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Abstract 

 

In this article, we presented a new approach deduced from He’s homotopy 

perturbation method (HPM) to obtain exact and/or approximate analytical 

solutions of Emden–Fowler type equations. The results reveal that the proposed 

algorithm is very effective and in most cases yield exact solutions in the first 

approximation. Some examples are given to illustrate the new approach.  
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1. Introduction 

 

      Singular initial value problems in the second order ordinary differential 

equations, linear and nonlinear, homogeneous and inhomogeneous, have attracted 

the attention of many mathematicians and physicists. One of the equation 

describing this type in mathematical physics and astrophysics can be modeled by 

the so-called initial value problems (IVPs) of Emden–Fowler type [1-3] 

𝑦″ +
𝛼

𝑥
𝑦′ + 𝑓(𝑥)𝑔(𝑦) = ℎ(𝑥),         0 < 𝑥 ≤ 1,                    (1.1a) 

subject to the conditions 
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𝑦(0) = 𝐴  and   𝑦′(0) = 0                                                      (1.1b) 

 

where 𝛼 and 𝐴 are constants, and 𝑓(𝑥), 𝑔(𝑥) are real-valued continuous 

functions and ℎ(𝑥) ∈ 𝐶[0, 1]. A substantial amount of work has been done on this 

type of equation for various structures of 𝑓(𝑥), 𝑔(𝑦) and ℎ(𝑥). When 𝑓(𝑥) = 1 

and ℎ(𝑥) = 0 Eq. (1.1) reduces to the Lane–Emden equation which, with 

specified 𝑔(𝑦), was used to model several phenomena in mathematical physics 

and astrophysics such as the theory of stellar structure, the thermal behavior of a 

spherical cloud of gas, isothermal gas sphere and theory of thermionic currents [1-

3]. Bender et al. [4] handled the solution of Lane–Emden equation as well as 

those of a variety of nonlinear problems in quantum mechanics and astrophysics 

by means of perturbation methods based on the existence of a small parameter. 

The solution to the Emden–Fowler problem were presented by Wazwaz [5-6] 

using the Adomian decomposition method (ADM) [7]. Also in [8] Wazwaz 

applied ADM to solve time-dependent Emden–Fowler type equations. Sometimes 

it is a very intricate problem to calculate the so-called Adomian polynomials 

involved in ADM. Bataineh et al. [9] solved Emden–Fowler type equations by a 

powerful and more convenient analytical technique named homotopy analysis 

method (HAM) was first proposed by Laio [10]. Also Singh et al. [11] solved this 

type of equations by a modified homotopy analysis method.  Another efficient and 

powerful analytical technique, called the homotopy perturbation method, was first 

proposed by He [12] and further developed and improved by himself [13–17]. 

Chowdhury and Hashim [18-19] gave the solutions of class of singular second-

order initial value problem by using He’s homotopy perturbation method. Ahmet 

and Turgut [20] presented a new scheme, deduced from He’s homotopy 

perturbation method to solve this type of equations. Later in 2009 they [21] solved 

this type of equations by variational iteration method. 

     Homotopy perturbation method has been used to solve many singular initial 

value and boundary value problems with diverse variations. In this work, we 

present a new approach of He’s homotopy perturbation method (HPM) to obtain 

exact and/or approximate solutions of the Emden–Fowler type equations of the 

form (1.1). 

 

2. Basic ideas of He’s HPM  

 
       Now, for convenience, consider the following general nonlinear differential 

equation 

𝐴(𝑢) − 𝑓(𝑟) = 0,       𝑟 ∈ 𝛺                                                     (2.1) 



 

A new approach to homotopy perturbation method                                           1957 

 

 

with boundary conditions; 

𝐵 (𝑢,
𝜕𝑢

𝜕𝑛
) = 0,         𝑟 ∈ 𝛤                                                         (2.2) 

 

where 𝐴 is a general differential operator, 𝐵 is a boundary operator, 𝑓 (𝑟) is a 

known analytic function, 𝛤 is the boundary of the domain 𝛺. 

The operator 𝐴 can, generally speaking, be divided into two parts 𝐿 and 𝑁, where 

𝐿 is linear and 𝑁 is nonlinear, therefore Eq. (2.1) can be written as, 

𝐿(𝑢) + 𝑁(𝑢) − 𝑓(𝑟) = 0                                                        (2.3) 

 

By using homotopy technique, one can construct a homotopy 𝑣(𝑟, 𝑝): 𝛺 ×

 [0, 1] → ℝ which satisfies 

 

𝐻(𝑣, 𝑝) = (1 − 𝑝)[𝐿(𝑣) − 𝐿(𝑢0)] + 𝑝[𝐴(𝑢) − 𝑓(𝑟)] = 0           (2.4) 

or  

𝐻(𝜈, 𝑝)  =  𝐿(𝑣) − 𝐿(𝑢0) +  𝑝𝐿(𝑢0)  + 𝑝[ 𝑁(𝜈) −  𝑓 (𝑟)]  =  0  (2.5) 

 

where 𝑝 ∈  [0, 1] is an embedding parameter, and 𝑢0 is the initial approximation 

of Eq. (2.1) which satisfies the boundary conditions. Clearly, we have 

 

𝐻(𝜈, 0)  =  𝐿(𝜈)  − 𝐿(𝑢0)  =  0,                                              (2.6) 

 

𝐻(𝜈, 1)  =  𝐴(𝜈)  − 𝑓 (𝑟)  =  0                                                (2.7) 

 

the changing process of 𝑝 from zero to unity is just that of 𝜈(𝑟, 𝑝) changing from 

𝑢0(𝑟) to 𝑢(𝑟). This is called deformation, and also 𝐿(𝑣) − 𝐿(𝑢0) and 𝐴(𝑢) −

𝑓(𝑟) are called homotopic in topology. Here the embedding parameter is 

introduced much more naturally, unaffected by artificial factors; further it can be 

considered as a small parameter for 0 ≤ 𝑝 ≤ 1. So it is very natural to assume that 

the solution of (2.6) and (2.7) can be expressed as 

 

𝜈 =  𝑣0 + 𝑝𝑣1 + 𝑝2𝑣2 + ⋯                                                     (2.8) 

and setting p = 1 results in the approximate solution of Eq. (2.1) as; 

 

𝑢 = lim
𝑝→1

𝑣 = 𝑣0 + 𝑣1 + 𝑣2 + ⋯                                               (2.9) 

The convergence of series (2.9) has been proved by He in his paper [13]. 
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3. Basic idea behind the new approach 
 

      To show the basic idea, let us consider the Emden–Fowler equation of type 

(1.1). In the new approach, we split 𝑓(𝑥) and ℎ(𝑥) into infinite sums as follows  

              𝑓(𝑥) = ∑ 𝑘𝑖(𝑥)∞
𝑖=0      ;      ℎ(𝑥) = ∑ 𝑙𝑖(𝑥)∞

𝑖=0 ,                                (3.1) 

 

and define  𝜑(𝑥; 𝑝) = ∑ 𝑘𝑖(𝑥)∞
𝑖=0 𝑝𝑖  ;   𝜎(𝑥; 𝑝) = ∑ 𝑙𝑖(𝑥)∞

𝑖=0 𝑝𝑖                      (3.2) 

 

where 𝑝𝜖[0, 1] is an embedding parameter. At 𝑝 = 0, 𝜑(𝑥; 0) = 𝑘0  and 

𝜎(𝑥; 0) = 𝑙0 where as 𝜑(𝑥; 1) = 𝑓(𝑥) and 𝜎(𝑥; 1) = ℎ(𝑥) when 𝑝 = 1. Now, we 

construct a homotopy 𝑌(𝑥;  𝑝): ℝ × [0, 1] → ℝ which satisfies the following 

equation 

𝑌″ +
𝛼

𝑥
𝑌′ + 𝑝𝜑(𝑥; 𝑝)𝑔(𝑌) = 𝜎(𝑥; 𝑝)                                                 (3.3) 

 

where     𝑌(𝑥; 𝑝) = 𝑌0 + 𝑝𝑌1 + 𝑝2𝑌2 + ⋯                                                         (3.4) 

Thus as 𝑝 changes from 0 to 1, 𝑌(𝑥;  𝑝) deforms continuously from 𝑌0(𝑥) to the 

solution 

𝑦(𝑥) = lim
𝑝→1

𝑌(𝑥; 𝑝). Substituting Eq. (3.4) into Eq. (3.3) and equating the terms 

with identical powers of 𝑝, we can obtain a series of linear equations. Solving 

these linear equations, we can get the approximate solutions.  

 

4. Applications of the new approach 
 

      In this section, we apply an alternative approach of He’s HPM to obtain exact 

and/or approximate solutions of the Emden–Fowler equations of type (1.1). Some 

examples are given to show the potential of this modification. 

 

4.1.  Example 

         Now consider the linear, inhomogeneous Emden–Fowler type equation 

𝑦″ +
8

𝑥
𝑦′ + 𝑥𝑦 = 𝑥5 − 𝑥4 + 44𝑥2 − 30𝑥,         0 < 𝑥 ≤ 1,            (4.1.1) 

 

subject to the initial conditions 

𝑦(0) = 0 and  𝑦′(0) = 0                                                                  (4.1.2) 

 

having 𝑦(𝑥) = 𝑥4 − 𝑥3 as the exact solution. At first, we split 𝑓(𝑥) = 𝑥 as 

𝑓(𝑥) = ∑ 𝑘𝑖(𝑥)∞
𝑖=0  with 𝑘0 = 𝑥,   𝑘𝑖 = 0, 𝑖 > 0 and ℎ(𝑥) = 𝑥5 − 𝑥4 + 44𝑥2 − 
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30𝑥 as ℎ(𝑥) = ∑ 𝑙𝑖(𝑥)∞
𝑖=0  with 𝑙0 = 44𝑥2 − 30𝑥,  𝑙1 = 𝑥5 − 𝑥4, and 𝑙𝑖 = 0, 𝑖 >

1. Now, we construct a homotopy 𝑌(𝑥;  𝑝): ℝ × [0, 1] → ℝ which satisfies the 

following equation 

𝑌″ +
8

𝑥
𝑌′ + 𝑝𝜑(𝑥; 𝑝)𝑌 = 𝜎(𝑥; 𝑝)                                                  (4.1.3) 

 

where 𝜑(𝑥; 𝑝), 𝜎(𝑥; 𝑝) and 𝑌(𝑥;  𝑝) as in Eq. (3.2) and Eq. (3.4) respectively. 

Substituting Eq. (3.4) into Eq. (4.1.3) and then collecting terms of same power of 

p, we get 

𝑝0 :         {
𝑌0

″ +
8

𝑥
𝑌0

′ − 𝑙0 = 0

𝑌0(0) = 0, 𝑌0
′(0) = 0 

                                                 (4.1.4) 

 

𝑝1 :         {
𝑌1

″ +
8

𝑥
𝑌1

′ + 𝑘0𝑌0 − 𝑙1 = 0

𝑌1(0) = 0, 𝑌1
′(0) = 0 

                                          (4.1.5) 

                        …………………………… 

Solving the above systems, we obtain 

𝑌0 = 𝑥4 − 𝑥3;                                                                                                (4.1.6) 

 

𝑌1 = 𝑌2 = ⋯ = 0;                                                                                    (4.1.7) 

 

and  𝑦(𝑥) = 𝑥4 − 𝑥3.                                                                                      (4.1.8) 

 

4.2. Example  

         Now consider the nonlinear, inhomogeneous Emden–Fowler type equation 

𝑦″ +
2

𝑥
𝑦′ + 𝑦3 = 6 + 𝑥6,         0 < 𝑥 ≤ 1,                                       (4.2.1) 

subject to the initial conditions 

𝑦(0) = 0 and  𝑦′(0) = 0                                                                  (4.2.2) 

 

having 𝑦(𝑥) = 𝑥2as the exact solution. At first, we split 𝑓(𝑥) = 1 as 𝑓(𝑥) =

∑ 𝑘𝑖(𝑥)∞
𝑖=0  with 𝑘0 = 1,   𝑘𝑖 = 0, 𝑖 > 0 and ℎ(𝑥) = 6 + 𝑥6 as ℎ(𝑥) = ∑ 𝑙𝑖(𝑥)∞

𝑖=0  

with 𝑙0 = 6,  𝑙1 = 𝑥6 and 𝑙𝑖 = 0, 𝑖 > 1. Now, we construct a homotopy 

𝑌(𝑥;  𝑝): ℝ ×  [0, 1] → ℝ which satisfies the following equation 
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𝑌″ +
2

𝑥
𝑌′ + 𝑝𝜑(𝑥; 𝑝)𝑌3 = 𝜎(𝑥; 𝑝)                                                 (4.2.3) 

 

where 𝜑(𝑥; 𝑝), 𝜎(𝑥; 𝑝) and 𝑌(𝑥;  𝑝) as in Eq. (3.2) and Eq. (3.4) respectively. 

Substituting Eq. (3.4) into Eq. (4.2.3) and then collecting terms of same power of 

p, we get 

𝑝0 :         {
𝑌0

″ +
2

𝑥
𝑌0

′ − 𝑙0 = 0

𝑌0(0) = 0, 𝑌0
′(0) = 0 

                                                (4.2.4) 

 

𝑝1 :         {
𝑌1

″ +
2

𝑥
𝑌1

′ + 𝑘0𝑌0
3 − 𝑙1 = 0

𝑌1(0) = 0, 𝑌1
′(0) = 0 

                                       (4.2.5) 

                   ………………………… 

Solving the above systems, we obtain 

𝑌0 = 𝑥2;                                                                                                   (4.2.6) 

 

𝑌1 = 𝑌2 = ⋯ = 0;                                                                                    (4.2.7) 

 

and  𝑦(𝑥) = 𝑥2.                                                                                               (4.2.8) 

 

4.3. Example  

         Now consider another linear, inhomogeneous Emden–Fowler type equation 

𝑦″ +
2

𝑥
𝑦′ + 𝑦 = 6 + 12𝑥 + 𝑥2 + 𝑥3,         0 < 𝑥 ≤ 1,                         (4.3.1) 

subject to the initial conditions 

 

𝑦(0) = 0 and  𝑦′(0) = 0                                                                       (4.3.2) 

 

having 𝑦(𝑥) = 𝑥2 + 𝑥3as the exact solution. At first, we split 𝑓(𝑥) = 1 as 

𝑓(𝑥) = ∑ 𝑘𝑖(𝑥)∞
𝑖=0  with 𝑘0 = 1,   𝑘𝑖 = 0, 𝑖 > 0 and ℎ(𝑥) = 6 + 12𝑥 + 𝑥2 + 𝑥3 

as ℎ(𝑥) = ∑ 𝑙𝑖(𝑥)∞
𝑖=0  with 𝑙0 = 6 + 12𝑥,  𝑙1 = 𝑥2 + 𝑥3,   and 𝑙𝑖 = 0, 𝑖 > 1. Now, 

we construct a homotopy 𝑌(𝑥;  𝑝): ℝ ×  [0, 1] → ℝ which satisfies the following 

equation 

 

𝑌″ +
2

𝑥
𝑌′ + 𝑝𝜑(𝑥; 𝑝)𝑌 = 𝜎(𝑥; 𝑝)                                                     (4.3.3) 
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where 𝜑(𝑥; 𝑝), 𝜎(𝑥; 𝑝) and 𝑌(𝑥;  𝑝) as in Eq. (3.2) and Eq. (3.4) respectively. 

Substituting Eq. (3.4) into Eq. (4.3.3) and then collecting terms of same power of 

p, we get the systems of the form like Eq. (4.2.4)-(4.2.5) and then solving them; 

we obtain 

 

 𝑌0 = 𝑥2 + 𝑥3;                                                                                       (4.3.4) 

 

𝑌1 = 𝑌2 = ⋯ = 0;                                                                                 (4.3.5) 

 

and     𝑦(𝑥) = 𝑥2 + 𝑥3.                                                                                   (4.3.6) 

 

4.4. Example 

 Finally, we consider a linear, homogeneous Emden–Fowler type equation 

𝑦″ +
2

𝑥
𝑦′ − (6 + 4𝑥2)𝑦 = 0,         0 < 𝑥 ≤ 1,                                (4.4.1) 

subject to the initial conditions 

𝑦(0) = 1 and  𝑦′(0) = 0                                                                 (4.4.2) 

having 𝑦(𝑥) = 𝑒𝑥2
as the exact solution. In this case 𝑓(𝑥) = 6 + 4𝑥2 and ℎ(𝑥) =

0. Now, we split 𝑓(𝑥) = 6 + 4𝑥2 as 𝑓(𝑥) = ∑ 𝑘𝑖(𝑥)∞
𝑖=0  with 𝑘0 = 6, 𝑘1 =

4𝑥2and 𝑘𝑖 = 0, 𝑖 > 1. Now, we construct a homotopy 𝑌(𝑥;  𝑝): ℝ × [0, 1] → ℝ 

which satisfies the following equation 

 

𝑌″ +
2

𝑥
𝑌′ − 𝑝𝜑(𝑥; 𝑝)𝑌 = 0                                                            (4.4.3) 

 

where 𝜑(𝑥; 𝑝) and 𝑌(𝑥;  𝑝) as in Eq. (3.2) and Eq. (3.4) respectively. Substituting 

Eq. (3.4) into Eq. (4.4.3) and then collecting terms of same power of p, we get the 

systems of the form like Eq. (4.2.4)-(4.2.5) and then solving them; we obtain 

 

𝑌0 = 1;                                                                                                   (4.4.4) 

 

𝑌1 = 𝑥2;                                                                                                 (4.4.5)  

 

𝑌2 =
𝑥4

2
;                                                                                                 (4.4.6) 

          …………………. 

 and   𝑦(𝑥) = 1 + 𝑥2 +
𝑥4

2
+ ⋯                                                                       (4.4.7) 
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Our calculations indicate that the above approximations converges to the exact 

solution 𝑒𝑥2
. 

 

5. Conclusion  

 

      Many researchers have been solved Emden–Fowler type of equations by 

several methods. In this paper, we have presented a new approach deduced from 

He’s homotopy perturbation method to solve this type of equation. Assessment 

with other methods with ours shows that the approach is simpler and gives exact 

solution in a few iterations only. Finally, we can conclude that this variant 

approach is a promising tool for both linear and non-linear singular IVPs of 

Emden–Fowler type equations. 
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