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Abstract

In this paper, an efficient multiscale Runge-Kutta Galerkin method
(MRKGM) efficient numerical solution for the generalized Burgers-Huxley
equation is presented. Firstly, the spacial variable is discretized by
multiscale Galerkin method with the multiscale orthonormal bases in
H1

0 (0, 1). This method yields Burgers-Huxley equation to a system of
ordinary differential equations. Secondly, the strong stability preserv-
ing third-order Runge-Kutta method is employed to solve the system
of ordinary differential equations. The numerical results obtained in
this way are compared with the exact solution to demonstrate the high
accuracy of the method even in the case of a small number of bases.
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1 Introduction

Mathematical modeling of many physical systems leads to nonlinear partial
differential equations in various fields of science and engineering. Generalized
Burgers-Huxley equation

ut + αuδux − uxx = βu(1− uδ)(uδ − γ), a ≤ x ≤ b, t ≥ 0, (1.1)
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where α, β, γ and δ are constants with β ≥ 0, δ > 0, γ ∈ (0, 1), being a nonlin-
ear partial differential equation is of great importance for describing different
mechanisms. This equation investigated by Satsuma shows a prototype model
for describing the interaction between reaction mechanisms, convection effects
and diffusion transport [1].

In recent years, many researchers have used various numerical methods in
the literatures to solve the Burgers-Huxley equation (1.1). For instance, Ado-
mian decomposition method was studied in [2], spectral collocation method,
pseudospectral method and spectral domain decomposition method were stud-
ied in a series of paper [3, 4, 5, 6, 7], wavelet method was introduced [8]. More
recently, a three-step Talyor-Galerkin method was presented for the singu-
larly perturbed generalized Burgers-Huxley equation [9]. And the local dis-
continuous Galerkin method has been used to solve the Burgers-Huxley and
Burgers-Fisher equations [10].

Multiscale or multilevel numerical methods received much attention re-
cently. They have considerable advantages and become the standard ap-
proaches in solving integral equations([11, 12, 13, 14, 15]). The methods lead
to a numerically sparse matrix presentation of the integral operator. A proper
truncation of such a sparse matrix will result in a fast numerical algorithm for
solving the equation. What’s more, the methods allow us to design multilevel
augmentation method (MAM) for fast solving the system resulting from dis-
cretization of the integral equation because of the multiscale structure of the
coefficient matrix [13, 14, 15]. This method was then applied to solve differ-
ential equations [16, 17, 18]. The main advantage of multiscale methods for
solving differential equations is the stability of the multiscale bases. It can re-
duce the condition number of the resulting discrete systems largely and obtain
the uniform boundedness of the condition number under some conditions[16].

In this paper, the generalized Burgers-Huxley equation with Dirichlet bound-
ary condition is solved by combination of the multiscale Galerkin method and
the strong stability preserving Runge-Kutta method. After discreting the spa-
cial variables by Galerkin method with the multiscale orthornomal bases con-
structed in [16], we apply the strong stability preserving three-oder Runge-
Kutta method [19] to solve the resulting ordinary differential equations. The
computed results show that the method is effective for obtaining numerical
approximations of Burgers-Huxley equation. Furthermore, the use of consid-
erably small number of bases and strong stability make the method advanta-
geous.

The remainder of this paper is organized as follows: In section 2 we in-
troduce the multiscale orthornomal bases in Sobolev spaces. We describe the
model problem and the proposed algorithm in detail in section 3 and sec-
tion 4, respectively. In section 5 numerical results of several test experiments
are reported, which show that the algorithm is stable and accurate to solve
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Burgers-Huxley equations. At last a short conclusion is drawn in section 6.

2 Multiscale orthonormal bases for H1
0(0, 1)

In this section, we introduce the multiscale orthonormal bases constructed in
[16] for Sobolev spaces H1

0 (E), E := [0, 1]. Readers can refer to [16] for the
details. Let X := H1

0 (E) denote the Sobolev space of elements u vanishing at
both 0 and 1, the inner product and norm of H1

0 (E) are equipped by

〈u, v〉1 :=

∫
E

u′(x)v′(x)dx, ‖u‖1 :=
√
〈u, u〉1, u, v ∈ H1

0 (E).

For k ≥ 2, we denote by Xn the finite dimensional subspace of X whose elements
are the piecewise polynomials of order less than k with knots j/µn, j − 1 ∈
Zµn−1, where µ > 1 and the notation Zn := {0, 1, 2, · · · , n−1}. It is easily seen
that the subspaces Xn are nested, i.e., Xn−1 ⊂ Xn, n ∈ N0 := {0, 1, 2, · · · }. By
the definition of Xn, the dimension of the space Xn is dimXn = (k− 1)µn− 1.
Because of the nestedness property, Xn can be expressed as an orthogonal
direct sum of Xn−1 and Wn. It follows that for n ∈ N0,

Xn = X0 ⊕⊥W1 ⊕⊥ · · · ⊕⊥Wn,

where the notation S1⊕⊥ S2 stands for the orthogonal direct sum of spaces S1

and S2. It can be computed that the dimension of the subspace Wn is obtained
by

ω(n) := dimWn = dimXn − dimXn−1 = (k − 1)µn−1.

When subspace W1 has been given, Wn can be recursively constructed via
the linear operators Te : L2(E)→ L2(E), e ∈ Zµ, defined by:

(Teu)(x) :=

{
µ−1/2u(φ−1e (x)), x ∈ φe(E),
0, x /∈ φe(E),

(2.1)

where φe(x) := x+e
µ

are affine mappings which define the partitions of interval
E. Specially, we introduce the construction of linear multiscale orthonormal
bases which will be used to discretize the spatial variables of Burgers-Huxley
equation. Choose k = 2, µ = 2. It is easily seen that X0 = ∅, dimWi =
2i−1, i > 1. The desired basis of W1 is given by

ω1,0 =

{
x, x ∈ [0, 1

2
),

1− x, x ∈ [1
2
, 1].

Let {ωi,j(x), j ∈ Zω(i)} be the bases of Wi, then the operators (2.1) for bases
of Wi+1 have concrete forms:

ωi+1,j =

{ 1√
2
ωi,j(2x), x ∈ [0, 1

2
),

0, x ∈ [1
2
, 1],

j = 0, 1, 2, · · · , 2i−1 − 1,
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and

ωi+1,2i−1+j =

{
0, x ∈ [0, 1

2
),

1√
2
ωi,j(2x− 1), x ∈ [1

2
, 1],

j = 0, 1, 2, · · · , 2i−1 − 1.

Therefor, functions {ωi,j(x) : j ∈ Zω(i)
} form an orthonormal basis for Wi, and

Xn = {ωi,j(x) : (i, j) ∈ Jn}, Jn := {(i, j) : i ∈ Zn+1, j ∈ Zω(i)
}.

The graph of bases for X3 are shown in Fig. 1.
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Fig. 1: H1
0−linear multiscale orthogonal bases for X3.

For an arbitrary interval [a, b], the multiscale orthonormal bases of Sobolev
space H1

0 (a, b) can also be constructed just by a simple affine transformation.

3 The model problem

As mentioned above, the generalized Burgers-Huxley equation represents be-
haviors of many physical systems encountered in models of reaction mecha-
nisms, convection effects and diffusion transport. The governing initial bound-
ary value generalized Burgers-Huxley equation under consideration is:

ut + αuδux − uxx = βu(1− uδ)(uδ − γ), a ≤ x ≤ b, 0 < t ≤ T,
u(x, 0) = u0(x) = [γ

2
+ γ

2
tanh(θ1x))]1/δ, a ≤ x ≤ b,

u(a, t) = ua(t) = [γ
2

+ γ
2

tanh(θ1(a− θ2t))]1/δ, 0 < t ≤ T,
u(b, t) = ub(t) = [γ

2
+ γ

2
tanh(θ1(b− θ2t))]1/δ, 0 < t ≤ T.

(3.1)
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The exact solution of the problem (3.1) is given by ([20])

u(x, t) = [
γ

2
+
γ

2
tanh(θ1(x− θ2t))]1/δ,

where

θ1 :=
−αδ + δ

√
α2 + 4β(1 + δ)

4(1 + δ)
,

θ2 :=
αγ

1 + δ
−

(1 + δ − γ)(−α +
√
α2 + 4β(1 + δ)

2(1 + δ)
.

The aim of this paper is to numerically solve this equation by multiscale
Galerkin method. The computed results are compared with the exact solu-
tions, showing that the presented method is capable of achieving high accuracy
and stable solution for problem (3.1).

4 The multiscale Galerkin method for Burgers-

Huxley equation

In this section, we combine the multiscale Galerkin method and the strong
stability preserving third-order Runge-Kutta method to solve the generalized
Burgers-Huxley equation.

First we convert (3.1) to a zero boundary problem. To this end, we let

ũ(x, t) = u(x, t)− h(x, t) = u(x, t)− b− x
b− a

ua(t)−
x− a
b− a

ub(t).

Then ũ(a, t) = ũ(b, t) = 0, and the problem (3.1) can be rewritten as an
initial-boundary value problem of functions ũ(x, t)

ũt + ht + α(ũ+ h)δ(ũx + hx)− ũxx = f(ũ), a < x < b, 0 < t ≤ T,
ũ(x, 0) = u0(x)− h(x, 0), a ≤ x ≤ b,
ũ(a, t) = ũ(b, t) = 0, 0 < t ≤ T,

(4.1)
where f(ũ) = β[1− (ũ+ h)][1− (ũ+ h)δ][(ũ+ h)δ − γ].

Let Xn be a finite dimensional subspace of H1
0 (E). The multiscale orthonor-

mal basis functions {ωi,j(x) : (i, j) ∈ Jn} introduced in section 2 are chosen as
bases for Xn. Then the approximate solution ũn in space Xn can be written as:

ũn(x, t) =
∑

(i,j)∈Jn

ũi,j(t)ωi,j(x). (4.2)
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Then, the multiscale Galerkin method of problem (4.1) can be posed as: Find
ũn = ũn(·, t) ∈ Xn such that

(ũn,t, ω) + (ht, ω) + (gn, ω) = (fn, ω), ∀ω ∈ Xn,

ũn(x, 0) =
∑

(i,j)∈Jn
ũi,j(0)ωi,j(x),

(4.3)

where (u, v) :=
∫ b
a
u(x)v(x)dx, gn = g(ũn) := α(ũn +h)δ(ũn,x +hx)− ũn,xx and

fn = f(ũn) := β[1 − (ũn + h)][1 − (ũn + h)δ][(ũn + h)δ − γ]. The coefficients
ũi,j(0) can be computed by

ũi,j(0) = 〈ũ(x, 0), ωi,j(x)〉1, (i, j) ∈ Jn.

By substituting the above representation of ũn (4.2) into the multiscale
Galerkin scheme (4.3), we obtain an initial value problem of ordinary differen-
tial equation system 

d
dt

Ũn = L(Ũn, t),

Ũn(0) = [ũi,j(0) : (i, j) ∈ Jn].

(4.4)

Choose τ as the time step and apply the SSP-RK3 scheme to solve ordinary
differential equation system (4.4), i.e., for m = 1, 2, · · · , T/τ, compute

K1 = Ũ
(m−1)
n + τL(Ũ

(m−1)
n , (m− 1)τ),

K2 = 3
4
Ũ

(m−1)
n + 1

4
K1 + 1

4
τL(K1,mτ),

Ũ
(m)

n = 1
3
Ũ

(m−1)
n + 2

3
K2 + 2

3
τL(K2, (m− 1

2
)τ).

(4.5)

Thus for m = 1, 2, · · · , T/τ , we obtain the coefficients

Ũ
m

n = [ũi,j(mτ) : (i, j) ∈ Jn].

Therefor, the approximate solution of the equation(1.1) can be expressed as:

un(x,mτ) = ũn(x,mτ) + h(x,mτ)

=
∑

(i,j)∈Jn

ũi,j(mτ)wi,j(x) +
b− x
b− a

ua(mτ) +
x− a
b− a

ub(mτ).
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5 Numerical experiments

In this section we obtain numerical solutions of generalized Burgers-Huxley
equation in the form (1.1) by MRKGM. To verify the efficiency of the proposed
method for the current problem in comparison with the exact solution, errors
for various values of α, β, δ and γ are reported in the following tables. For all
of the experiments, n and N := N(n) = 2n − 1 stand for the level and the
corresponding dimension of Xn. And the maximum error norm L∞ at time
level t = mτ, m = 0, 1, 2, · · · is defined by

L∞ =‖ un(x, t)− u(x, t) ‖∞= max
1≤j≤N

| un(xj, t)− u(xj, t) |,

where un(x, t) and u(x, t) denote the approximate solution and theoretical so-
lution respectively. For the computational work, we select the following
examples from [5, 8]. In all of the examples, n is taken as 3 and τ is taken as
0.001.

Example 1. Consider Burgers-Huxley equation (1.1) in the domain 0 ≤ x ≤ 1
with α = β = 1 and γ = 0.001. The maximum error obtained by our method
and domain decomposition algorithm in [5] for various δ and t are given in
Table 1. Notice that the number of basis functions in [5] and in our method
are (N + 1)×M = 5× 2 = 10 and 23 − 1 = 7, respectively. But the time step
in [5] is much less than this in present method. Furthermore, as indicated in
this table, the present method is more accurate.

To show the solitary wave evolution with time, we expand the computation
domain to [−10, 20] and plot the numerical solution and exact solution in Fig.2
for the values α = β = 1, γ = 2, δ = 1 at times t = 0, 5, 10.

Table 1: Maximum error with α = β = 1, γ = 0.001 for Example 1.
t δ Error in [5] MRKGM

4t = 0.00005 4t = 0.001
0.2 δ = 1 4.1299e-8 4.0305e-8

δ = 4 1.3518e-5 1.3193e-5
δ = 8 3.6564e-5 3.5687e-5

1.0 δ = 1 4.6854e-8 4.6849e-8
δ = 4 1.5325e-5 1.5325e-5
δ = 8 4.1405e-5 4.1407e-5
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Fig.2: Numerical solution(’o’) and exact solution(’-’) at time t = 0, 5, 10 of
Example 1 for α = β = δ = 1, γ = 2.

Example 2. The proposed method is applied to equation (1.1) with α = 0.1,
β = 0.001, γ = 0.0001 in [0, 1] at t = 0.2, 1.0. In Table 2, we show maximum
error for various values of δ and compare with the corresponding results in [5].

Table 2: Maximum error with α = 0.1, β = 0.001, γ = 0.0001 for Example 2.
t δ Error in [5] MRKGM

4t = 0.00001 4t = 0.001
0.2 δ = 1 3.1560e-13 3.0804e-13

δ = 4 5.8733e-10 5.7325e-10
δ = 8 2.1789e-9 2.1267e-9

1.0 δ = 1 3.5868e-13 3.5806e-13
δ = 4 6.6745e-10 6.6634e-10
δ = 8 2.4762e-9 2.4720e-9

Example 3. Table 3 shows the absolute errors for various values of δ and x
with α = −0.1, β = 0.1 and γ = 0.001 at t = 0.9. The results are compared
with [8] and it is found that these are better than the results presented in [8].



Multiscale Runge-Kutta Galerkin method 1475

Table 3: Absolute errors for various values of δ and x at t = 0.9 for Example
3.

x
δ = 1 δ = 2 δ = 8

Error in [8] MRKGM Error in [8] MRKGM Error in [8] MRKGM
4t = 0.0001 4t = 0.001 4t = 0.0001 4t = 0.001 4t = 0.0001 4t = 0.001

0.03125 8.1600e-10 7.6858e-10 3.3730e-8 3.3611e-8 5.8220e-7 5.5771e-7
0.09375 2.3533e-9 2.3057e-9 1.0093e-7 1.0083e-7 1.6974e-6 1.6731e-6
0.15625 3.6711e-9 3.6233e-9 1.5858e-7 1.5845e-7 2.6537e-6 2.6291e-6
0.21875 4.7682e-9 4.7212e-9 2.0668e-7 2.0646e-7 3.4503e-6 3.4258e-6
0.28125 5.6464e-9 5.5996e-9 2.4516e-7 2.4488e-7 4.0877e-6 4.0631e-6
0.34375 6.3052e-9 6.2583e-9 2.7399e-7 2.7368e-7 4.5655e-6 4.5411e-6
0.40625 6.7438e-9 6.6975e-9 2.9328e-7 2.9289e-7 4.8848e-6 4.8597e-6
0.46875 6.9628e-9 6.9170e-9 3.0297e-7 3.0249e-7 5.0445e-6 5.0190e-6
0.53125 6.9630e-9 6.9170e-9 3.0313e-7 3.0249e-7 5.0515e-6 5.0190e-6
0.59375 6.7437e-9 6.6975e-9 2.9339e-7 2.9288e-7 4.8908e-6 4.8596e-6
0.65625 6.3054e-9 6.2583e-9 2.7410e-7 2.7368e-7 4.5707e-6 4.5409e-6
0.71875 5.6463e-9 5.5995e-9 2.4523e-7 2.4487e-7 4.0920e-6 4.0629e-6
0.78125 4.7682e-9 4.7212e-9 2.0674e-7 2.0646e-7 3.4532e-6 3.4255e-6
0.84375 3.6711e-9 3.6232e-9 1.5863e-7 1.5845e-7 2.6557e-6 2.6289e-6
0.90625 2.3535e-9 2.3057e-9 1.0099e-7 1.0083e-7 1.6986e-6 1.6729e-6
0.96875 8.1600e-10 7.6857e-10 3.3750e-8 3.3610e-8 5.8270e-7 5.5765e-7

Example 4. In Table 4 we present the absolute errors for various values of β
and x with α = 1, δ = 1 and γ = 0.001 at t = 0.9. The results are compared
with [8]. For t = 0.9 and β = 50, graphical presentation of the absolute error
between un and u(x, t) is depicted in Fig. 3.

Table 4: Absolute errors for various values of β and x at t = 0.9 for Example
4.

x
β = 1 β = 10 β = 50

Error in [8] MRKGM Error in [8] MRKGM Error in [8] MRKGM
4t = 0.0001 4t = 0.001 4t = 0.0001 4t = 0.001 4t = 0.0001 4t = 0.001

0.03125 5.5825e-9 5.1235e-9 6.7988e-8 6.1481e-8 3.6006e-7 3.2522e-7
0.09375 1.5845e-8 1.5370e-8 1.9099e-7 1.8444e-7 1.0105e-6 9.7567e-7
0.15625 2.4636e-8 2.4154e-8 2.9642e-7 2.8984e-7 1.5680e-6 1.5332e-6
0.21875 3.1959e-8 3.1473e-8 3.8427e-7 3.7767e-7 2.0327e-6 1.9978e-6
0.28125 3.7820e-8 3.7329e-8 4.5453e-7 4.4794e-7 2.4044e-6 2.3696e-6
0.34375 4.2214e-8 4.1721e-8 5.0723e-7 5.0065e-7 2.6832e-6 2.6483e-6
0.40625 4.5144e-8 4.4649e-8 5.4236e-7 5.3578e-7 2.8690e-6 2.8342e-6
0.46875 4.6609e-8 4.6113e-8 5.5994e-7 5.5336e-7 2.9620e-6 2.9272e-6
0.53125 4.6610e-8 4.6114e-8 5.5994e-7 5.5336e-7 2.9620e-6 2.9272e-6
0.59375 4.5145e-8 4.4650e-8 5.4238e-7 5.3580e-7 2.8691e-6 2.8343e-6
0.65625 4.2216e-8 4.1723e-8 5.0726e-7 5.0067e-7 2.6833e-6 2.6485e-6
0.71875 3.7822e-8 3.7332e-8 4.5457e-7 4.4797e-7 2.4045e-6 2.3697e-6
0.78125 3.1962e-8 3.1476e-8 3.8430e-7 3.7771e-7 2.0328e-6 1.9980e-6
0.84375 2.4638e-8 2.4156e-8 2.9645e-7 2.8987e-7 1.5682e-6 1.5334e-6
0.90625 1.5848e-8 1.5372e-8 1.9102e-7 1.8447e-7 1.0106e-6 9.7577e-7
0.96875 5.5837e-9 5.1241e-9 6.7997e-8 6.1489e-8 3.6011e-7 3.2526e-7
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Fig.3: The error curve of |un(x, t)− u(x, t)| with α = δ = 1, β = 50,
γ = 0.001 at t = 0.9.

Example 5. Table 5 gives the absolute errors for various values of γ and x
with α = 5, β = 10 and δ = 2 at t = 0.9. Also, the results are compared with
[8] and it is found that these are better than the results presented in [8].

Table 5: Absolute errors for various values of γ and x at t = 0.9 for Example
5.

x
γ = 10−2 γ = 10−3 γ = 10−4

Error in [8] MRKGM Error in [8] MRKGM Error in [8] MRKGM
4t = 0.0001 4t = 0.001 4t = 0.0001 4t = 0.001 4t = 0.0001 4t = 0.001

0.03125 7.4092e-5 6.6859e-5 2.3919e-6 2.1554e-6 7.4501e-8 6.8289e-8
0.09375 2.0809e-4 2.0057e-4 6.6975e-6 6.4663e-6 2.1124e-7 2.0487e-7
0.15625 3.2312e-4 3.1533e-4 1.0391e-5 1.0162e-5 3.2895e-7 3.2193e-7
0.21875 4.1912e-4 4.1113e-4 1.3471e-5 1.3242e-5 4.2652e-7 4.1949e-7
0.28125 4.9605e-4 4.8788e-4 1.5936e-5 1.5706e-5 5.0457e-7 4.9753e-7
0.34375 5.5387e-4 5.4558e-4 1.7785e-5 1.7555e-5 5.6313e-7 5.5607e-7
0.40625 5.9252e-4 5.8414e-4 1.9018e-5 1.8787e-5 6.0217e-7 5.9509e-7
0.46875 6.1200e-4 6.0356e-4 1.9635e-5 1.9404e-5 6.2683e-7 6.1461e-7
0.53125 6.1225e-4 6.0379e-4 1.9636e-5 1.9405e-5 6.2492e-7 6.1461e-7
0.59375 5.9324e-4 5.8483e-4 1.9021e-5 1.8790e-5 6.0405e-7 5.9510e-7
0.65625 5.5498e-4 5.4665e-4 1.7789e-5 1.7558e-5 5.6252e-7 5.5608e-7
0.71875 4.9747e-4 4.8923e-4 1.5940e-5 1.5710e-5 5.0340e-7 4.9755e-7
0.78125 4.2064e-4 4.1257e-4 1.3476e-5 1.3246e-5 4.2308e-7 4.1950e-7
0.84375 3.2454e-4 3.1668e-4 1.0396e-5 1.0166e-5 3.2624e-7 3.2195e-7
0.90625 2.0920e-4 2.0155e-4 6.7013e-6 6.4694e-6 2.0622e-7 2.0488e-7
0.96875 7.4537e-5 6.7185e-5 2.3934e-6 2.1565e-6 7.2680e-8 6.8292e-8
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6 Conclusion

In this paper, we combine the multiscale Galerkin method with multiscale
orthonormal bases and third-order Runge-Kutta method to solve generalized
Burgers-Huxley equation. Equation (1.1) is computed for various paraments
by the present method, and the numerical examples demonstrate that the pre-
sented method gives highly accurate results even in the case of a small number
of grid points. Compared with analytical solution and other numerical scheme,
the proposed method can give more accurate results.
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