (NO) From To
TWTR Twitter, Inc. NYSE 922 07/11/2013 07/07/2017
XOM Exxon NYSE 2647 03/01/2007 07/07/2017

ENEL.MI ENEL SpA MI 4094 09/07/2001 07/07/2017
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Figure 1: Autocorrelation for TWTR

We then moved to compute the average mutual information. The time
lag estimates with this methods yielded lower values, more consistent with
our intended use to obtain an estimate for the size of the training window.
Observing Fig. 2 one can notice that the first plateau is reached at t = 22 for
TWTR. The obtained values for the other stocks are reported in table 2.

Table 2: Time delay τ (estimated with AMI) and embedding dimension m
(estimated with FNN)

Ticker Time delay Embedding dimension
TWTR 22 5
ENEL.MI 55 6
XOM 78 6

Figure 3 shows the recurrence plot obtained for the three stocks, with the
parameters detailed in Table 2. The color scale on the right of each plot
relates the color to the distance between reconstructed state space vectors:
darker colors mean larger distances. Points on the main diagonal are relative
to the distance between a vector and itself.
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Figure 2: Average Mutual Information for TWTR
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Figure 3: Recurrence plots of TWTR, ENEL.MI and XOM stocks

Phases with strong determinism (noticeable from the presence of lines par-
allel to the main diagonal) alternate with more erratic phases in all plots. Tran-
sitions between the two types of phases seem to be synchronized for TWTR
and XOM (first and third plot), whereas for ENEL.MI this synchronization is
less evident, in particular for the middle area.

Tables 3–5 report the values of indices α, L/NO and v for different values
of k and θ for the 3 tickers: ENEL.MI, TWTR and XOM.

For ENEL.MI, the best value for the threshold θ was found to be 0.032
(see Table 3), where an accuracy α of 57.77% was achieved, at k = 5, in a
set of valid predictions comprising 13.36% of the total observations. The best
accuracy, 61.49% was achieved at θ = 0.042, with k = 5, for a set of valid
observations amounting to 7.55% of the total. The largest fraction of valid
observations was 18.00%, for k = 6 and θ = 0.030, i.e., for extreme values
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Table 3: Experimental results (ENEL.MI)
θ α L/NO v

k=4 k=5 k=6 k=4 k=5 k=6 k=4 k=5 k=6
0.0300 0.5551 0.5647 0.5509 0.1109 0.1510 0.1800 50 80 75
0.0310 0.5619 0.5714 0.5519 0.1026 0.1419 0.1695 52 83 72
0.0320 0.5581 0.5777 0.5616 0.0967 0.1336 0.1605 46 85 81
0.0330 0.5663 0.5802 0.5532 0.0884 0.1280 0.1514 48 84 66
0.0340 0.5645 0.5833 0.5508 0.0852 0.1202 0.1419 45 82 59
0.0350 0.5662 0.5875 0.5547 0.0794 0.1131 0.1339 43 81 60
0.0360 0.5659 0.5918 0.5566 0.0760 0.1077 0.1273 41 81 59
0.0370 0.5802 0.5904 0.5653 0.0716 0.1014 0.1197 47 75 64
0.0380 0.5643 0.6005 0.5652 0.0684 0.0960 0.1124 36 79 60
0.0390 0.5639 0.6016 0.5633 0.0650 0.0901 0.1080 34 75 56
0.0400 0.5622 0.6081 0.5664 0.0608 0.0848 0.1031 31 75 56
0.0410 0.5758 0.6104 0.5636 0.0564 0.0796 0.0979 35 72 51
0.0420 0.5888 0.6149 0.5692 0.0523 0.0755 0.0936 38 71 53
0.0430 0.5862 0.6111 0.5706 0.0496 0.0703 0.0882 35 64 51
0.0440 0.5916 0.6101 0.5689 0.0467 0.0677 0.0833 35 61 47
0.0450 0.5843 0.6115 0.5657 0.0435 0.0635 0.0799 30 58 43
0.0460 0.6000 0.6138 0.5701 0.0415 0.0601 0.0767 34 56 44
0.0470 0.5964 0.6009 0.5805 0.0405 0.0557 0.0728 32 46 48
0.0480 0.5921 0.6103 0.5845 0.0371 0.0520 0.0694 28 47 48
0.0490 0.5850 0.6010 0.5978 0.0359 0.0496 0.0674 25 41 54
0.0500 0.5804 0.5969 0.5977 0.0349 0.0479 0.0638 23 38 51

Table 4: Experimental results (TWTR)
θ α L/NO v

k=8 k=9 k=10 k=8 k=9 k=10 k=8 k=9 k=10
0.7000 0.5678 0.5789 0.5621 0.1280 0.1443 0.1659 16 21 19
0.7100 0.5678 0.5833 0.5621 0.1280 0.1432 0.1659 16 22 19
0.7200 0.5726 0.5846 0.5743 0.1269 0.1410 0.1605 17 22 22
0.7300 0.5664 0.5714 0.5804 0.1226 0.1367 0.1551 15 18 23
0.7400 0.5676 0.5680 0.5797 0.1204 0.1356 0.1497 15 17 22
0.7500 0.5688 0.5820 0.5797 0.1182 0.1323 0.1497 15 20 22
0.7600 0.5701 0.5798 0.5746 0.1161 0.1291 0.1453 15 19 20
0.7700 0.5619 0.5847 0.5789 0.1139 0.1280 0.1443 13 20 21
0.7800 0.5577 0.5812 0.5833 0.1128 0.1269 0.1432 12 19 22
0.7900 0.5534 0.5812 0.5802 0.1117 0.1269 0.1421 11 19 21
0.8000 0.5545 0.5841 0.5827 0.1095 0.1226 0.1377 11 19 21
0.8100 0.5545 0.5893 0.5760 0.1095 0.1215 0.1356 11 20 19
0.8200 0.5600 0.5946 0.5760 0.1085 0.1204 0.1356 12 21 19
0.8300 0.5510 0.5833 0.5726 0.1063 0.1171 0.1345 10 18 18
0.8400 0.5579 0.5833 0.5772 0.1030 0.1171 0.1334 11 18 19
0.8500 0.5543 0.5849 0.5738 0.0998 0.1150 0.1323 10 18 18
0.8600 0.5543 0.5849 0.5798 0.0998 0.1150 0.1291 10 18 19
0.8700 0.5393 0.5849 0.5812 0.0965 0.1150 0.1269 7 18 19
0.8800 0.5393 0.5849 0.5877 0.0965 0.1150 0.1236 7 18 20
0.8900 0.5393 0.5849 0.5841 0.0965 0.1150 0.1226 7 18 19
0.9000 0.5455 0.5825 0.5893 0.0954 0.1117 0.1215 8 17 20

of θ and k, corresponding to an accuracy of 55.09%. The results for TWTR
showed that the best value for θ was found to be 0.73 (see Table 4) for k = 10,
with a 58.04% accuracy in 15.51% of valid predictions. The highest fraction of
valid prediction was obtained in a very close vicinity, at k = 10 and θ = 0.71,
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Table 5: Experimental results (XOM)
θ α L/NO v

k=5 k=6 k=7 k=5 k=6 k=7 k=5 k=6 k=7
0.7000 0.5385 0.5344 0.5169 0.0786 0.0933 0.1118 16 17 10
0.7100 0.5323 0.5413 0.5190 0.0759 0.0914 0.1092 13 20 11
0.7200 0.5381 0.5447 0.5213 0.0744 0.0888 0.1065 15 21 12
0.7300 0.5337 0.5482 0.5294 0.0729 0.0861 0.1028 13 22 16
0.7400 0.5401 0.5487 0.5285 0.0706 0.0854 0.0994 15 22 15
0.7500 0.5459 0.5500 0.5276 0.0699 0.0831 0.0960 17 22 14
0.7600 0.5414 0.5540 0.5350 0.0684 0.0805 0.0918 15 23 17
0.7700 0.5449 0.5507 0.5314 0.0672 0.0782 0.0903 16 21 15
0.7800 0.5424 0.5588 0.5385 0.0669 0.0771 0.0884 15 24 18
0.7900 0.5349 0.5707 0.5411 0.0650 0.0748 0.0873 12 28 19
0.8000 0.5329 0.5648 0.5507 0.0631 0.0729 0.0858 11 25 23
0.8100 0.5333 0.5661 0.5495 0.0623 0.0714 0.0839 11 25 22
0.8200 0.5409 0.5652 0.5550 0.0601 0.0695 0.0824 13 24 24
0.8300 0.5425 0.5667 0.5687 0.0578 0.0680 0.0797 13 24 29
0.8400 0.5405 0.5723 0.5680 0.0559 0.0654 0.0778 12 25 28
0.8500 0.5417 0.5689 0.5578 0.0544 0.0631 0.0752 12 23 23
0.8600 0.5474 0.5687 0.5699 0.0518 0.0604 0.0729 13 22 27
0.8700 0.5448 0.5732 0.5684 0.0506 0.0593 0.0718 12 23 26
0.8800 0.5448 0.5714 0.5622 0.0506 0.0582 0.0699 12 22 23
0.8900 0.5455 0.5629 0.5506 0.0499 0.0570 0.0672 12 19 18
0.9000 0.5556 0.5524 0.5517 0.0476 0.0540 0.0657 14 15 18

with accuracy declining to 56.21%, whereas the best accuracy (59.46%) was
found at k = 9 and θ = 0.82, with the fraction of valid predictions dropping
to 12.04%. Slightly better results than those for TWTR were obtained with
XOM, where the best θ value was found to be 0.83 (see Table 5) for k = 7,
with an accuracy of 56.87% was reached in a set of valid predictions equaling
7.97% of the total obervations. Similarly to TWTR, the largest fraction of
valid predictions was to be found for a value for θ (0.70) in the low range
and a relatively large k (7), while the best accuracy, 57.14%, was recorded for
θ = 0.87 and k = 6, for a fraction of valid prediction as low as 5.82%.

Compared with ENEL.MI results, the overall performance for TWTR and
XOM was less satisfactory. In addition, the ranges for θ where performance
attained its maximum were found to be noticeably different for ENEL.MI and
the other two tickers. This disparity of behavior suggests that the difference
observed in Fig. 3 is due to deeper reasons that impact on the dynamics of
the systems.

6 Conclusions

In this work, an hybrid model is proposed that tunes its regression parameters
with the results of nonlinear tools. Experiments, performed on several stocks
in diverse sector and markets, show interesting performances, confirming as
well the presence of distinct phases in the stock evolution, characterized by
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distinctly separated dynamics.

Directions for future investigation involve the study of different market
indices and the correlations between them. Prices of stocks belonging to the
same sector evolve in a correlated way. King et al. [14] have studied the
problem of selecting the best performer stock among the ones within a specific
sector, based on a combination of fundamental analysis and historical prices.
Some sectors have been shown to be anticorrelated. We plan to investigate the
possibility of leveraging upon that to improve the accuracy of forecasting.
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