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Abstract

This study incorporates steady magnetohydrodynamic flow of nanofluid
between two concentric circular cylinders with the consideration of heat
generation/absorption effects. The flow is assessed with respect to con-
stant surface temperature (CST) and constant heat flux (CHF) ther-
mal boundary conditions. The governing nonlinear partial differential
equations are reduced to a dimensionless system of ordinary differen-
tial equations by means of suitable similarity transformations whose
solutions are obtained by employing homotopy analysis method. Com-
parison of computed solutions with existing results in the literature are
displayed. The heat and mass transfer characteristics are analyzed for
various values of relevant parameters by demonstrating and discussing
the plots of velocity, temperature and concentration profiles. The nu-
merical values of skin friction coefficient, Nusselt number and Sherwood
number for both the thermal boundary conditions are also computed.
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1 Introduction

The axial motion of a cylinder for stagnation point of fluid flow, heat and mass
transfer occurs in many industrial processes such as cooling processes, clean-
ing of punching instruments, drilling tools and solar industry. On the other
hand, the excessive requirements of energy resources encouraged researchers
to explore the alternative energy resources.

The study of axisymmetric stagnation flow goes back to the poineering work
of Wang [1] who inquired axisymmetric stagnation flow on an infinite cylinder.
Seeking Wang’s idea, an enormous amount of research has been executed on
axisymmetric stagnation flows [2, 3, 4, 5, 6, 7, 8]. Gorla [9] examined outcome
of axisymmetric stagnation flow on a viscous fluid in which the flow is sub-
jected to circular cylinders performing harmonic motion. Hong and Wang [10]
explored annular axisymmetric flow on two cylinders, one being fixed and the
other being moving. The axisymmetric flow of a micropolar nanofluid confined
between two cylinders near a stagnation point was studied by Nadeem et al.
[11]. Hassanien and Salama [12] looked into the steady axisymmetric flow of a
micropolar fluid for a circular infinite cylinder whereas the flow is conducted
in the neighborhood of stagnation point. Lately, Hayat et al. [13] analyzed
thermal radiation effects on magnetohydrodynamic axisymmetric flow with
the existence of convective boundary conditions for third grade fluid in such a
way that the fluid is enclosed between two disks, one disk is squeezed and the
other is fixed. Soid et al. [14] worked numerically on axisymmetric stagnation
flow subjected to stretching/shrinking surface in the presence of second-order
velocity slip. The axisymmetric mixed convection flow of Sisko fluid within
the surroundings of stagnation point past a cylinder was studied by Awais et
al. [15]. Rehman et al. [16] analyzed flow of micropolar fluid placed between
two cylinders near an axisymmetric stagnation point.

Nanoparticles (metal or nonmetal) possessing diameter below 100nm are
the influential elements of nanofluids. A greater extent of industrial and engi-
neering exercises are based on nanofluids as they have higher thermal conduc-
tivities but lesser emissivity and exhibits eminent stability when compared to
other particles. Due to these properties, nanofluids have high utility in elec-
tronic cooling system, heat exchangers and radiators. Choi [17] established
the idea of ”Nanofluid” and described that the addition of metallic nanoparti-
cles in the fluids enhance their thermal conductivities. Since then nanofluids
have been the supreme interest of many researchers. Recently, Rashidi et al.
[18] studied the influence of magnetohydrodynamics while mixing copper oxide
and alumina with base fluid. The flow is bounded between two parallel porous
plates and uniform blowing is involved. Khan et al. [19] made his analysis
on a horizontal cylinder which is in the state of contraction or expansion and
Carreau nanofluid is accounted with the existence of temperature dependent
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thermal conductivity. Yan et al. [20] studied the behavior of SiO2/water
nanofluid and displayed that adding nanoparticles enhance the heat transfer
process which results in better efficiency of the nanofluid in solar collector
field. The investigation on non-Darcy porous enclosure filled with nanofluids
in the presence of double-diffusive natural convection past circular cylinders
was made by Aly [21]. Job and Gunakala [22] analyzed unsteady flow in-
side a horizontal grooved channel that contains SWCNT-water and Au-water
nanofluids with the occurrence of MHD and mixed convection.

The significance of MHD has been explored in different areas of enormous
interest like its utilizations are vastly noticeable in polymer industry and met-
allurgy in which MHD determines cooling and stretching rates yielding desired
products. The advancement of biological and geothermal sciences and differ-
ent technical applications including power generation system, aero- dynamics,
cooling of nuclear reactors magnificently rely on the involvement of MHD. Al-
izadeh et al. [23] observed an infinite stationary cylinder and assessed the
effects of non-uniform normal transpiration on steady viscous flow by employ-
ing uniform transverse magnetic field. Rashidi et al. [24] evaluated mag-
netic field effect on third grade fluid over a sheet which is stretching linearly.
Rehman et al. [25] noted the impact of magnetic field and thermal and solutal
stratification on dual convection flow of Powell-Eyring fluid over a cylindri-
cal surface. The effects of MHD and convective surface heat flux over second
grade fluid subjected to semi infinite stretching sheet was examined by Das et
al. [26]. Afify and Elgazery [27] dedicated their work on Maxwell Nanofluid
past a stretching surface with the influence of heat generation/absorption and
magnetohydrodynamics. Two phase model was taken into account for the in-
spection of uniform magnetic field acting between two circular cylinders by
Sheikholeslami et al. [28].

The aim of this paper is to expand the idea of Mastroberardino [29] for
nanofluid with the introduction of magnetic field. Many domains including
medicine, physics and engineering eminently rely on magneto nanofluids. Some
of the applications include MHD generators, pumps, bearings and boundary
layer control. The resulting magnetic material illustrates both the features
of liquid and magnetic field for magneto nanofluids. In the present study
befitting similarity transformations aids to transform the problem into ordinary
differential equations which are solved by the method of homotopy analysis
method [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40]. Convergence of the solutions
is inspected by presenting h-curves and the graphical behavior of controlling
parameters on the flow is revealed. For further validation, a comparison of our
solutions with the former work is executed.

The layout of the paper is as follows. In the next section, we present
mathematical modeling of the problem by performing heat and mass transfer
analysis. Section III is devoted to the solution of the system by homotopy anal-
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ysis method. The results and discussion on our study of underlying problem
are presented in section IV. Finally, we make conclusions in the last section.

2 Mathematical Modeling

Let us consider laminar, axisymmetirc and incompressible flow of nanofluid
with the introduction of uniform transverse magnetic field. The fluid with
velocity U is injected onto an inner vertical cylinder having radius R from the
outer cylinder with radius

√
bR. The inner cylinder moving with axial velocity

W and angular velocity Ω is surrounded by an outer immobile cylinder. A
schematic interpretation of the problem being inquired here is shown in Figure
1.

Figure 1: Axisymmetric MHD flow of Nanofluid.

The fluid flow is governed by the following continuity and Navier-Stokes
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equations

r
∂w

∂z
+

∂

∂r
(ru) = 0, (1)

u
∂u

∂r
+ w

∂u

∂z
= −1

ρ

∂p

∂r
+ ν

(
∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
− u

r2

)
− σB2

0

ρ
u, (2)

u
∂v

∂r
+ w

∂v

∂z
= ν

(
∂2v

∂r2
+

1

r

∂v

∂r
+
∂2v

∂z2
− v

r2

)
− σB2

0

ρ
v, (3)

u
∂w

∂r
+ w

∂w

∂z
= −1

ρ

∂p

∂z
+ ν

(
∂2w

∂r2
+

1

r

∂w

∂r
+
∂2w

∂z2

)
− σB2

0

ρ
w, (4)

where (u, v, w) represents the velocity field in the cylindrical coordinate system
(r, θ, z), ρ is the density, p stands for the pressure, ν denotes the kinematic
viscosity and B0 is the magnetic field strength.

As the above system consists of partial differential equations, hence intro-
ducing the following transformations yield the ordinary differential equations
required for the solution

u = − U
√
η
f(η), v = ΩRh(η), w = 2Uf ′(η)ξ +Wg(η), η =

r2

R2
, ξ =

z

R
. (5)

Eq. (1) is then identically satisfied and after using Eq. (5) into Eqs. (2)-(4),
the governing equations take the following form

ηf iv + 2f ′′′ +Re[ff ′′′ − f ′f ′′]−Mf ′ = 0, 1 < η < b (6)

ηg′′ + g′ +Re[fg′ − f ′g]−Mg = 0, 1 < η < b (7)

4ηh′′ + 4h′ − h

η
+ Re4fh′ − 4Mh = 0, 1 < η < b (8)

with no slip conditions on the inner cylinder

f(1) = 0, f ′(1) = 0, g(1) = 1, h(1) = 1, (9)

and from uniform injection on the outer cylinder, we have

f(b) =
√
b, f ′(b) = 0, g(b) = 0, h(b) = 0, (10)

where M is the magnetic parameter, Re denotes the Reynolds number and are
given as follows,

M =
σB2

0R
2

4νρ
, Re =

UR

2ν
.

The radius of the inner cylinder is 1 while the radius of the outer cylinder is
fixed at b.
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2.1 Heat Transfer Analysis

Pursuing [41], the thermal boundary layer for nanofluid is established and
the effects of heat generation/absorbtion are also taken into account. The
governing thermal boundary-layer equation is given as

u
∂T

∂r
+ w

∂T

∂z
= α

(
∂2T

∂r2
+

1

r

∂T

∂r
+
∂2T

∂z2

)
+

τ

[
DB

(
∂C
∂r

∂T
∂r

+ ∂C
∂z

∂T
∂z

)
+DT

T∞

[(
∂T
∂r

)2
+
(
∂T
∂z

)2] ]
+

Q

ρCp
(T − T0) , (11)

in which T stands for the temperature of the fluid, α indicates the thermal
diffusivity, DB is the Brownian diffusion coefficient, DT represents the ther-
mophoresis diffusion coefficient, T∞ indicates the ambient temperature, Q is
the dimensional heat absorption/generation coefficient and Cp is symbolized
for specific heat.

As there is a lot of contrast between the temperature distribution for the
case of constant surface temperature (CST) and constant heat flux (CHF),
therefore we examine our solution for both the boundary conditions. Let us
first consider the case of CST, for which the thermal boundary conditions are
written as

T = Ti, r = R,

T = T0, r =
√
bR, (12)

where Ti and To denote the temperatures of the inner and outer cylinders,
respectively.

After employing the transformation

θ =
T − To
Ti − To

(13)

into Eq. (11), thermal boundary layer equation then takes the form

ηθ′′ + θ′ + Pr
[
Refθ′ + η

(
Nbθ′φ′ +Ntθ′2

)
+ δθ

]
= 0, 1 < η < b (14)

with the boundary conditions

θ(1) = 1, θ(b) = 0, (15)

where Pr is the Prandtl number, Nb represents the Brownian motion param-
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eter, Nt is the thermophoresis parameter, δ represents the heat generation
(δ > 0) and absorption (δ < 0) parameter and are expressed as,

Pr =
ν

α
, Nb =

τDB(Ci − C0)

ν
, Nt =

τDT (Ti − T0)
νT∞

, δ =
Q0R

2

4νρCp

The Nusselt number is defined to be

Nu =
2Rqw

k(Ti − T0)
, (16)

qw = −k
[
∂T

∂r

]
r=R

= −2k

R
(Ti − To)θ′(1), (17)

where qw is the heat flux and k stands for thermal conductivity.

Using Eq. (17), the Nusselt number is determined as

Nu = −4θ′(1). (18)

Considering the case of constant heat flux (CHF) at inner cylinder, the follow-
ing thermal boundary conditions are taken into account

∂T

∂r
= −qw

k
, r = R, (19)

T = To, r =
√
bR. (20)

The transformation for this case is

θ =
T − T0(
qwR
2k

) (21)

After substituting Eq. (21) and Eq (5) into Eq. (11), the following equation is
acquired

ηθ′′ + θ′ + Pr
[
Refθ′ + η

(
Nbθ′φ′ +Ntθ′2

)
+ δθ

]
= 0, 1 < η < b (22)

with the boundary conditions

θ′(1) = −1, θ(b) = 0, (23)

The Nusselt number for the CHF case is attained as

Nu =
4

θ (1)
, (24)
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2.2 Mass Transfer Analysis

The corresponding boundary layer equation for nanofluid is stated as

u
∂C

∂r
+ w

∂C

∂z
= DB

(
∂2C

∂r2
+

1

r

∂C

∂r
+
∂2C
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+
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(
∂2T

∂r2
+

1

r

∂T

∂r
+
∂2T

∂z2

)
,

(25)
with respect to the boundary conditions for the CST case

C = Ci, r = R,

C = C0, r =
√
bR, (26)

where C represents the concentration of the fluid, Ci is the concentration of
the inner cylinder and C0 denotes the concentration of the outer cylinder.

Application of the following similarity transformation

φ =
C − C0

Ci − C0

(27)

reduces Eq. (25) into the form

ηφ′′ + φ′ + LeRefφ′ +
Nt

Nb
(ηθ′′ + θ′) = 0, (28)

in which Le is the Lewis number defined as

Le =
ν

DB

,

and the boundary conditions become

φ(1) = 1, φ(b) = 0, (29)

The Sherwood number is noted to be as follows

Sh =
2Rqm

DB(Ci − C0)
, (30)

qm = −DB

[
∂C

∂r

]
r=R

= −2DB

R
(Ci − Co)φ′(1), (31)

where qm is the mass flux.
The Sherwood number after substituting Eq. (31) becomes

Sh = −4φ′ (1) , (32)

Now considering the case of CHF at inner cylinder, the boundary conditions
change to the following form

∂C

∂r
= − qm

DB

, r = R, (33)

C = Co, r =
√
bR. (34)



Axisymmetric magnetohydrodynamic flow of nanofluid 2067

The corresponding similarity transformation is expressed as

φ =
C − C0(
qmR
2DB

) , (35)

Utilizing the above transformation (35), the boundary layer equation is re-
formed as

ηφ′′ + φ′ + LeRefφ′ +
Nt

Nb
(ηθ′′ + θ′) = 0, (36)

under the boundary conditions

φ′(1) = −1, φ(b) = 0, (37)

The Sherwood number for the CHF case is given as follows

Sh =
4

φ (1)
. (38)

3 Homotopy Analysis Method

In order to use the homotopy analysis method for the boundary value problems
for f(η), g(η), h(η), θ(η) and φ(η) in the CST and CHF case, the linear
operators are selected as

Lf (f) =
d4f

dη4
, Lg(f) = Lh(f) = Lθ(f) =

d2f

dη2
,

Lf [c1η3 + c2η
2 + c3η + c4] = 0, Lg[c5η + c6] = 0, Lh[c7η + c8] = 0,

Lθ[c9η + c10] = 0, Lφ[c11η + c12] = 0,


(39)

in which ci for i = 1 . . . 12 represent the constants of integration. Based on the
boundary value problem, the following initial guesses are acquired

f0(η) =
3
√
b

(b− 1)2
(η − 1)2 − 2

√
b

(b− 1)3
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(
η − 1
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)
,
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(
η − 1
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)
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(
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)
, for CST,

θ0(η) = b− η, for CHF, φ0(η) = 1−
(
η − 1

b− 1

)
, for CST,

φ0(η) = b− η, for CHF.


(40)
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The nonlinear operators are given as follows

Nf [F (η, q)] = η
∂4F

∂η4
+ 2

∂3F

∂η3
+Re

(
F
∂3F

∂η3
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∂η

∂2F

∂η2

)
−M ∂F

∂η
, (41)
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∂2G

∂η2
+
∂G

∂η
+Re

(
F
∂G

∂η
− ∂F

∂η
G

)
−MG, (42)

Nh [H(η, q), F (η, q)] = 4η
∂2H

∂η2
+ 4

∂H

∂η
− H

η
+Re

(
4F

∂H

∂η

)
− 4MH, (43)

Nθ [Θ(η, q), F (η, q)] = η
∂2Θ

∂η2
+
∂Θ

∂η
+ Pr

(
ReF

∂Θ

∂η
+ η

(
Nb

∂Θ

∂η

∂Φ

∂η
+Nt

∂Θ

∂η

2)
+ δΘ

)
,(44)

Nφ [Φ(η, q), F (η, q)] = η
∂2Φ

∂η2
+
∂Φ

∂η
+ LeReF

∂Φ

∂η
+
Nt

Nb

(
η
∂2Θ

∂η2
+
∂Θ

∂η

)
, (45)

The zeroth-order deformation equations are presented as

(1− q)Lf [F (η, q)− f0(η)] = qh̄fNf [F (η, q)] , (46)

(1− q)Lg [G(η, q)− g0(η)] = qh̄gNg [G(η, q), F (η, q)] , (47)

(1− q)Lh [H(η, q)− h0(η)] = qh̄hNh [H(η, q), F (η, q)] , (48)

(1− q)Lθ [Θ(η, q)− θ0(η)] = qh̄θNθ [Θ(η, q), F (η, q)] , (49)

(1− q)Lφ [Φ(η, q)− φ0(η)] = qh̄φNφ [Φ(η, q), F (η, q)] , (50)

The corresponding boundary conditions are

F (1, q) = 0,
∂F

∂η
(1, q) = 0, F (b, q) =

√
b,

∂F

∂η
(b, q) = 0, (51)

G(1, q) = 1, G(b, q) = 0, (52)

H(1, q) = 1, H(b, q) = 0, (53)

Θ(1, q) = 1, Θ(b, q) = 0, for CST, (54)

∂Θ

∂η
(1, q) = −1, Θ(b, q) = 0, for CHF, (55)

Φ(1, q) = 1, Φ(b, q) = 0, for CST, (56)

∂Φ

∂η
(1, q) = −1, Φ(b, q) = 0, for CHF. (57)

where q ∈ [0, 1] is specified for embedding parameter, and h̄f , h̄g, h̄h, h̄θ and
h̄φ represents the convergence-control parameters. If q = 0 and q = 1, then we
can write

F (η, 0) = f0(η), F (η, 1) = f(η), G(η, 0) = g0(η), G(η, 1) = g(η),

H(η, 0) = h0(η), H(η, 1) = h(η), Θ(η, 0) = θ0(η), Θ(η, 1) = θ(η),

Φ(η, 0) = φ0(η), Φ(η, 1) = φ(η).


(58)

F (η, q) G(η, q), H(η, q), Θ(η, q) and Φ(η, q) change from the initial guesses
presented in Eq. (40) to the required solutions f(η), g(η), h(η), θ(η) and φ(η)
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with the variation of q from 0 to 1. Let us assume that the convergence control
parameters are suitably selected so that the Maclaurin series expansions for
F (η, q) G(η, q), H(η, q), Θ(η, q) and Φ(η, q) with respect to q converge at q = 1,
then we have

f(η) = f0(η) +
∞∑
m=1

fm(η), g(η) = g0(η) +
∞∑
m=1

gm(η),

h(η) = h0(η) +
∞∑
m=1

hm(η), θ(η) = θ0(η) +
∞∑
m=1

θm(η),

φ(η) = φ0(η) +
∞∑
m=1

φm(η).


(59)

The mth-order deformation equations determined after differentiating Eqs. (46)-
(50) m times corresponding to the embedding parameter q, dividing by m!,
and adjusting q = 0, are given as follows

Lf [fm(η)− χmfm−1(η)] = h̄fR
f
m(η), Lg [gm(η)− χmgm−1(η)] = h̄gR

g
m(η),

Lh [hm(η)− χmhm−1(η)] = h̄hR
h
m(η), Lθ [θm(η)− χmθm−1(η)] = h̄θR

θ
m(η),

Lφ [φm(η)− χmφm−1(η)] = h̄φR
φ
m(η),


(60)

under the boundary conditions

fm(1) = 0, f ′m(1) = 0, fm(b) = 0, f ′m(b) = 0,

gm(1) = 0, gm(b) = 0, hm(1) = 0, hm(b) = 0,

θm(1) = 0, θm(b) = 0, for CST, θ′m(1) = 0, θm(b) = 0, for CHF,

φm(1) = 0, φm(b) = 0, for CST, φ′m(1) = 0, φm(b) = 0, for CHF,


(61)
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where

Rf
m(η) = ηf ivm−1 + 2f ′′′m−1 +Re

[
m−1∑
i=0

fif
′′′
m−1−i −

m−1∑
i=0

f ′if
′′
m−1−i

]
−Mf ′m−1,

Rg
m(η) = ηg′′m−1 + g′m−1 +Re

[
m−1∑
i=0

fig
′
m−1−i −

m−1∑
i=0

f ′igm−1−i

]
−Mgm−1,

Rh
m(η) = 4ηh′′m−1 + 4h′m−1 −

hm−1
η

+Re

[
4
m−1∑
i=0

fih
′
m−1−i

]
− 4Mhm−1,

Rθ
m(η) = ηθ′′m−1 + θ′m−1 + Pr(Re

m−1∑
i=0

fiΘ
′
m−1−i+

η

[
Nb

m−1∑
i=0

Θ′iΦ
′
m−1−i +Nt

m−1∑
i=0

Θ′iΘ
′
m−1−i

]
+ δΘ′m−1),

Rφ
m(η) = ηφ′′m−1 + φ′m−1 + LeRe

m−1∑
i=0

fiφ
′
m−1−i +

Nt

Nb

[
ηΘ′′m−1 + Θ′m−1

]
,


(62)

and

χm =

{
0, m ≤ 1,

1, m > 1
(63)

Note that Eq. (60) consists of linear nonhomogeneous differential equations.
Employing the initial guesses in Eq. (40), fm(η), gm(η), hm(η), θm(η) and
φm(η) for m ≥ 1 are achieved after solving Eqs. (60) and (61) by iterations
and with symbolic computational software. After performing a fixed number
of iterations N , the procedure is terminated and the approximate analytical
solutions are obtained in the following form

f(η) ≈ f̂N(η) =
N∑
m=0

fm(η), (η) ≈ ĝN(η) =
N∑
m=0

gm(η),

h(η) ≈ ĥN(η) =
N∑
m=0

hm(η), θ(η) ≈ θ̂N(η) =
N∑
m=0

θm(η)

φ(η) ≈ φ̂N(η) =
N∑
m=0

φm(η)


(64)

In the section below we will discuss the results and their significance.
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Figure 2: h̄-curves for f ′′(1) when b = 2.

4 Results and Discussion

Figure 2 shows the convergence of the HAM solution in Eq. (64) which depends
on the convergence-control parameters h̄f , h̄g, h̄h, h̄θ and h̄φ. To obtain the
appropriate values, we analyze h̄−curves for each of the convergence–control
parameters and the range of admissible values is determined by the flat portion
of these i.e., h̄ curves (see [30] for more details). Figure 2 shows this concept via
h̄− curve for f ′′(1) for the 20th–order approximation. The range of admissible
values is contained in the interval [−1, 0] for all values of Re number used here.
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Order of
approximation

f ′′(1) f ′′′(1) g′(1) h′(1)

1 11.20417531093 -32.58493141924 -2.02881060548 -1.66816752895
5 11.79869128788 -41.82660132671 -2.15104022000 -1.91755260575
10 11.80213689926 -41.94223385460 -2.15068323030 -1.92217797824
15 11.80214535520 -41.94260963651 -2.15070270673 -1.92221747825
20 11.80214536679 -41.94261075173 -2.15070250117 -1.92221784438
23 11.80214536686 -41.94261075479 -2.15070250397 -1.92221784768
25 11.80214536686 -41.94261075488 -2.15070250381 -1.92221784787
27 11.80214536686 -41.94261075489 -2.15070250379 -1.92221784789
28 11.80214536686 -41.94261075489 -2.15070250378 -1.92221784790
30 11.80214536686 -41.94261075489 -2.15070250378 -1.92221784790
35 11.80214536686 -41.94261075489 -2.15070250378 -1.92221784790
40 11.80214536686 -41.94261075489 -2.15070250378 -1.92221784790
45 11.80214536686 -41.94261075489 -2.15070250378 -1.92221784790
50 11.80214536686 -41.94261075489 -2.15070250378 -1.92221784790

Table 1: Convergence of HAM solution when Re = 1.0, b = 2, M = 1,
Pr = 0.7, δ = 0.3, Nb = 0.1, Nt = 0.1, and Le = 1.2.

Order of
approximation

θ′(1) (CST) θ(1) (CHF) φ′(1) (CST) φ(1) (CHF)

1 -1.33961136350 0.70890454557 -1.87819090886 0.24726493526
5 -1.40908873636 0.69119898862 -1.69813751126 0.60462183387
10 -1.40959822729 0.69119899554 -1.69331993094 0.60373136425
15 -1.40959971143 0.69119929567 -1.69329602036 0.60373533606
20 -1.40959972631 0.69119929618 -1.69329590673 0.60373535732
23 -1.40959972632 0.69119929618 -1.69329590602 0.60373535752
25 -1.40959972632 0.69119929618 -1.69329590601 0.60373535753
30 -1.40959972632 0.69119929618 -1.69329590601 0.60373535753
35 -1.40959972632 0.69119929618 -1.69329590601 0.60373535753
40 -1.40959972632 0.69119929618 -1.69329590601 0.60373535753
45 -1.40959972632 0.69119929618 -1.69329590601 0.60373535753
50 -1.40959972632 0.69119929618 -1.69329590601 0.60373535753

Table 2: Convergence of HAM solution when Re = 1.0, b = 2, M = 1,
Pr = 0.7, δ = 0.3, Nb = 0.1, Nt = 0.1, and Le = 1.2.

Table 1 and 2 shows the convergence of HAM solution by listing values of
the boundary derivatives for various order of approximation. Evaluating the
boundary derivatives for velocity field plays an important role in computing
the physical quantities e.g. stresses in the angular and longitudinal directions,
torque and drag force on the inner cylinder.
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f ′′(1)
Re Numerical [10] Small Re [10] Mastroberardino [29]Present Results
0.1 11.0010 11.001 11.001021 11.001021358
1 11.6772 11.684 11.677198 11.677198161
10 17.5348 18.519 17.534770 17.534769567

f ′′′(1)
Re Numerical [10] Small Re [10] Mastroberardino [29]Present Results
0.1 -36.1443 -36.143 -36.144342 -36.144341568
1 -41.0797 -41.000 -41.079730 -41.079730263
10 -93.5670 -89.565 -93.567041 -93.567041029

g′(1)
Re Numerical [10] Small Re [10] Mastroberardino [29]Present Results
0.1 -1.4963 -1.496 -1.496251 -1.496250940
1 -1.9309 -1.984 -1.930938 -1.930937613
10 -4.3856 NA -4.385616 -4.385616292

h′(1)
Re Numerical [10] Small Re [10] Mastroberardino [29]Present Results
0.1 -1.5151 -1.515 -1.515126 -1.517686395
1 -1.6554 -1.650 -1.655448 -1.678998815
10 -3.0517 -3.007 -3.051717 -3.136471827

Table 3: Comparison of the boundary derivatives when b = 2, M = 0.

Table 3 shows the comparison of the boundary derivatives of the HAM
solutions with numerical solution, and perturbative solution of [10] for vari-
ous values of the Reynolds number. In addition to this we also compare our
solution with [29]. This comparison concludes that HAM solutions yields a
considerable improvement as compare to the numerical solutions for Re� 10.
Note that HAM solution shows much better improvement when compared
with the perturbation solutions. An increase in the Reynolds number shows
an increase in both drag and torque experienced by the inner cylinder.
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θ′(1) (CST) θ(1) (CHF)

Pr Re Mastroberardino [29] Hong & Wang
[10]

Present results Mastroberardino [29] Present results

0.7 0.1 -1.455357 -1.57 -1.455357286 0.687116 0.687116497
1 -1.571248 -1.57 -1.571247722 0.636437 0.636436881
10 -2.715369 -1.59 -2.715368843 0.368274 0.368274094

1 0.1 -1.460779 -1.460779153 0.684566 0.684566177
1 -1.625612 -1.625611565 0.615153 0.615153104
10 -3.105452 -3.105452179 0.322014 0.322014297

7 0.1 -1.568453 -2.52 -1.568452841 0.637571 0.637570971
1 -2.545658 -2.545 -2.545658714 0.392826 0.392825635
10 -6.31253 -2.715 -6.23 0.15842 0.158415063

Table 4: Thermal boundary values for b = 2, M = δ = Nb = Nt = Le = 0.

In Table 4, we record the thermal boundary values for constant surface
temperature and constant heat flux boundary conditions. Here we compare
our results with numerically computed solutions of [10] and HAM solution of
[29]. As reported in [29] for smaller Re there is promising agreement whereas
for Re = 0.1 and Re = 10 the HAM solutions and numerical solutions do not
show good agreement. Our comparison with [29] shows rather more digits of
accuracy. The difference between the numerically computed solution and HAM
solutions might be because of the computational error which is not confirmed.
Our study is consistent with [29] which states that increases in both Re and
Pr increase the Nusselt number in the CST case, as contrary to [10] which
states that Re number has minimal effect on heat transfer process.

Re M f ′′(1) f ′′′(1) g′(1) h′(1)
0.1 1 11.126013441 -36.981630054 -1.756132545 -1.776917142
1 11.802145367 -41.942610755 -2.150702504 -1.922217848
5 14.615403785 -65.002167475 -3.413323481 -2.570917837
1 0 11.677198161 -41.079730263 -1.930937613 -1.678998815

0.5 11.739621245 -41.510569404 -2.042670416 -1.802978527
1 11.802145367 -41.942610755 -2.150702504 -1.922217848
1.5 11.864770323 -42.375853771 -2.255305154 -2.037104191

Table 5: boundary values for b = 2.

Table 5 is constructed to observe the impact ofRe andM on f ′′(1), f ′′′(1), g′(1)
and h′(1). It is clear from the table that increment of both Re and M have an
increasing effect on f ′′(1), f ′′′(1), g′(1) and h′(1).



Axisymmetric magnetohydrodynamic flow of nanofluid 2075

The influence of dominant parameters on Nusselt number for both CST
and CHF case is presented in Table 6. The Nusselt number for the CST case
is an increasing function of Re and M and the opposite behavior is observed for
Pr,Nb,Nt, δ and Le. While for the case of CHF Nusselt number is decreasing
function of Re,M, Pr and Le and an increasing function of Nb,Nt and δ.

Re M Pr Nb Nt δ Le θ′(1) (CST) θ(1) (CHF)
0.1 1 0.7 0.1 0.1 0.3 1.2 -1.297543530 0.753007945
1 -1.409599726 0.691199296
5 -1.919629724 0.502745154
1 1 -1.409599726 0.691199296

2 -1.410118226 0.690936352
3 -1.410636974 0.690673480
1 0.7 -1.409599726 0.691199296

1 -1.395583276 0.690342611
2 -1.349144132 0.687721011
0.7 0.2 -1.356220940 0.707297245

0.4 -1.253682177 0.741007940
0.6 -1.156712183 0.776859959
0.1 0.2 -1.360347825 0.708365600

0.4 -1.265483138 0.744649385
0.6 -1.175403631 0.783766814
0.1 0.5 -1.372012059 0.709689427

1 -1.275955557 0.761781506
2 -1.074163505 0.900802918
0.3 0.5 -1.412010234 0.691733903

2 -1.407059595 0.690658115
3 -1.404208850 0.690068265

Table 6: Thermal boundary values for b = 2.
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Re M Pr Nb Nt δ Le Φ′(1) (CST) Φ(1) (CHF)
0.1 1 0.7 0.1 0.1 0.3 1.2 -1.609271129 0.624016378
1 -1.693295906 0.603735358
5 -2.102252380 0.491900957
1 1 -1.693295906 0.603735358

2 -1.693709206 0.603625164
3 -1.694122712 0.603514871
1 0.7 -1.693295906 0.603735357

1 -1.706409661 0.604659938
2 -1.750153029 0.607345824
0.7 0.2 -1.703851582 0.595834872

0.4 -1.708105139 0.591565132
0.6 -1.708622780 0.589840658
0.1 0.2 -1.820058004 0.576971595

0.4 -2.347394907 0.429843932
0.6 -3.216846074 0.145660956
0.1 0.5 -1.729822721 0.588157044

1 -1.823158465 0.544272664
2 -2.019191285 0.427177605
0.3 0.5 -1.564803033 0.653033384

2 -1.836009253 0.556972861
3 -2.006608858 0.509678910

Table 7: Thermal boundary values for b = 2.

Table 7 is displayed to note the behavior of Sherwood number for the
controlling parameters. The values of Sherwood number enhance when large
values are assigned to all the parameters involved in the case of CST but this
is not the same for CHF. The increased values of Re,M,Nb,Nt, δ and Le
minimize the values of Sherwood number for the case of CHF whereas Pr
seems to have opposite influence on the Sherwood number as compared to the
other parameters.

Influence of magnetic parameter M on the similarity functions f, g and h
computed by the homotopy analysis method, is shown in Figures 3-5, respec-
tively. In Figure 3, we see that similarity function f increases as the magnetic
parameter M increases when other relevant parameters are held constant. Sim-
ilarity functions g and h decrease as magnetic parameter increases as depicted
in Figures 4 and 5 when b = 2 and Re = 1. Boundary layer thickness for the
functions g and h decreases as the magnetic parameter increases. Moreover
the effect of M on the functions g and h is more profound than the function
f .
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Figure 3: HAM solution for f(η).

Figure 4: HAM solution for g(η). Figure 5: HAM solution for h(η).

Effect of varying the dimensionless Reynolds number Re and Prandtl num-
ber Pr on fluid temperature θ(η) in case of constant surface temperature (CST)
is displayed in Figures 6 and 7, respectively.

Figure 6: HAM solution for Θ(η) in
CST case.

Figure 7: HAM solution for Θ(η) in
CST case.

From Figure 6 we observe that the fluid temperature decreases as the
Reynolds number increases when other parameters are held fixed. This is
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due to the fact that increase in Reynolds number is to reduce the depth of dif-
fusion of the thermal boundary layer which enhances the rate of heat transfer.
In Figure 7, it is seen that the fluid temperature decreases as the dimensionless
Prandtl number Pr increases. Indeed the Prandtl number signifies the ratio
of momentum diffusivity to thermal diffusivity which if increased reduces the
thermal boundary layer thickness that eventually causes a decrease in fluid
temperature. Further, effect of Reynolds number on θ(η) is profound as com-
pared to the Prandtl number.

Figure 8: HAM solution for Θ(η) in CST case.

Figure 8 presents the influence of heat generation or absorption parameter δ
on fluid temperature θ(η) in case of constant surface temperature. We observe
that the fluid temperature increases as the parameter δ increases when other
parameters are kept constant. Physically, the presence of heat generation
effects has the tendency to increase the fluid temperature, causing the thermal
boundary layer thickness to increase, while the heat absorption has the effect of
decreasing the fluid temperature and the thermal boundary thickness becomes
thinner with increase in the heat absorption.

Figure 9: HAM solution for Θ(η) in
CST case.

Figure 10: HAM solution for Θ(η)
in CST case.

Fluid temperature θ(η) is plotted for the Brownian motion parameter Nb
and thermophoresis parameter Nt in the Figures 9 and 10, respectively for con-
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stant surface temperature case whereby we observe that the fluid temperature
increases as the Brownian motion and thermophoresis parameter increase.

Figure 11: HAM solution for Θ(η)
in CHF case.

Figure 12: HAM solution for Θ(η)
in CHF case.

Influence of the Reynolds number Re and Prandtl number Pr on fluid tem-
perature θ(η) in case of constant heat flux (CHF) case when other parameters
are held constant is presented in Figures 11 and 12, respectively. As expected,
fluid temperature decreases as the Reynolds and Prandtl number increase.

Figure 13: HAM solution for Θ(η) in CST case.

Figure 13 depicts that the fluid temperature θ(η) increases as the heat
generation and absorption parameter δ increases for the CHF case. Further,
boundary layer thickness increases as the parameter δ increases.

Figures 14 and 15 illustrate the effects of Brownian motion parameter Nb
and thermophoresis parameter Nt on dimensional temperature θ(η) for con-
stant heat flux. When the parameter Nb increases, random motion of the
nanoparticles increases. Consequently collisions of nanoparticles increase with
each other and kinetic energy is converted to heat energy. Hence θ(η) profile
increases with an increase in Nb as shown in Figure 14. The behavior of the
thermophoresis parameter Nt on fluid temperature as shown in Figure 15 is
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Figure 14: HAM solution for Θ(η)
in CHF case.

Figure 15: HAM solution for Θ(η)
in CHF case.

similar to that of Brownian motion parameter Nb. Further, it is observed that
the boundary layer thickness increases as the parameters Nb and Nt increase.

Figure 16: HAM solution for Φ(η)
in CST case.

Figure 17: HAM solution for Φ(η)
in CST case.

Effect of the Reynolds number Re and Lewis number Le on dimensionless
nanoparticle concentration profile φ(η) for constant surface temperature case
is shown in Figures 16 and 17. It is observed that the nanoparticles volume
fraction φ(η) decreases with the increase in Reynolds and Lewis numbers when
other parameters are kept constant.

Figures 18 and 19 reveal that as the Brownian motion parameter Nb and
thermophoresis parameter Nt increase, the nanoparticles volume fraction φ(η)
decreases for constant surface temperature case.
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Figure 18: HAM solution for Φ(η)
in CST case.

Figure 19: HAM solution for Φ(η)
in CST case.

Figure 20: HAM solution for Φ(η)
in CHF case.

Figure 21: HAM solution for Φ(η)
in CHF case.

Figure 22: HAM solution for Φ(η)
in CHF case.

Figure 23: HAM solution for Φ(η)
in CHF case.

Figures 20-23 show the influence of Reynolds number Re, Lewis number
Le, Brownian motion parameter Nb and thermophoresis parameter Nt on
the concentration profile φ(η), respectively for the case of constant heat flux
(CHF). In these figures, we observe that φ(η) decreases with increase in the
parameters Re, Le, Nb and Nt.
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5 Conclusion

We have investigated analytically the steady, incompressible, MHD laminar
stagnation point flow and heat transfer of a Nanofluid between two circular
cylinders with heat generation and absorption effect for two different types
of thermal boundary conditions, namely, a constant surface temperature and
a constant heat flux. The solutions obtained using HAM are compared with
the existing literature. We have presented figures of the velocity and temper-
ature profiles for different values of the governing parameters and tables of
the relevant boundary derivatives. Below we summarize the key points of our
study:

1. f(η) increases by increasing magnetic parameter M while opposite trend
is noted for h(η) and g(η).

2. Effect of Reynolds number is to decrease Nanofluid temperature for both
CST and CHF cases.

3. Fluid temperature increases by increasing heat generation/absorption
parameter with more profound effect in case of CHF as compared to
CST.

4. Influence of Thermophoresis and Brownian motion parameters is to en-
hance Nanofluid temperature for CST and CHF cases.

5. Nanofluid particles concentration decreases by increasing Lewis number,
Reynolds number, Thermophoresis and Brownian motion parameter for
CST as well as CHF cases when other parameters are held fixed.

6. Local Nusselt number increases by increasing Reynolds number and mag-
netic parameter whereas opposite effect are observed for Prandtl number,
Brownian motion parameter, thermophoresis parameter, heat genera-
tion/absorption parameter and Lewis number for CST case and decreases
by increasing Reynold number, magnetic parameter, Prandtl number and
Lewis number for CHF case. The Sherwood number increases for all pa-
rameters in case of CST while for the case of CHF, only Prandtl number
has an increasing effect.

The basic features of this model may be included in further studies for vari-
ous flow situations in complex media. We hope that further theoretical and
experimental studies may be motivated by our work.
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