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Abstract

This paper presents a theoretical model of enrollment decisions made
by high school graduates, under the assumption that their choices are
strongly influenced by the educational standard(s), roughly defined as
what students are expected to have learned by the end of the course.
Higher standards reduce the probability of graduation but increase the
accumulation of human capital and future earnings. The policy maker
decides whether standards are set equally for all universities (central-
ization) or autonomously by each university (decentralization). In the
centralized setting, the model establishes relationships among the stan-
dards that maximize different objectives: graduation, enrollment, and
human capital. Specifically, the standard that maximizes graduation is
lower than the one that maximizes enrollment, which, in turn, is lower
than the one that maximizes human capital. The decentralized setting

1We wish to thank Riccardo Lucchetti and the participants to the XXX AIEL National
Conference of Labour Economics held in Cagliari, September 18th, 2015, Italy.

2Corresponding author
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may perform worse than the centralized one in terms of these three ob-
jectives if moving costs exist, while it always performs worse in terms
of inter-generational mobility in education.

Keywords: education, university standards, human capital, inequality

1 Introduction

The Recommendations of the European Commission to Member States con-
cerning education included in the “Lisbon Strategy” and in “Europe 2020
Targets” goes mainly in two directions:
- increasing the number of individuals completing third level education3;
- reinforcing decentralization4.

The goal of broader access and an improved success rate can be reached
through many measures, i.e., by reducing tuition fees, facilitating access to
grants, investing in university structures and teacher competences. In short,
by facilitating access to students coming from less wealthy families5 and in-
creasing the overall quality of the higher-education system. A huge body of
literature shows that the labor market rewards workers not only according to
their educational level, field, and grade, but also according to the quality of
the university6. The typical explanations for the wage premium differences
among universities depend both on the selection of enrolled students ([17]),
and on the actual quality of the higher-education institution. Nevertheless,
differences among universities can also be due to the educational standards .
Briefly, educational standards (also defined learning, or examination, or exit,
or student-workload standards) describe what students are expected to have
learned by the end of the course. They depend positively on the workload and
difficulty of the exams and negatively on teaching effort (see [11]).

3“Reducing the rates of early school dropouts to below 10%; at least 40% of 30-34-year-
olds completing third level education” (http://ec.europa.eu/europe2020/europe-2020-in-a-
nutshell/targets/index en.htm).

4“European universities are calling for more autonomy in preparing their
courses and managing their human resources and facilities... [] The Commis-
sion invites Member States to relax the regulatory framework to allow uni-
versity leadership to undertake genuine change and pursue strategic priorities”
(http://europa.eu/legislation summaries/education training youth/lifelong learning/c11078 en.htm).

5As shown in [12], the Italian reform of tertiary education implementing the “Bologna
Process”, has increased the probability of enrollment mainly for individuals with good school
performance and low parental background.

6Relationships between worker earnings and the quality of the college they attended
have been empirically analyzed by [8], [6] for the US, [22] for Canada, [21] for Japan, [28] for
China, [20] for Sweden, [10] for France, [13] for the UK. All these papers control for college
selectivity and some of them take into account individual unobserved heterogeneity among
enrolled students.
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Measuring these standards is a challenging problem, recently faced by the
OECD study Assessment of Learning Outcomes in Higher Education (AH-
ELO). The goal of this study “is to provide data to governments, institutions,
and students themselves on what students at the end of their first (bachelor
level) degrees know and are able to do”. Empirical results are expected for
20207.

As underlined by [4], the institutions regulating educational standards that
considerably influence student performance are “examination systems [5], cen-
tralized decision-making versus school autonomy [27]...and competition in the
educational system [19]”8.

In our view, the risk is that the goal of “increasing the number of individ-
uals completing third level education” is actually mainly pursued by lowering
the educational standards of the courses, as empirically described for Italy in
[7]: “Therefore, mass tertiary education, i.e., an increase in the number of
graduates (and the fraction of the population with a university degree), can
be achieved by a reduction in university standards”. Furthermore, “reinforcing
decentralization” can also lead to lower educational standards. Some evidence
on this comes from [9], who conclude that private schools can offer a lower
educational standard because they attract students with a relatively high cost
of effort, who would find the high standards of public schools excessively de-
manding. This case is supported for Italy, but not for the US.

In light of the previous discussion, this paper analyzes the relationship
between educational standards, enrollment, graduation, and human capital
accumulation both in centralized and decentralized higher-education settings,
on the basis that standards are probably among the main determinants of
human capital accumulation and earnings on the labor market.

The economic literature on educational standards frequently considers the
policy maker’s effectiveness in choosing the level of the standard. The seminal
paper by [14] theoretically analyzes the choices of a policy maker who sets the
standard in order to maximize his social welfare function, knowing that stu-
dents choose whether or not to meet the standards and that standards influence
student incentives to make an effort. He concludes that an egalitarian policy
maker set lower standards than the ones preferred by the median voter. [25]
deepen the previous analyzes by considering the direct democratic choice of the
examination standard. The author shows that the median preferred standard
is inefficiently low if the marginal cost of achieving higher performance reacts
more sensitively to ability for high than for low abilities, and if the right tail of

7See: http://www.oecd.org/edu/skills-beyond-school/ahelo-main-study.htm.
8Educational standards are linked to literature on the “grading standard”. For instance,

[2] argue that the ratio between the number of exams that students passed and the number
of exams that students should have taken “might capture both the students true quality and
the easiness (or grading standards) of a given institution”.
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the ability distribution is longer than the left tail. [24] analyze how a “badly
functioning labor market”, where effective skills are scarcely rewarded, affects
the behavior of the policy maker who maximizes a social welfare function. In
the case standards are defined taking into account the effective productivity
of skills, they will be set at a high level in order to encourage individuals’
learning effort. Instead, if standards are set considering exclusively the return
to the school, they will be set at a low level. The case of governments that,
aiming to increase the number of individuals completing third-level education,
set funding rules for universities based on the number of graduates is analyzed
in [11]. They conclude that the policy maker’s desire to induce universities
to raise their teaching effort to a given educational standard can only be ful-
filled if there is positive interaction between student ability, student effort, and
teacher effort.

The link between educational standards and inequality is analyzed in [3].
Featuring workers with heterogeneous abilities, the results show that higher
educational standards increase the earnings of both the most and least able
workers. Thus an egalitarian social planner may set higher standards than
an income-maximizing social planner. The results mitigate the concern that
higher standards are necessarily inegalitarian. Another paper [26] shows that
an increase in educational standards would help poor individuals with high
ability if it is combined with other non-monetary measures.

The economic literature has also compared the outcomes of a centralized
versus decentralized educational standards. Conditions under which central-
ized educational standards raise welfare are extensively analyzed in [15], and
it is concluded that high degrees of egalitarianism, cross-district heterogeneity,
and high rates of geographical mobility of graduates favor centralization be-
cause in such a case the benefit of high standards in any district are not fully
appropriated by the graduates who meet the standard. [18] show that a school
whose students are disadvantaged on the labor market applies less demanding
standards because such students have fewer incentives to graduate.

In this paper, educational standards are viewed as the determinant of grad-
uation probability and the skills acquired during study in a setting where stu-
dents are differentiated according to their ability, as in [11]9

9Students’ ability, their effort during studies, teaching effort, and a stochastic error all
define the student’s level of “educational production” in the paper by Cantillon et al. 2001.
If this level is higher than a given threshold, i.e., the educational standard, the student
graduates. With respect to [11], we do not consider the teaching effort, we explicitly de-
fine the graduation probability function (see Proposition 1), and we relegate the analysis of
student effort in Appendix 4 because we reason on a reduced form of the model. Further-
more, we assume that, other than by the educational standard, student’s future earnings
are also affected by her/his talent. Finally, the goal of Cantillon et al. 2011 is to analyze
different output parameters in the funding rule of university whereas here we are interested
in comparing different objectives of the policy maker and different structures of the higher
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The standard can be set either by the policy maker at a given homogeneous
level (centralization) or freely chosen by each university (decentralization). In
the decentralized setting, if the family can bear moving costs, students self-
select universities that best match their talent. The observed differences in the
average graduate wage among universities depends therefore on self-selection
and human capital accumulation during university : graduate students in high-
standard universities offer a better signal and a higher human capital.

With respect to the previous literature we explicitly consider enrollment as
a risky choice following [11]. Actually, standards act as “prices” of the risky
investment in human capital: a higher standard implies a higher risk of drop-
ping out (investment failure) and a higher wage (investment return)10. Fur-
thermore, instead of considering the social welfare function alone, we consider
the policy maker to have different objectives, namely enrollment, graduation,
and human capital accumulation. We take into account moving costs, which
must be faced only in the decentralized system.

We show that, for each individual, there exists a preferred standard that
depends positively on his/her talent and that the enrollment decision is optimal
only when the standard to which the individual can enroll is not outside a
range around the preferred one, whose extent depends positively on the family
willingness to finance higher education.

At the aggregate level, in the centralized case, the model shows that the
level of standard that maximizes human capital accumulation is higher than
the one that maximizes the enrollment or graduation rate11. Furthermore, we
find that the standard that maximizes enrollment is negatively correlated with
average family income.

The decentralized system clearly performs better than the centralized one
in term of human capital accumulation, but only if the choice of university
to enroll in can be made, i.e., only if the moving decision is financed for all
students. If this is not the case and the share of students that cannot af-
ford moving costs is sufficiently high, the number of graduates and human
capital accumulation can be higher in a centralized system whose standard is
efficiently chosen. Given that moving toward the preferred university is more
likely for students from richer families—as also shown for Italy in Appendix
A—a decentralized system would reduce inter-generational mobility in educa-
tion12.

educational system.
10The model can apply to every choice where one among different costly investments can

be made and the chosen investment increases lifelong utility with a success probability that
depends positively on individual talent and negatively on the return of the investment.

11The graduation rate is the ratio between the number of graduates and the whole pop-
ulation of secondary school dropouts, the graduation probability is the ratio between the
number of graduates and enrolled students.

12Actually, richer students seem not to be influenced in their choices by the distance of the
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The outline of the paper is as follows. Section 2 presents the individual
optimal choices. Section 3 illustrates the aggregate behavior in the centralized
and decentralized settings. Section 4 draws some conclusions. Appendix A
contains empirical estimations of some the hypotheses and results of the model
for Italy. Appendix B endogenizes the choice of effort during studies made
by enrolled students. Appendix C contains the proofs of the propositions
presented in the text.

2 The Model

We consider a cohort of students, each endowed with a given talent θ which is
a real random variable with distribution function

F (θ) =

∫ θ

0

φ(θ′)dθ′ θ ∈ (−∞,+∞), (1)

where φ(θ) = 0, θ ∈ (−∞, 0) and φ(θ) = 0, θ ∈ (θ,+∞). Once a secondary
school cycle has been completed, students should choose whether and where to
enroll at university13. We assume that their choice depends on the educational
standards (x > 0) offered by the academic institutions that influence both
the expected probability of graduation and the accumulation of human capital
during studies14.

Assumption 1 The probability of graduation 0 < p(x, θ) < 1 is an increasing
function of talent and a decreasing function of the standard. It complies with
the following:

p′x(x, θ) < 0, p′θ(x, θ) > 0; p′′xθ(x, θ) > 0, p′′xx(x, θ) > 0;

lim
x→0

p(x, θ) = 1 lim
x→∞

p(x, θ) = 0 lim
θ→0

p(x, θ) = 0; lim
x→∞

εpx ≤ −1;

where ε denotes elasticities, and

p(t x, t θ) = p(x, θ), ∀t > 0,

university. From [16]: “The results also show that distance does not influence study choices
among students from the highest socioeconomic group, a finding that further indicates that
distance to university is an expression of differences in the cost of a university education.”

13The relationship between the ex-ante decision to start university and university outcomes
is theoretically analyzed in the seminal paper by [1], who consider that the former decision
is made under uncertainty. [23] present a model of educational choices with uncertainty in
countries with open admission policies.

14Both the probability of graduation and well-being during studies depend on effort. Ap-
pendix B shows that, given a specific utility function and computing the optimal effort of
students, once the optimal effort is substituted into the expected utility function, we obtain
the same results as displayed below.
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that is, p(x, θ) is homogenous of degree zero in (x, θ) 15.

The wage rate of undergraduates (both non-enrolled and dropped-out stu-

dents) is linearly dependent16 on their talent, ω(0, θ), such that ω(0,θ)
θ

= 1.
The wage rate of graduates in the university offering the standard x is given
by ω(x, θ).

Assumption 2 The wage premium from graduation, w(x, θ) = ω(x, θ) −
ω(0, θ), is an increasing, constant-elasticity function of standard and talent,
such that:

εw,θ = 1, εw,x = β, where 0 < β < 1

and
lim
x→∞

p(x, θ)w(x, θ) = 0.

Assumptions 1 and 2 imply that a negative relationship between graduation
probability and average expected wage exists for all enrolled students17.

The lifelong utility associated with the non-enrollment choice for risk-
neutral individuals is given by

V N(θ) =
ω(0, θ)

r
,

where r is the discount rate.
The lifelong utility associated with the enrollment choice depends on the

expected probability of graduation (see Assumption 1) and on the wage pre-
mium from graduation (see Assumption 2). It also depends on income during
studies (lasting one period), which must be negatively affected by exogenous
enrollment costs (tuition fees, books, and possible mobility costs) and posi-
tively affected by the willingness of the family to finance the education. Be-
cause of the higher propensity of the family to finance more talented children
and because of grants devoted to more talented enrolled students, we assume
that talent influences income positively during studies, given by zθ, where z

15 Zero degree homogeneity strongly simplifies the analytics of the model and seems to be a
“reasonable” assumption. It implies: a) θp′θ = −xp′x → εpθ = −εpx; b) p′θ + θp′′θθ = −xp′′x,θ ;
c) p′x + xp′′xx = −θp′′θx .

16Linearity does not affect the results, but strongly simplifies the analysis. Results would
not change if ω(0, θ) was a concave function of θ.

17Empirical evidence of this assumption is hardly available. The Italian higher-education
setting, [2], however, provides some evidence that standard and earnings are positively cor-
related: “... the case of the Italian funds-allocation system, which rewards universities
according to the number of exams passed by their students. We find that university depart-
ments that rank higher according to this indicator actually tend to be significantly worse in
terms of their graduates’ performance in the labor market.”
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summarize all the components connected to the costs and financing education
for a student whose talent is θ = 1.

Therefore, the expected inter-temporal utility associated with the enroll-
ment choice (V E) is given by

V E(x, θ) = zθ +
1

r(1 + r)
[p(x, θ)ω(x, θ) + (1− p(x, θ))ω(0, θ)] , (2)

where the first addend represents the utility during studies and the second
is the ex-ante lifelong utility after studies, given by the discounted sum of
the wage rate of skilled and unskilled workers weighted by the probability of
graduation.

The variation in expected utility coming from the enrollment decision is
therefore V E(x, θ)− V N(θ). By defining the loss of income while studying as
the difference between unskilled income and capitalized income during studies
times r,

Z = r [1− (1 + r)z] > 0, (3)

for each secondary school dropout18 We introduce the uni-period expected pre-
mium for enrolling function, V (x, θ, Z),

V (x, θ, Z) = [V E(x, θ)− V N(θ)]r(1 + r)

V (x, θ, Z) = p(x, θ)w(x, θ)− Zθ. (4)

The first addend, p(x, θ)w(x, θ) indicates the expected human capital accu-
mulation during studies because it represents the expected increase in the wage
rate due to graduation weighted by the graduation probability. The second
addend is the loss of income while studying.

We now explain the natural range of variation for the standard x. The
highest talent ever observed is θ, and from Assumption 1 (i.e., εw,θ = 1) and
Eq. (4), we obtain

V (x, θ, Z) = θ (p(x, θ)w′θ(x, θ)− Z) ≤ θ
(
p(x, θ) max

θ
w′θ(x, θ)− Z

)
= θ v(x).

(5)
In order to obtain meaningful results and given that v(0) = −Z < 0 and
limx→+∞ v(x) = −Z, the model’s parameters must be such that the maximum
value of the function v attained at a given standard xM is strictly positive,

18If Z < 0 holds, then the student is always better off enrolling. Actually, some families
could finance the enrollment decision with an amount of money higher than the expected
earnings of the student as an unskilled worker, so that Z < 0, but we remove this possibility.
It also depends positively on the preference for the present, measured by r if z < A

1+2r .
Poorer families are therefore the ones that have difficulties financing their children’s studies
(low z) and a high preference for the present (high r).
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v(xM) > 0. Thus, it is easy to see that the function v(x) has at least two roots
x and x and x ∈ [x, x] holds19. That is,

v(x) = p(x, θ) max
θ
w′θ(x, θ)− Z = 0, (6)

v(x) = p(x, θ) max
θ
w′θ(x, θ)− Z = 0 . (7)

The following proposition highlights the main features from the analysis of
the expected premium for enrolling function, V .

Proposition 1 We have:

(a) The premium for enrolling function, V (x, θ, Z), is a decreasing function
of Z.

(b) For any given standard x, x ≤ x ≤ x (see Eqs. (6)-(7)), there exists
a level of the talent, called the talent of the marginal enrolled student,
θ(x, Z), such that enrolling is indifferent to not enrolling.

(c) The talent of the marginal enrolled student, θ(x, Z) is an increasing func-
tion of Z, that is, ∂θ

∂Z
> 0 and, as a function of x, it attains a unique

minimum at x = xE(Z). Therefore, the following inequalities hold:

∂θ

∂x
< 0 ∀x ≤ x < xE(Z);

∂θ

∂x
> 0 ∀x ≥ x > xE(Z).

In the following we denote the minimum value of the function θ(x, Z)
with θ(Z) (i.e., θ(Z) ≡ θ(xE(Z), Z)), Z > 0.

(d) The functions xE(Z) and θ(Z), Z > 0, are positive constant-elasticity

functions whose elasticity is 1
β

.

� See Appendix C, Proof 1

Therefore, more talented and wealthier students are more likely to enroll
for every level of the standard that admits positive enrollment. The marginal
enrolled student at standard x, defined as the student whose talent is such
that θ = θ(x, Z), has a lower talent if (s)he comes from a richer family.

Proposition 2 For any given talent θ there exists a standard x∗(θ) that max-
imizes the premium for enrolling function. This optimal standard has the fol-
lowing features:

19Standards lower than x generate an expected income that does not cover the loss of
income during studies, while standards higher than x give a probability of graduation that
is too low to make the enrollment decision convenient, even for the most talented student.
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(a) x∗(θ) satisfies the following equation εps(x
∗(θ), θ) + β = 0 so that it does

not depend on the loss of income during studies Z and x∗(θ(Z)) = xE.

(b) The optimal standard x∗ is an increasing linear function of the student’s

talent. We have dx∗(θ)
dθ

= x∗(θ)
θ

.

(c) If a student chooses his/her optimal standard, that is, x = x∗(θ), the
graduation probability does not depend on talent, that is dp

dθ
(x∗(θ), θ) = 0.

� See Appendix C, Proof 2

Therefore, each student would like to enroll in the university offering her/his
optimal standard. In so doing, (s)he maximizes the human capital accumulated
during studies. Students endowed with a higher talent would like to enroll in
universities offering a higher standard because the higher risk of dropping
out in such universities is overcompensated by the higher expected wage. By
choosing the optimal standard, students self-sort into universities so that the
probability of graduation does not depend on individual talent anymore20.
Furthermore, the elasticity of the optimal standard to the talent is 1: εx∗θ = 1.

Figure 2 shows a graphical representation of the model. With talent on the
y-axis and the standard on the x-axis, the iso-premium for enrolling function21,
θ(x) of the marginal enrolled student for a given Z, is plotted. It also plots the
optimal standard function x∗(θ), in its inverse form. Many interesting insights
can be gained:

1. A secondary school dropout whose talent is θ0 will enroll at whatever
standard x such that x ≤ x0 ≤ x ≤ x0 ≤ x, where x0, x0 are two con-
secutive smallest solutions of the equation V (x, θ0) = 0. The optimal
standard is x∗(θ0) (see Proposition 2).

2. Given θ, the maximum talent, no secondary school dropout will enroll
at standards lower than x or higher than x; no one prefers a standard
lower than xE(θ) or higher than x∗(θ) (see Propositions 1 and 2).

3. If the standard is set at xE, then the talent of the marginal enrolled stu-
dent is minimized and the enrollment rate is maximized (see Proposition
1).

4. If the standard is set at the level x0, the enrolled students will be all the
individuals whose talent is θ > θ0 (the enrollment rate is shown as E(x0)
and is obviously dependent on the φ(θ) distribution). Among enrolled

20Some evidence concerning Italy is provided in Appendix A.
21From now on, for the sake of simplicity we omit the Z-dependence of the analyzed

quantities.
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Figure 1: Iso-premium for enrolling for the marginal enrolled student and
optimal standard.

θ

θ0

E
∗(θ0)

x

x∗(θ)

V(x,θ) = 0 (x)

E(x0)

x0 x0

E1

E2

px (x, ) + β = 0→ x∗(θ)

x

Remark: all the figures in the paper are from numerical simulations of the model based on

the following functions and parameter values: p(x, θ) = θ
θ+x ; w(x, θ) = 1.4 · θxβ ; uniform φ

distribution, θ =∈ [0, 2]; β = 0.2; Z = 0.58.

students at standard x0, the standard is lower than the optimal one for
those individuals distributed in the E1 zone and higher than the optimal
one for those distributed in the E2 zone (see Proposition 2).

5. All individuals whose talent is θ < θ will never enroll at any standard
(see Proposition 1).

6. The position of the curve θ(x) depends on Z and moves upward if Z

increases,
(
∂θ(x)
∂Z

> 0
)

(see Proposition 1). Individuals are more likely

to enroll if their families (or the state) are more willing to finance their
studies.

7. The threshold θ and standard xE both increase with Z (see Proposition
1). Therefore, the share of individuals that will never enroll at any
standard and the standard that minimizes the talent of the marginal
enrolled student are higher if Z is higher.

The previous analysis allows us to model the aggregate variables corre-
sponding to enrollment, graduation, and human capital accumulation.
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3 The higher education institutional setting

In this section, we consider an economic system characterized by a geographical
distribution of universities such that: a) only one university is located in each
district; b) the distribution of student talent in each district mirrors the one
in the whole population.

We evaluate two different higher educational settings, the centralized stan-
dard case, Section 3.1 and the decentralized standard case, Section 3.2. The
former case can be found in settings where the policy maker defines strin-
gent criteria that each university must follow and, in its extreme form, implies
course programs and the content of examinations strictly defined at the na-
tional level. The latter case defines a setting where each university freely
chooses student curricula and the difficulty of the courses and exams22.

Assumption 3 Both in centralization and decentralization, x ∈ [xE, x
∗(θ)].

This interval corresponds to the standards preferred by the enrolled students23.
The actual standard offered in each district is randomly drawn from a distribu-
tion G(x) =

∫ x
−∞ g(x′)dx′, where g(x) = 0 ∀ x < xE or x > x∗(θ). Given that

x∗(θ) is linear in θ, the density g(x) of the standard has the same functional
form as the talent density, φ(θ).

It is worth noting that in the centralized standard case each secondary
school dropout chooses only whether to enroll at the “home” university or
not, while in the decentralized setting each of them chooses whether to: a) not
enroll; b) enroll at the university located in his/her district of residence (at
home), accepting the random standard offered by the local university; c) move
to the university offering his/her optimal standard, facing moving costs.

Assumption 4 Due to family financial constraints, a share, q, 0 ≤ q ≤ 1 of
secondary school leavers cannot afford the moving costs. They are the stayers.
Stayers and movers show the same distribution of talent, φ(θ), because the
moving decision is due only to financial constraints. Therefore, stayers are
the secondary school leavers coming from “poor” families, movers are the ones
coming from “rich families”24.

22In such a setting, each university could define its own goals and strategies. Further
development of the model should analyze the optimal strategy of the universities in a context
of territorial interdependence by using the tools of game theory.

23As shown in Figure 2 with the gray bar.
24Assumption 4 may be interpreted as follows: consider two different types of families,

the “poor” and the “rich”, characterized by a different propensity to finance education of
their children, say zP and zR, and assume that the moving decision is costly. We define with
zPS , zPM the utilities during studies of poor stayers and poor movers and with zRS , zRM
the ones of rich. By defining Ξ(x, θ) = p(x,θ)[ω(x,θ)−ω(0,θ)]+ω(0,θ)

r(1+r) , equation 2, written for
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The previous assumption defines the stayers as a share q of secondary
school dropouts whose talent θ is such that θ ≥ θ(x), where x is randomly
drawn from the distribution defined by G. The movers are defined as a share
1 − q of secondary school dropouts whose talent θ is such that θ > θ. The
former will enroll at the university offering the random standard x, and their
human capital accumulation is p(x, θ)w(x, θ). The latter will enroll at the uni-
versity offering their optimal standard, and their human capital accumulation
is p(x∗(θ), θ)w(x∗(θ), θ). Obviously, q strongly depends on the mobility costs25.

In both settings, the aggregate variables of interest are the enrollment rate,
E, the graduation rate, G, and the human capital accumulation H. By defining
these three different objectives with Y, for Y = E,G,H, we are aware that
Y = Y (x) in the centralized system, where x is the homogeneous standard set
by the policy maker, and Y = Y (q) in the decentralized system, where q is the
exogenous share of the population that cannot afford the moving costs.

3.1 The centralized standard case

We use YC(x), x ∈ [xE, x
∗(θ)] to denote the common representation of the

policy maker’s objective in the centralized case for the three possible targets
(enrollment, graduation, human capital). Note that YC(x) also depends on
the loss of income while studying, Z, which we do not indicate for the sake of
synthesis.

stayers and movers, becomes:

V EiS (x, θ) = ziSθ + Ξ(x, θ) V EiM (θ) = ziMθ + Ξ(x∗(θ), θ) for i = P,R

where x is the random standard that each stayer find in her/his residence district while
x = x∗(θ) is the optimal standard that each mover select by choosing the university where
to enroll. Assumption 4 implies not only that mobility is more likely to be financed by
rich families, so that zPS � zPM and zRS ≥ zRM , but takes this assumption to extremes,
because it requires that the values of the zij , for i = P,R, and j = S,M , are such that the
following holds:

∀ θ ≥ θ, x ≥ xE : V EPS(x, θ) > V EPM (θ) and V ERS(x, θ) < V ERM (θ)

so that poor are always better off by staying whereas rich are always better off by moving.
Therefore, q can also be interpreted as the share of poor in the population.

25In Italy, the decision to move is actually affected by the social class of the student’s
family, see Appendix A.
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The common representation of the targets is:

YC(x) =

∫ θ

θ(x)

y(x, θ)φ(θ)dθ , (8)

y(x, θ) = 1 if Y = E (Enrollment rate);

y(x, θ) = p(x, θ) if Y = G (Graduation rate);

y(x, θ) = p(x, θ)w(x, θ) if Y = H (Human capital accumulation).

The functions YC(x), Y = E,G,H, are continuous functions on a compact
set so they admit at least a global maximizer. We investigate the relationship
(location in space) of these maximizers. We state:

Proposition 3 Let xE, xG and xH be the standards that maximize the enroll-
ment rate EC, the graduation rate GC, and the human capital accumulation
HC respectively. Then xE is the unique maximizer of EC. Assuming that xG
and xH are the unique maximizers of GC and HC, we have

xG < xE < xH < x∗(θ) . (9)

See Appendix C, Proof 3 �

¿From Proposition 3, it emerges that policies aimed at maximizing enroll-
ment and graduation rates are suboptimal for human capital accumulation. In
order to push the highest number of secondary school dropouts to enroll, the
centralized standard, xE, has to be set at a level that is lower than the one that
maximizes the human capital accumulation. Figure 2 graphically illustrates
the results of Proposition 3.

3.2 The heterogeneous standard case

As previously mentioned, in this section we assume that enrolling in the pre-
ferred university generates moving costs. These costs cannot be faced by a
share of the population, the stayers. Instead, moving decisions are completely
financed by the movers’ families.

The enrollment, graduation and human capital of movers are

YM =

∫ θ

θ

y∗(θ)φ(θ)dθ , (10)

y∗(θ) = 1 if Y = E;

y∗(θ) = p(x∗(θ), θ) if Y = G;

y∗(θ) = p(x∗(θ), θ)w(x∗(θ), θ) if Y = H,
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Figure 2: Enrollment (E), graduation (G), and human capital accumulation
(H) rates in the homogeneous standard case

xH xx xxExG

EC , GC , HC

EC (x)

GC (x)

HC (x)

x∗(θ)

and for stayers,

YS =

∫ x∗(θ)

xE

YC(x)f(x)dx Y = E,G,H. (11)

Due to the fact that
∫ x∗(θ)
xE

f(x)dx = 1 and f(x) ≥ 0, θ(x∗(θ)) > θ(x), xE ≤
x ≤ x∗(θ), we have

min
xE≤x≤x∗(θ)

YC(x) ≤ YS ≤ max
xE≤x≤x∗(θ)

YC(x) Y = E,G,H . (12)

This ensures that the enrollment, graduation, and human capital accumulation
of stayers in the decentralized setting are always between the minimum and
maximum attainable in the centralized setting and, more importantly, that
the enrollment or graduation rate YC(x) evaluated at the standard preferred
by the most talented student is smaller than YS since, roughly speaking, they
are decreasing functions of the standard.

Given q, the share of stayers in the population of secondary school dropouts,
the overall enrollment rate, graduation rate, and human capital accumulation
in the decentralized setting are

Y (q) = (1− q)YM + qYS, Y = E,G,H . (13)

3.3 Comparing centralization and decentralization

In this section we address the following question: given a standard level x, what
are the values of the share q that make the decentralized system preferable to
the centralized one?
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For Y = E,G,H, we introduce

∆Y (x, q) = YC(x)− Y (q) = YC(x)− [(1− q)YM + qYS] . (14)

Note that the centralized setting outperforms the decentralized one for the
specific target defined by Y when ∆Y (x, q) > 0. Therefore, our purpose is to
identify the curve q = q∗Y (x) that separates the zone of the plane (x, q) where
the centralized system outperforms the decentralized one (i.e., q > q∗Y (x)) and
the zone where the decentralized system outperforms the centralized one (i.e.,
0 ≤ q ≤ q∗Y (x)). This curve, q = q∗Y (x), is obtained by solving ∆Y (x, q) = 0
and observing that the inequality ∆Y (x, q) ≥ 0 can be rewritten as

∆Y (x, q) = YC(x)− Y (q) = YC(x)− YM + q(YM − YS) ≥ 0

−→ q(YM − YS) ≥ YM − YC(x). (15)

Eq. (15) shows that in order to derive the expression of the curve q = q∗Y (x),
we have to analyze the sign of the quantities YM − YC(x) and YM − YS. The
following proposition addresses this point.

Proposition 4 Movers
For the movers, the decentralized setting is preferable to the centralized one
when the objectives E, H are pursued:

YM ≥ YC(x), ∀x, xE ≤ x ≤ x∗(θ), Y = E,H.

Moreover, the following inequality holds:

YM > YS, Y = E,H .

See Appendix C, Proof 4.
Proposition 4 simply states that the share of movers that enroll in the

decentralized case cannot be lower than with centralization and that they
cannot accumulate a lower human capital because, in fact, by choosing their
preferred standard, they choose the standard that maximizes their human
capital26.

26Proposition 4 does not refers to graduation because the graduation rate of movers can be
higher or lower than the the stayers’ rate or the one attainable in the centralized setting. In
fact, by choosing the standard that maximizes their human capital accumulation, movers can
face a lower probability of graduation than stayers or what is obtainable in centralization.
Nevertheless, given that GC(xE) > GS , GC(xE) > GS and dGC

dx < 0 ∀x ∈ [xE , x
∗(θ)] and

given Eq. (12), there are two values of the standard, say xM and a xS , such that:

GC(x) > GM for x < xM and GC(x) > GS for x < xS .

Moreover, if GM > GS then xM < xS , if GM < GS then xM < xS .
Hereafter, we assume that GM > GS since this assumption agrees with the finding for the
enrollment rate and human capital accumulation. However, the main results of the paper
still hold when GM < GS .
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Proposition 5 Stayers
For the stayers, the centralized setting is preferable to the decentralized one
when x is within the interval [x1Y , x2Y ], where x1Y , x2Y are two consecutive
solutions of the equation YC(x)−YS = 0 in the interval [x, x] (see Eqs. (6)-(7)),
Y = E,G,H). Moreover:

a) when Y = E we have x1E < xE < x2E < x∗(θ); EC(x) > ES ∀x ∈
[xE, x2E];

b) when Y = G, assuming that G has a unique maximizer, then the inequality
x1G < xE < x2G < x∗(θ) holds; GC(x) > GS ∀x ∈ [xE, x2G];

c) when Y = H, assuming that H has a unique maximizer, then the inequality
x1H < xH < x2H holds; HC(x) > HS ∀x ∈ [x1H , x2H ]

See Appendix C, Proof 5.
Therefore, standards which make the centralized educational system prefer-

able to the decentralized one for stayers always exist. In particular, the fol-
lowing inequalities hold: EC(xE) > ES, GC(xE) > GS, HC(xH) > HS. In
other words, if in the centralized case the standard is chosen at the value
that maximizes one of the three objectives, then centralization outperforms
decentralization for the stayer.

Theorem 1 Assume that the standard x is such that xE ≤ x ≤ x∗(θ) and
GM > GS

27.
When YC(x) > YS, the quantity

q∗Y (x) =
YM − YC(x)

YM − YS
for Y = E,H,G (16)

defines the share of poor students such that for any q, q∗Y (x) ≤ q ≤ 1, the
centralized system outperforms the decentralized one while for any q, 0 ≤ q ≤
q∗Y (x) the decentralized system outperforms the centralized one. That is,

YC(x) > Y (q), q∗Y (x) ≤ q ≤ 1, (17)

YC(x) ≤ Y (q), 0 ≤ q ≤ q∗Y (x). (18)

When YC(x) ≤ YS, then the decentralized system outperforms the centralized
one for any q, 0 ≤ q ≤ 1 so that q∗Y (x) = 1, ∀x.

27If, instead, GM < GS , from Eq. (15) we see that centralization gives rise to a higher

graduation rate if q < GC(x)−GM

GS−GM
. For x < xS , centralization prevails becauseGC(x) > GS >

YM → q > 1; for x > xM decentralization prevails because GC(x) < GM < GS → q < 0.
For xS < x < xM , given dGC

dx < 0, there must exist a negative relationship between q∗G(x)
and x such that centralization prevails for q < q∗G(x).
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Figure 3: The functions q∗E(x), q∗(G(x) and q∗H(x) as separators for the effi-
ciency of centralization (∆Y > 0) or decentralization.

Therefore, for any xE ≤ x ≤ x∗(θ), the higher the share of stayers, the more
likely it is that the centralized system outperforms the decentralized one. Fig-
ure 3 graphically shows28 the results of Theorem 1.

An interesting corollary of the previous analysis concerns inter-generational
mobility. Whereas in the centralized setting the family of origin affects the
choice of enrollment through the reduced willingness of poorer families to fi-
nance education (an argument extensively analyzed in the economic literature
and not considered in our paper), in decentralization, movers are more likely
to come from richer families that can support moving costs easily, and they
choose the standard that maximizes their human capital. Stayers enroll at
a sub-optimal standard, and, everything else being equal, accumulate lower
human capital (see Proposition 4).

Therefore, a decentralized higher-education system reduces intergenera-

28Figure 3 was drawn considering that the slope of equation (14) is given by dq
dx =

− dYC
dx

YM−YS
.

It allows the slopes of q∗Y (x) to be computed in the three cases:

- For Y = E, dEC

dx < 0 and
dq∗E
dx > 0∀x ∈ [xE , x2E ].

- For Y = G, assuming GM > GS , dGC

dx < 0 and
dq∗G
dx > 0 ∀x ∈ [xE , x2G]

- For Y = H, dHC

dx > 0 and
dq∗H
dx < 0 ∀x ∈ [x1H , xH ]; dHC

dx < 0 and
dq∗H
dx > 0 ∀x ∈

[xH , x2H ]. In Figure 3 assume x1H > xE and x2H > x∗(θ).
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tional mobility more severely than a centralized system.

4 Conclusions

Higher educational systems are intended to raise the human capital of students
and to certify the quality of students who graduate. These two objectives go
hand in hand since, as assumed in this paper, both depend on the difficulty
faced by each student to obtain the degree and on the educational standard of
the academic institution.

Our theoretical model highlights the fact that in the higher educational
system considered here (i.e., a system based on the free-access principle where
each student is endowed with a given talent and chooses whether to enroll
or not and, eventually, self-selects among the educational standards offered),
the student will enroll if her/his talent is higher than a given threshold. This
threshold depends on the family income29, while the optimal standard (i.e.,
the standard desired by a given student) depends only on the level of student
talent.

Two higher-education settings are analyzed: the centralized standard, where
the policy maker sets a given standard that is common to all universities, and
the decentralized standard, where all desired standards are offered by universi-
ties located in different districts. In the latter case, each student can decide not
to enroll, to enroll in the university located in the district of residence whose
standard is random, or to enroll in the university offering his/her preferred
standard by sustaining additional moving costs.

This paper highlighted some controversial concerns about the potential
consequences of “broad access and success rate” toward two fundamental policy
objectives: a) human capital accumulation, and b) intergenerational mobility
in education. An increase in the number of enrolled and graduated students
may be reached through many different policies, namely reduction of tuition
fees, grants for poor students, or more generally raising public public expenses
for the university system in order to raise its efficiency and quality.

Nevertheless, the easiest and least expensive way to reach these goals is by
reducing the standard level.

We demonstrate that a standard level reduction implies a reduction in hu-
man capital accumulation because the standard that maximizes enrollment
is lower than the standard that maximizes the human capital accumulation.
The standard that maximizes the number of graduates is even lower. There-
fore, the objective of increasing the number of enrolled and graduated can be
detrimental to human capital accumulation.

29Appendix A offers some empirical results of the relationship between the probability of
enrolling, the individual talent, and the social class to which the student belongs.
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Furthermore, it emerges from the model that the standard that maximizes
the enrollment rate depends negatively on family income. Rich families would
prefer a lower standard than poor ones.

Roughly speaking, if a policy maker were interested in the standard desired
by rich families, he/she would set a standard below the standard desired by
”poor” families. As a consequence there would be a reduction in the enrollment
of “poor” students.

The decentralized standard case probably mimics an economic system where
university “autonomy” exists. In that case, human capital accumulation dur-
ing studies is maximized only if all secondary school dropouts can choose the
preferred standard and sustain mobility costs. If this is not the case30, a share
of secondary school dropouts is constrained to either not enroll or to enroll at
the (random) university located at home. Family income influences not only
the enrollment decision, but also the human capital accumulation during stud-
ies because students who move toward the “preferred” standard, the movers,
accumulate more human capital than the stayers. Therefore, apart from well-
known differences in the enrollment rate among rich and poor students, another
limit to intergenerational mobility in education emerges in higher-education
settings based on the decentralized standard if the “poor” enrolled students
are less likely to choose their preferred standard and therefore accumulate a
lower level of human capital.

We also demonstrate that the centralized system achieves better perfor-
mance with respect to the decentralized one in terms of both enrollment and
human capital accumulation if the share of stayers in the population is higher
than a given threshold. Given an objective pursued by the policy maker in
a centralized system, this threshold will be close to its smallest value if the
standard is close to the standard that maximizes the objective of the policy
maker.

Our results suggest that:
a) “broad access” can have positive effects on economic growth. Nevertheless,
if it is actually achieved by lowering the standard, this is detrimental to human
capital accumulation.
b) autonomy of individual universities in the process of standard setting must
be linked to policies aimed at financing mobility costs. Without this, inter-
generational mobility in education and even human capital accumulation are
reduced.

The paper presents some critical points that deserve further investigation.
Specifically,

- In decentralization, we have assumed that all the desired standards are ac-
tually offered, without considering the optimal behavior of the individual

30As empirically highlighted in the appendix A for Italy.



Increasing graduation and calling for more autonomy in higher education 1515

universities. An analysis of the strategic behavior of university manage-
ment in choosing the standard is an interesting area for future research.

- The wage premium for graduation has been taken as an exogenous parameter
(partial equilibrium). Considering graduates’ wage determination in a
general equilibrium model would be another possible development of the
paper.

- An exhaustive empirical analysis has not been made. Empirical development
aiming to extensively analyze the motivation behind the individual de-
cision to enroll, move, or drop out, linked with the institutional setting
(university diversification in quality, fees, standards and geographical
distribution) are needed.
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APPENDIX

Appendix A: A taste of empirical evidence for

Italy

The main results of the paper—the dependence of the optimal standard on
the objective of the policy maker and the comparisons in the outcomes of a
centralized setting versus a decentralized one—are very difficult to test empiri-
cally, mainly because of the lack of data on “standards”31. As explained in the
paper, our standard does not represent the overall quality of either the higher
university system or the individual institutions (both usually available), but it
represents the “difficulty” of getting the degree.

Therefore, in this appendix we offer simple multivariate statistics of the
relationship between some of our key variables and individual characteristics.
Specifically, we would like to know if: a) the presence of a university in the
province of residence positively affects the enrollment decision; b) the moving
decision is related to the social class; c) “talent” plays a minor role in explaining
the drop-out decision for those students who moved.

We analyze Italy, a country where the principle of free access holds, where
universities are differentiated by quality and standards (yearly scores on the
quality of universities are available), and where universities are spread widely
throughout the country.

We use the 2007 survey on study and work experience of secondary-school
graduates (Indagine sui percorsi di studio e lavoro dei diplomati) issued by the
Italian Institute of Statistics (ISTAT). The students are interviewed three years
after obtaining their secondary-school diploma. In the survey, 25, 880 students
who obtained their diploma in 2004 were interviewed. The dataset contains
information on students’ personal and household characteristics and on their
educational background. Once observations with missing data on the variables
of interest have been excluded, we end up with a sample of 25, 512 secondary-
school dropouts and 79 universities. The individual attributes we focus on
are the socio-economic condition of the student’s household and the student’s

31As already mentioned, the OECD study Assessment of Learning Outcomes in Higher
Education (AHELO) is precisely aimed to provide empirical measures of “standards”. At
the moment, the OECD has published the “Feasibility Study”. The complete analysis
and reporting are expected for 2020. http://www.oecd.org/edu/skills-beyond-school/ahelo-
main-study.htm.
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secondary school background. As proxies of the socio-economic status of the
student’s family, we use the variable “social class” which is a four-class categor-
ical variable that synthetically describes the highest job position and level of
education in the family. The variable “secondary school type” indicates if the
student attended a vocational school, a technical school, a liceo, a pedagogical
school, or an art school.

Table 1: Descriptive statistics

Individual characteristics Sample Enrolled Rates
(N) (N) Enrol. Movers Dropout

Men 11,675 6,123 0.52 0.50 0.19
Women 13,837 8,972 0.65 0.52 0.15
Upper class 2,647 2,342 0.88 0.54 0.16
Middle class 4,675 3,054 0.65 0.53 0.16
Working class 9,279 5,959 0.64 0.50 0.17
Working poor, underclass 8,911 3,740 0.42 0.49 0.16
Vocational 7,297 2,217 0.30 0.49 0.22
Technical 7,912 4,317 0.55 0.48 0.18
Liceo 5,473 5,171 0.94 0.54 0.13
Pedagogical 2,945 2,493 0.85 0.53 0.15
Arts 1,885 897 0.48 0.48 0.17
Total 25,512 15,095 0.59 0.51 0.16

- The enrollment rate is the ratio between enrolled students and secondary-school graduates.

- The moving rate is the ratio between enrolled students at a university located in a

different province from the one where they finished secondary school and total enrollment.

- The dropout rate is the ratio between enrolled students who changed or abandoned the

university where they originally enrolled for reasons other than personal ones (having found

a job, health) and total enrollment.

Source:“Indagine sui percorsi di studio e lavoro dei diplomati”, 2007, ISTAT

The other key information contained in the ISTAT data is the student’s
province of residence during secondary school32 and, for enrolled students, the
province of the chosen university.

As a proxy of the student’s talent, we used the “final grade” obtained at the
maturità exam, a nationally defined exam to be passed at the end of secondary
school. The “talent” variable comes from the residuals of an estimation of
the final grade on type of secondary school, province of residence and their
interactions.

32103 provinces, 64 of which have one or more universities.
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Table 1 presents some descriptive statistics. The first two columns show the
composition of the sample and the composition of the enrolled. The enrollment
rate, the moving rate and the drop-out rate are shown in the last three columns.
Table 1 clearly shows that all rates are highly heterogeneous across individual
characteristics.

We estimate the probability of enrolling, moving, and dropping out. Given
that the decision to move can be observed only for the enrolled, we jointly
estimate the enrollment and moving probabilities using the Heckman selection
method, where enrollment is the selection equation33. The dropout equation is
instead estimated by a simple probit model, so that the probability of dropping
out is conditional to the enrollment decision34.

Table 2 illustrates the estimates of enrolling probability, moving probability,
and dropout probability.

Table 2: Probit estimates of enrollment, moving, and dropping out.

moving enrollment dropping out
Talent 0.0084*** 0.035*** -0.014***
Women 0.020 0.055*** -0.062**
School-ref: vocational
Technical 0.15*** 0.64*** -0.17***
“Liceo” 0.58*** 2.11*** -0.43***
Pedagogical 0.39*** 1.56*** -0.31***
Arts 0.28*** 0.38*** -0.21***
Social Class-ref: upper class
Middle class -0.057 -0.43*** -0.076*
Working class -0.12*** -0.42*** -0.025
Working poor -0.22*** -0.79*** -0.14***
Univ. in the province of residence -4.06*** 0.066***
Movers -0.051*
Mover*talent 0.0037*
cons 3.01*** 0.033 -0.59***
N. obs 25512 25512 10940

rho 0.328 ***

Table 2 allows us to confirm some crucial points in the proposed theoretical

33Results do not change qualitatively by estimating two different probit models, one for
enrollment using the entire sample and the other for moving, using only enrolled students.

34By estimating a Heckman selection model for dropping out, with enrollment as the
selection factor, we obtain results that are qualitatively very similar, along with a more
significant dependence of the drop-out probability on the interaction between talent and
moving decision, which is our variable of interest.
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model:

- Talent significantly and positively affects enrollment and moving decisions,
while it significantly and negatively affects the drop-out decision (As-
sumption 1 and Proposition 1(b)).

- The secondary school and social class of the family strongly affect enrollment
(Proposition 1(c)) and mobility (Assumption 4). The secondary school
also affects the dropout probability; this is likely due to the fact that the
chosen secondary school can be another rough proxy for the individual’s
talent. The lower probability of drop-out observed for the working poor
finds justification in the model: the marginal talent required to enroll for
students in this social class is higher than the one for the upper class.
In other words, enrolled students from low social classes are on average
more talented (Proposition 1(c)).

- The presence of the university in the province of residence positively affects
the enrollment probability and negatively affects the moving decision.
This result does not hold for the upper and middle classes (results avail-
able to the authors). (Assumption 4).

- In the decision to drop out, talent is significantly less important for the
movers, as shown by the interaction between talent and the dummy for
movers. (Proposition 2(c)).

Appendix B: Endogenous effort during studies

We assume that effort during studies, e , with 0 ≤ e ≤ 1, negatively affects
the utility in the study period and positively affects the probability of gradu-
ation. We assume that the utility during studies is given by: zθ− e2

2
, that the

probability of graduation is e
√
p(x, θ), and the premium for enrollment wage

is
√

2w(x, θ). Note that the last two definitions do not change anything in the
model because they simply modify Assumptions 1 and 2.

Equation 4 becomes:

V = e
√

2p(x, θ)w(x, θ)− Zθ − e2

2
(19)

Each enrolled student optimally chooses his/her effort during studies by max-
imizing Eq. (19), so that:

e∗(x, θ) =
√

2p(x, θ)w(x, θ)

Therefore, effort depends positively on human capital accumulation during
studies. According to the results of the model, it always depends positively on
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talent and depends positively on the standard only if x < x∗(θ), so that the
individual effort is maximized when the optimal standard is attained.

By substituting e∗(x, θ) in Eq. 19, we obtain

V = p(x, θ)w(x, θ)− Zθ,

which is precisely Eq. (4) representing the premium for enrolling function.
This result obviously requires a specific form of the function defining the disu-
tility of effort and a specific relationship between the probability of graduation
and effort. For these reasons, we preferred to not explicitly model effort in the
paper.

Appendix C: Proofs

Proof 1 (Proof of Proposition 1).
Proof of Proposition 1 (a).
V is a decreasing function of Z since Eq. (4) implies ∂V/∂Z = −θ < 0.

Proof of Proposition 1 (b).
We show that for any positive value of loss of income while studying Z and
a positive standard x, x ≤ x ≤ x, there exists a talent, θ(x), which is the
smallest positive solution of the equation V (x, θ(x)) = 0. This talent is the
lowest talent necessary to enroll at the standard x. We prove that V (x, θ) ≤ 0,
for all θ ≤ θ(x) and that V (x, θ, Z) > 0 for all θ > θ(x). In other words, it is
convenient to enroll only when θ ≥ θ(x).
The case x = x is trivial and we have θ(x) = θ.
Let us consider x < x < x. The proof follows by the continuity of V and the fact
that V (x, 0) = 0, V (x, θ) is positive since x ∈ x < x < x and ∂V/∂θ(x, 0) <
0. Let us show this last feature by deriving Eq. (4) with respect to θ and
rearranging it using the elasticity εpθ. We thus obtain

∂V

∂θ
=
p(x, θ)w(x, θ) [εpθ(x, θ) + 1]− Zθ

θ

=
V (x, θ) + p(s, θ)w(x, θ)εpθ(x, θ)

θ
. (20)

Eq. (20) for θ = 0, p(x, 0) = w(x, 0) = 0 gives

∂V

∂θ
(x, 0, Z) = −Z < 0. (21)

This concludes the proof since the function V (x, θ, Z) is negative to the right
of θ = 0 and positive for θ = θ.

Proposition 1 (c).
Let us consider that θ(x, Z) is defined by the equation V (x, θ(x, Z), Z) = 0.
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We then have
∂θ

∂Z
= −

∂V
∂Z
∂V
∂θ

=
θ(x)

Zεpθ(x, θ(x))
(22)

since we have

∂V

∂θ
(x, θ(x), Z) = Zεpθ(x, θ(x)) > 0,

∂V

∂Z
(x, θ, Z) = −θ.

Note that ∂θ
∂Z

is positive by virtue of Assumption 1 which guarantees εpθ(x, θ(x)) >
0.
Let us consider θ(x, Z) as a function of x. Using Eq. (20) and the following,

∂V

∂x
=
p(x, θ)w(x, θ)

x
(εpx(x, θ) + β) , (23)

we obtain

∂θ

∂x
= −

∂V
∂x
∂V
∂θ

= −θ
x

p(x, θ)w(x, θ) (εpx(x, θ) + β)

p(x, θ)w(x, θ) (εpθ(x, θ) + 1)− Zθ

= −θ
x

p(x, θ)w(x, θ) (εpx(x, θ) + β)

V (x, θ) + p(x, θ)w(x, θ)εpθ(x, θ)
. (24)

Eq. (24) provides the slope of the isopremium for enrolling functions V . Using
the fact that V (x, θ(x), Z) = 0 in Eq. (24) we obtain:

∂θ

∂x
= −θ(x)

x

εpx(x, θ(x)) + β

εpθ(x, θ(x))
, (25)

so that a stationary point of the function θ(x), x < x < x is the value x = xE
that satisfies

εpx(x, θ(x)) + β = 0 . (26)

We prove that the stationary point x = xE of the function θ = θ(x) is a
minimizer. In fact, by differentiating Eq. (25) with respect to x and evaluating
the result at x = xE we obtain

∂2θ

∂x2
(xE) = −θ(xE)

xE

1

εpθ(xE, θ(xE))

∂εpx
∂x

(xE, θ(xE)) > 0, (27)

so that xE is a minimizer of θ(x), x > 0. Summing up, we have shown that
there exists a standard, xE, such that the talent required to enroll is the lowest
possible one. That is, θ = θ(xE) is the minimum value of the function θ = θ(x)
and the couple (xE, θ) is the solution of the system{

V (x, θ, Z) = 0,

εpx + β = 0.
(28)
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The uniqueness of the minimizer follows from the fact that ∂θ/∂x is positive
for x > xE since εpx + β > 0 for x > xE and εpθ > 0 by virtue of Assumption
1.

Proposition 1 (d).
Let us now prove that xE and θ, as a functions of Z, are positive functions

with constant elasticity equal to 1
β

.
For the sake of simplicity we drop the dependence of V on Z.
Let us recall that xE and θ satisfy the linear system (28). We can rewrite the
two equations of the system as follows:

V (xE, θ) = 0, (29)

Q(xE, θ) = 0, (30)

where Q is given by:
Q(xE, θ) := εpx(xE, θ) + β

. Differentiating Eqs. (29), (30) with respect to Z we find that the derivatives
of xE and θ with respect to Z are the solution of the following linear system: Vx(xE, θ) Vθ(xE, θ)

Qx(xE, θ) Qθ(xE, θ)

 dxE
dZ

dθ

dZ

 =

 −VZ(xE, θ)

0

 . (31)

Let us denote D(Z) as the determinant of the matrix appearing in Eq (31). If
D(Z) 6= 0 we have dxE

dZ

dθ

dZ

 =
1

D(Z)

 Qθ(xE, θ) −Vθ(xE, θ)

−Qx(xE, θ) Vx(xE, θ)

 −VZ(xE, θ)

0

 , (32)

that is

dxE
dZ

= − 1

D(Z)
Qθ(xE, θ) VZ(xE, θ) (33)

dθ

dZ
=

1

D(Z)
Qx(xE, θ) VZ(xE, θ). (34)

Let us now compute the functions appearing in Eqs. (33) and (34). We have

Vx = pxw + pwx Vθ = pθw + pwθ − Z VZ = −θ (35)

Qx =
∂

∂ x
εpx Qθ =

∂

∂θ
εpx. (36)

Since p is a homogeneous function of degree zero (specifically, pθ = −xpx/θ,
∂
∂x
εpx = − θ

x
∂
∂θ
εpx) and wx = β w/x, wθ = w/θ, εpx = −β, Z/(pw) = 1/θ we
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can rewrite the determinant D(Z) as follows:

D(Z) = (pxw + pwx)
∂

∂θ
εpx − (pθw + pwθ − Z)

∂

∂x
εpx =(

pxw + pw
β

xE

)
∂

∂θ
εpx −

(
−xE
θ
pxw + p

w

θ
− Z

)(
−
θ

xE

)
∂

∂θ
εpx =

pw(εpx + β)
∂

∂θ
εpx +

(
−pxw +

pw

xE
− Z

θ

xE

)
∂

∂θ
εpx =

pw

xE
(−εpx + 1− 1)

∂

∂θ
εpx = β

pw

xE

∂

∂θ
εpx, (37)

that is

D(Z) = β
Z θ

xE

∂

∂θ
εpx. (38)

Using εpx(x
∗(θ), θ) = p′x

x∗(θ)
p

= −β we have

∂εpx
∂θ

(x∗(θ), θ) =

(
p′′xθ

x∗(θ)

p
− p′x

x∗(θ)

p2
p′θ

)
=

1

p
(x∗(θ)p′′xθ + βp′θ) , (39)

where all the derivatives in the previous equation are evaluated at x = x∗(θ)

and the equation εpx(x
∗(θ), θ) = p′x

x∗(θ)
p

= −β is used.

It is easy to see that the determinant D(Z) is positive by virtue of Assump-
tion 1 and Eq. (39). Using (38) in Eqs. (33) and (34) we obtain

dxE
dZ

=
xE

∂
∂θ
εpx β Z θ

(
∂

∂θ
εpx

)
θ =

1

β

xE
Z

(40)

and

dθ

dZ
=

xE
∂
∂θ
εpx β Z θ

(
θ2

xE

∂

∂θ
εpx

)
=

1

β

θ

Z
. (41)

Eqs. (40) and (41) can be rewritten as follows:

εθZ =
Z

θ

dθ

dZ
=

1

β

εxE Z =
Z

xE

dxE
dZ

=
1

β
. (42)

This concludes the proof. �
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Proof 2 (Proof of Proposition 2).
Proof of Proposition 2 (a).

We look for the maximizer of V (x, θ, Z) for a given θ and Z. To this end, we
compute a stationary point of V and we show that it is a maximizer. ¿From
Eq. (23), a stationary point of V for a given value of θ and Z is the solution
to

εpx(x, θ) + β = 0 . (43)

The existence of a zero in Eq. (43) follows the observation that εpx(0, θ) = 0
and that

∂εpx
∂x

< 0 , x > 0 . (44)

Let us demonstrate Eq. (44). Deriving εpx with respect to x we obtain

∂εpx
∂x

=
1

p
(xp′′xx + p′x(1− εpx)) . (45)

Then, since p is a homogeneous function of degree zero in (x, θ), the equation
p′x = − (xp′′xx + θp′′x θ) holds (see Eq. (c) in note 15). By substituting this
equation in Eq. (45) we have

∂εpx
∂x

=
1

p
(sp′′xx − (xp′′xx + θp′′x θ) (1− εpx)) =⇒ ∂εpx

∂x
= −θ

p
p′′xθ(1− εpx). (46)

By virtue of Assumption 1 we have p′′x θ > 0 and εpx < 0 so that Eq. (46)
implies Eq. (44). Note that since x∗ satisfies (43) choosing θ = θ we get
x∗(θ(Z)) = xE.
Let us conclude this proof showing that xE is a maximizer. We have:

∂2V

∂x2
=

1

x

∂(p(x, θ)w(x, θ))

∂x
(εpx(x, θ) + β)− p(x, θ)w(x, θ)

x2
(εpx(x, θ) + β)

+
p(x, θ)w(x, θ)

x

∂

∂x
εpx(x, θ), (47)

so that, Eqs. (43) and (44) imply that ∂2V
∂x2

(x∗, θ) < 0.
Proof of Proposition 2 (b).

Let us show that the optimal standard x∗(θ) is an increasing linear function of
student talent. Due to the fact that x∗(θ) satisfies Eq. (43) we have

dx∗(θ)

dθ
= −

∂εpx
∂θ
∂εpx
∂x

, (48)

where ∂εpx
∂x

is negative (see Eq. (44)) so that sign
(
∂x∗

∂θ

)
= sign

(
∂εpx
∂θ

)
with ∂εpx

∂θ

at x = x∗(θ) given by Eq. (39). Eq. (39) can be further simplified by using the
homogeneity property of p(x, θ) (see note 15, point (a) and (c)), obtaining

∂εpx
∂θ

(x∗(θ), θ) = −1

p

x

θ
((1 + β)p′x + xp′′xx) . (49)
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Therefore, from Eqs. (48), (49) and (45), after substituting −εpx = β in the
latter, we obtain:

dx∗

dθ
(θ) =

θ

x∗(θ)
> 0. (50)

Proof of Proposition 2 (c).
We have to prove that dp

dθ
(x∗(θ), θ) = 0, for any θ. Let us start by computing

dp(x∗(θ), θ)

dθ
= p′x

dx∗(θ)

dθ
+ p′θ , (51)

where dx∗(θ)
dθ

is given in Eq. (50). Using Eq. (a) of note 15 (i.e.
p′θ = −p′x xθ ), the thesis follows:

dp(x∗(θ), θ)

dθ
,= 0

and this concludes the proof.�

Proof 3 (Proof of Proposition 3)
We look for a stationary point of EC. From Eq. (8) we obtain

∂EC
∂x

(x) = −φ(θ(x))
∂

∂x
θ(x), (52)

and
∂2EC
∂x2

(x) = −φ′(θ(x))

(
∂

∂x
θ(x)

)2

− φ(θ(x))
∂2

∂x2
θ(x), (53)

so that a stationary point is point xE such that

∂

∂x
θ(xE) = 0. (54)

That is, xE is the value of the standard which is the solution to the following
equation:

εpx(xE, θ(xE)) = −β. (55)

Using Eq. (54) in Eq. (53) and with Eq. (27), we obtain that xE is a max-
imizer of EC. By virtue of Eq. (25) and Eq. (8) we can conclude that EC
is a decreasing function for x > xE and θ > θ(x), hence xE is the unique
maximizer.

We now consider the graduation rate (8) with Y = G. The standard x = xG
that maximizes the graduation rate is a stationary point of GC. The partial
derivative of GC with respect to x is given by

∂GC

∂x
(x) = −p(x, θ(x))φ(θ(x))

∂

∂x
θ(x) +

∫ θ

θ(x)

p′x(x, θ)φ(θ)dθ . (56)
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Computing Eq. (56) at x = xE and using Assumption 1 (p′x(x, θ) < 0, ∀x , θ)
we have:

∂GC

∂x
(xE) = +

∫ θ

θ(xE)

p′x(xE, θ)φ(θ)dθ < 0, (57)

Therefore, xG ≤ xE since GC is decreasing at x = xE.

We now consider the human capital accumulation Eq. (8). The partial
derivative of HC with respect to x is given by

∂HC

∂x
(x) = −p(x, θ(x))w(x, θ(x))φ(θ(x))

∂

∂x
θ(x)

+

∫ θ

θ(x)

∂

∂x
[p(x, θ)w(x, θ)]φ(θ)dθ . (58)

We have

∂

∂x
(pw)(x, θ) = pw(εpx + β) > 0, x ≥ xE, θ > θ(xE), (59)

where xE is the maximizer of the Enrollment rate also given in Proposition 1.

Evaluating (58) at x = xE and using Eqs. (54) and (59), we obtain

∂HC

∂x
(xE) =

∫ θ

θ(xE)

∂ (pw)

∂x
(xE, θ)φ(θ)dθ > 0 . (60)

Hence we have xE < xH .
Let us now evaluate Eq. (58) at x = x∗(θ). Recalling that x∗(θ) > xE, this
implies ∂

∂x
θ(x∗(θ)) > 0 so we obtain

−p(x∗(θ), θ(x∗(θ)))w(x∗(θ), θ)φ(θ(x∗(θ)))
∂

∂x
θ(x∗(θ)) < 0 . (61)

Furthermore, we recall that θ(x∗(θ)) < θ and ∂
∂x

[p(x, θ)w(x, θ)] < 0 when

x > x∗(θ). Hence, bearing in mind that x∗(θ) < x∗(θ), we have that∫ θ

θ(x∗(θ))

∂

∂x
[p(x∗(θ), θ)w(x∗(θ), θ)]φ(θ)dθ < 0 . (62)

Eqs. (61) and (62) imply ∂
∂x
HC(x∗(θ)) < 0 and this implies xH < x∗(θ). This

concludes the proof.�

Proof 4 (Proof of Proposition 4) When Y = E, the proof follows from the
definition of the enrollment rate given in (8) and the fact that θ(x) > θ.
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When Y = H the proof follows recalling that x∗(θ) maximizes p(x, θ)w(x, θ)
for any given value of θ and noting that:

HC(x) =

∫ θ

θ(x)

p(x, θ)w(x, θ)dθ ≤
∫ θ

θ(x)

p(x∗(θ), θ)w(x∗(θ), θ) ≤∫ θ

θ

p(x∗(θ), θ)w(x∗(θ), θ) = HM . (63)

Moreover, thanks to the previous results and the fact that
∫ x∗(θ)
xE

g(s)ds = 1, we
have

YS =

∫ x∗(θ)

xE

g(s)YC(s)ds ≤
∫ x∗(θ)

xE

g(s)YMds ≤ YM , Y = E,H (64)

. (65)

This concludes the proof. �

Proof 5 (Proof of Proposition 5)
YS is the average of objective Y (Y = E,H,G) over the interval [xE, x

∗(θ)].
Moreover, we have

YC(x∗(θ)) ≤ YC(x), ∀, xE ≤ x ≤ x∗(θ), for Y=E,G (66)

YC(x∗(θ)) < YS for Y=E,G. (67)

Eq. (67) implies YC(x∗(θ))−YS < 0 and the definition of x (i.e. V (x, θ) = 0)
implies YC(x)− YS = −YS < 0. Therefore two consecutive solutions, x1Y and
x2Y , exist.

(a) when Y = E we have that EC has a unique maximizer, xE, so that
d
dx
EC < 0 in x ∈ (xE, x

∗(θ)). This implies that x2E is the unique zero

of the equation EC(x) − ES = 0 in the interval (xE, x
∗(θ)) and that

x1E < xE;

(b) when Y = G, the assumption that GC has a unique maximizer, xG, guar-
antees that the two solutions to the equation GC(x)−GS = 0 are unique.
Thus, we have x1G < xG < xE < x2G since d

dx
GC < 0 in x ∈ (xE, x

∗(θ))
(see Eq. (67) and Proposition 3).

(c) when Y = H, we have YC(x)− YS < 0 and YC(x)− YS < 0 since θ(x) =
θ(x) = θ. This finding, together with the assumption that HC has a
unique maximizer, xH , guarantees that the two solutions of the equation
HC(x) − HS = 0 are unique. We thus have x1H < xH < x2H since
d
dx
HC < 0, x > xH .
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Proof 6 (Proof of Theorem 1). In Eq. (16) both the numerator and de-
nominator are positive for each max{xE, x1,Y } ≤ x ≤ min{x∗(x), x2,Y }. We
observe that when YC(x) > YS we have 0 < q∗Y (x) < 1 as well as ∆Y (x) > 0
for q > q∗Y (x).
In contrast, when YC(x) ≤ YS, Eq. (14) implies ∆Y (x, q) < 0 for any q. �
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