
Applied Mathematical Sciences, Vol. 11, 2017, no. 23, 1143 - 1154
HIKARI Ltd, www.m-hikari.com

https://doi.org/10.12988/ams.2017.74118

New Best Proximity Point Theorems with

Applications to Simultaneous Generalizations

of Common Fixed Point Theorems

Wei-Shih Du

Department of Mathematics
National Kaohsiung Normal University

Kaohsiung 82444, Taiwan

Copyright c© 2017 Wei-Shih Du. This article is distributed under the Creative Commons

Attribution License, which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

Abstract

In this work, we first introduce the concept of approximate se-
quence and establish some new convergence theorems for approximate
sequences. By applying our new convergence theorems, we obtain new
best proximity point theorems which improve and generalize some known
results in the literature. As applications, some simultaneous generaliza-
tions of common fixed point theorems of Banach type, Kannan type and
Chatterjea type are given.
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1. Introduction and preliminaries

Let X be a nonempty set. A point v in M ⊂ X is said to be a fixed
point of a mapping T : M → X if Tv = v. The set of fixed points of T is
denoted by F(T ). It is known that many problems in nonlinear sciences can
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be reformulated to the problem of finding a fixed point for a certain mapping.
However, as far as we know that the equation Tx = x is not necessarily to
have a solution for some mapping T : M → X. In such a situation, we will
therefore turn to discover an element x ∈ M such that d(x, Tx) is minimum
and call the x is the best approximation of the fixed point of T .

Let A and B be nonempty subsets of a metric space (X, d). A mapping
T : A ∪ B → A ∪ B is called cyclic if T (A) ⊆ B and T (B) ⊆ A. The concept
of cyclic mapping was introduced by Kirk, Srinavasan and Veeramani [17] in
2003 to improve the celebrated Banach contraction principle [2]. We denote
the distance of the nonempty subsets A and B of X by

dist(A,B) = inf{d(x, y) : x ∈ A, y ∈ B}.

A point x ∈ A ∪ B is called to be a best proximity point for a cyclic mapping
T : A∪B → A∪B if d(x, Tx) = dist(A,B). The best proximity point theory
have been studied and investigated heavily by many authors; see, e.g., [1, 6,
13-15, 17-21] and references therein. Throughout this paper, we denote by N
and R the sets of positive integers and real numbers, respectively.

In 2016, Du introduced the concept ofMT (λ)-function [6, 8-12] as follows.

Definition 1.1. Let λ > 0. A function µ : [0,∞) → [0, λ) is said to be an
MT (λ)-function [6, 8-12] if lim sup

s→t+
µ(s) < λ for all t ∈ [0,∞). In particular,

if λ = 1, then µ : [0,∞) → [0, 1) is called an MT -function (or R-function)
[4-13, 18].

In [6], Du established the following useful characterizations of MT (λ)-
functions; see also [5, 8-12].

Theorem 1.1 (see, e.g., [6, Theorem 2.4]). Let λ > 0 and let µ :
[0,∞)→ [0, λ) be a function. Then the following statements are equivalent.

(1) µ is an MT (λ)-function.

(2) For any nonincreasing sequence {xn}n∈N in [0,∞), we have 0 ≤ sup
n∈N

µ(xn) <

λ.

(3) For any strictly decreasing sequence {xn}n∈N in [0,∞), we have 0 ≤
sup
n∈N

µ(xn) < λ.

In this work, we first introduce the concept of approximate sequence and
establish some new convergence theorems for approximate sequences. By ap-
plying our new convergence theorems, we obtain new best proximity point
theorems which improve and generalize some known results in the literature.
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As applications, new simultaneous generalizations of common fixed point the-
orems of Banach type, Kannan type and Chatterjea type are given. Conse-
quently, our new results are completely original and quite different from the
well known generalizations in the literature.

2. Best proximity point theorems for approximate se-
quences

In this paper, we first introduce the concept of approximate sequence.

Definition 2.1. Let A and B be nonempty subsets of a metric space (X, d)
and τ : [0,∞)→ [0, 1) be a function. A sequence {xn}n∈N in A ∪ B is said to
be approximate with respect to τ , if the following conditions are satisfied:

(a) one of the following conditions holds:

(i) {x2n−1}n∈N ⊂ A and {x2n}n∈N ⊂ B;

(ii) {x2n}n∈N ⊂ A and {x2n−1}n∈N ⊂ B,

(b) d (xn+1, xn+2) ≤ τ(d(xn, xn+1))d(xn, xn+1)+(1−τ(d(xn, xn+1)))dist(A,B)
for all n ∈ N.

Now, we establish a convergence theorem for approximate sequences.

Theorem 2.1. Let A and B be nonempty subsets of a metric space (X, d)
and ϕ : [0,∞) → [0, 1) be an MT -function. If {xn}n∈N ⊂ A ∪ B is an ap-
proximate sequence with respect to ϕ, then lim

n→∞
d(xn, xn+1) = inf

n∈N
d(xn, xn+1) =

dist(A,B).
Proof. Since {xn}n∈N ⊂ A ∪ B is an approximate sequence with respect to
ϕ, we may assume, without loss of generality, that {x2n−1}n∈N ⊂ A, {x2n}n∈N
⊂ B and it holds that

d (xn+1, xn+2) ≤ ϕ(d(xn, xn+1))d(xn, xn+1) + (1− ϕ(d(xn, xn+1)))dist(A,B)
(2.1)

for all n ∈ N. It is obvious that (2.1) shows that the sequence {d(xn, xn+1)}n∈N
is nonincreasing in [0,∞). So we know

lim
n→∞

d(xn, xn+1) = inf
n∈N

d(xn, xn+1) exists. (2.2)

Since ϕ is an MT -function, by Theorem 1.1 with λ = 1, we obtain

0 ≤ ξ := sup
n∈N

ϕ(d(xn, xn+1)) < 1.
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Taking n = 1 in (2.1), we have

d (x2, x3) ≤ ξd(x1, x2) + dist(A,B). (2.3)

Taking n = 2 in (2.1) and using (2.3), we obtain

d (x3, x4) ≤ ϕ(d(x2, x3))d(x2, x3) + (1− ϕ(d(x2, x3)))dist(A,B)

≤ ϕ(d(x2, x3)) [ξd(x1, x2) + dist(A,B)] + (1− ϕ(d(x2, x3)))dist(A,B)

≤ ξ2d(x1, x2) + dist(A,B).

Continuing this process, we obtain

dist(A,B) ≤ d(xn+1, xn+2) ≤ ξnd(x1, x2) + dist(A,B). (2.4)

Due to ξ ∈ [0, 1), we obtain lim
n→∞

ξn = 0. By taking the limit as n → ∞ in

(2.4), we get
lim
n→∞

d(xn, xn+1) = dist(A,B). (2.5)

Finally, we complete our proof by combining (2.2) and (2.5). �

Theorem 2.2. Let A and B be nonempty subsets of a metric space (X, d)
and T, S : A∪B → A∪B be two mappings. Define a mapping G : X × X →
[0,∞) by

G(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Sy)

2
,
d(x, Sy) + d(y, Tx)

2

}
.

Suppose that

(H1) T (A) ⊆ B and S(B) ⊆ A,

(H2) there exists an MT -function ϕ : [0,∞)→ [0, 1) such that

d(Tx, Sy) ≤ ϕ(d(x, y))G(x, y)+(1−ϕ(d(x, y)))dist(A,B) for all x ∈ A and y ∈ B.

Let x1 ∈ A be given. Define x2n = Tx2n−1 and x2n+1 = Sx2n for all n ∈ N.
Then {xn}n∈N ⊂ A ∪B is an approximate sequence with respect to ϕ and

lim
n→∞

d(xn, xn+1) = inf
n∈N

d(xn, xn+1) = dist(A,B).

Proof. By (H1), we know {x2n−1}n∈N ⊂ A and {x2n}n∈N ⊂ B. By (H2), we
have

d(x2, x3) ≤ ϕ(d(x1, x2))G(x1, x2) + (1− ϕ(d(x1, x2)))dist(A,B). (2.6)
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where

G(x1, x2) = max

{
d(x1, x2),

d(x1, x2) + d(x2, x3)

2
,
d(x1, x3)

2

}
.

If ϕ(d(x1, x2)) = 0, then, from (2.6), we have

d(x2, x3) ≤ dist(A,B) ≤ d(x1, x2)

and hence

d(x2, x3) ≤ ϕ(d(x1, x2))d(x1, x2) + (1− ϕ(d(x1, x2)))dist(A,B).

If ϕ(d(x1, x2)) > 0, we will verify d (x2, x3) ≤ d(x1, x2). Assume d(x1, x2) <
d(x2, x3). So we have

G(x1, x2) =
d(x1, x2) + d(x2, x3)

2
. (2.7)

By (2.6) and (2.7), we get

d(x2, x3) ≤
1

2
ϕ(d(x1, x2))(d(x2, x3) + d(x1, x2)) + (1− ϕ(d(x1, x2)))d(x3, x2),

which implies

0 ≤ 1

2
ϕ(d(x1, x2))(d(x1, x2)− d(x2, x3)) < 0,

a contradiction. Hence it must be d(x2, x3) ≤ d(x1, x2). So G(x1, x2) =
d(x1, x2) and (2.6) deduces

d(x2, x3) ≤ ϕ(d(x1, x2))d(x1, x2) + (1− ϕ(d(x1, x2)))dist(A,B).

By (H2) again, we have

d(x4, x3) ≤ ϕ(d(x3, x2))G(x3, x2) + (1− ϕ(d(x3, x2)))dist(A,B).

where

G(x3, x2) = max

{
d(x3, x2),

d(x3, x4) + d(x2, x3)

2
,
d(x2, x4)

2

}
.

Following a similar argument as above, we can obtain

d(x4, x3) ≤ d(x3, x2)

and

d(x4, x3) ≤ ϕ(d(x3, x2))d(x3, x2) + (1− ϕ(d(x3, x2)))dist(A,B).
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So, by induction, we obtain that the sequence {xn}n∈N satisfies

d (xn+1, xn+2) ≤ d(xn, xn+1)

and

d(xn+1, xn+2) ≤ ϕ(d(xn, xn+1))d(xn, xn+1) + (1− ϕ(d(xn, xn+1)))dist(A,B)

for all n ∈ N. Therefore we prove that {xn}n∈N ⊂ A ∪ B is an approximate
sequence with respect to ϕ. By applying Theorem 2.1, we get

lim
n→∞

d(xn, xn+1) = inf
n∈N

d(xn, xn+1) = dist(A,B).

The proof is completed. �

The following conclusions are immediate from Theorem 2.2.

Theorem 2.3. Let A and B be nonempty subsets of a metric space (X, d)
and T : A∪B → A∪B be a cyclic mapping. Define a mapping L : X ×X →
[0,∞) by

L(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
,
d(x, Ty) + d(y, Tx)

2

}
.

Suppose that there exists an MT -function ϕ : [0,∞)→ [0, 1) such that

d(Tx, Ty) ≤ ϕ(d(x, y))L(x, y)+(1−ϕ(d(x, y)))dist(A,B) for all x ∈ A and y ∈ B.

Then there exists a sequence {xn}n∈N ⊂ A ∪B such that

lim
n→∞

d(xn, xn+1) = inf
n∈N

d(xn, xn+1) = dist(A,B).

Theorem 2.4. Let A and B be nonempty subsets of a metric space (X, d),
ϕ : [0,∞)→ [0, 1) is an MT -function and T, S : A∪B → A∪B be two map-
pings satisfying T (A) ⊆ B and S(B) ⊆ A. Suppose that one of the following
conditions holds:

(i) d(Tx, Sy) ≤ ϕ(d(x, y))d(x, y) + (1 − ϕ(d(x, y)))dist(A,B) for all x ∈
A and y ∈ B,

(ii) d(Tx, Sy) ≤ 1
2
ϕ(d(x, y)) [d(x, Tx) + d(y, Sy)]+(1−ϕ(d(x, y)))dist(A,B)

for all x ∈ A and y ∈ B,

(iii) d(Tx, Sy) ≤ 1
2
ϕ(d(x, y)) [d(x, Sy) + d(y, Tx)]+(1−ϕ(d(x, y)))dist(A,B)

for all x ∈ A and y ∈ B.
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Let x1 ∈ A be given. Define x2n = Tx2n−1 and x2n+1 = Sx2n for all
n ∈ N. Then {xn}n∈N ⊂ A ∪ B is an approximate sequence with respect to ϕ
and

lim
n→∞

d(xn, xn+1) = inf
n∈N

d(xn, xn+1) = dist(A,B).

Applying Theorem 2.2, we give an existence theorem for best proximity
points.

Theorem 2.5. In Theorem 2.2, if we further assume

(H3) d(Tx, Sy) ≤ d(x, y) for any x ∈ A and y ∈ B.

Then the following statements hold.

(a) If {x2n−1}n∈N has a convergent subsequence in A, then there exists v ∈ A
such that d(v, Tv) = dist(A,B).

(b) If {x2n}n∈N has a convergent subsequence in B, then there exists w ∈ B
such that d(w, Sw) = dist(A,B).

Proof. First, we prove (a). Let x1 ∈ A be given. Define x2n = Tx2n−1 and
x2n+1 = Sx2n for all n ∈ N. By Theorem 2.2, we know that {xn}n∈N ⊂ A ∪B
is an approximate sequence with respect to ϕ and

lim
n→∞

d(xn, xn+1) = inf
n∈N

d(xn, xn+1) = dist(A,B). (2.8)

By our hypothesis, {x2n−1} has a convergent subsequence {x2nj−1} and x2nj−1 →
v as j →∞ for some v ∈ A. By (H3), we have

dist(A,B) ≤ d(Tv, x2nj+1) ≤ d(v, x2nj
) ≤ d(v, x2nj−1) + d(x2nj−1, x2nj

) (2.9)

for all j ∈ N. Since x2nj−1 → v as j → ∞, by taking the limit as j → ∞ in
(2.9) and using (2.8), we get

d(Tv, v) = dist(A,B),

and (a) is proved. The conclusion (b) can be verified by using a similar argu-
ment as the proof of (a). The proof is completed. �

Remark 2.1.

(a) [13, Theorem 2.1], [13, Theorem 2.2] and [14, Theorem 3.1] are special
cases of Theorems 2.2 and 2.3.



1150 Wei-Shih Du

(b) [13, Theorem 2.4] and [14, Proposition 3.2] are special cases of Theorem
2.5.

3. Applications to fixed point theory

By applying Theorem 2.1, we establish the following new fixed point theo-
rem which simultaneously generalizes and improves Banach contraction princi-
ple [2], Kannan’s fixed point theorem [16] and Chatterjea’s fixed point theorem
[3].

Theorem 3.1. Let (X, d) be a complete metric space and T, S : X → X be
two selfmappings. Define a mapping G : X ×X → [0,∞) by

G(x, y) = max

{
d(x, y),

d(x, Tx) + d(y, Sy)

2
,
d(x, Sy) + d(y, Tx)

2

}
.

Suppose that there exists an MT -function ϕ : [0,∞)→ [0, 1) such that

d(Tx, Sy) ≤ ϕ(d(x, y))G(x, y) for all x, y ∈ X. (3.1)

Then T and S have a unique common fixed point in X.

Proof. Let A = B = X. Then A ∪ B = X and T, S are two selfmappings
on A ∪ B. Clearly, dist(A,B) = 0, T (A) ⊆ B and S(B) ⊆ A. Note that the
inequality (3.1) implies

d(Tx, Sy) ≤ ϕ(d(x, y))G(x, y)+(1−ϕ(d(x, y)))dist(A,B) for all x ∈ A and y ∈ B.

Let x1 ∈ A be given. Define x2n = Tx2n−1 and x2n+1 = Sx2n for all n ∈ N. By
Theorem 2.2, we know that {xn}n∈N ⊂ A∪B = X is an approximate sequence
with respect to ϕ. So we have

d(xn+1, xn+2) ≤ ϕ(d(xn, xn+1))d(xn, xn+1) + (1− ϕ(d(xn, xn+1)))dist(A,B)
= ϕ(d(xn, xn+1))d(xn, xn+1) for all n ∈ N.

(3.2)
Since ϕ(t) < 1 for all t ∈ [0,∞), (3.2) shows that the sequence {d(xn, xn+1)}n∈N
is strictly decreasing in [0,∞). By Theorem 1.1 with λ = 1, we obtain

γ := sup
n∈N

ϕ(d(xn+1, xn)) ∈ [0, 1).

For any n ∈ N, by (3.2) again, we have

d(xn+1, xn+2) ≤ ϕ(d(xn, xn+1))d(xn, xn+1) ≤ γd(xn, xn+1). (3.3)
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Hence, by (3.3), we get

d(xn+1, xn+2) < γd(xn, xn+1) < · · · < γnd(x1, x2) for each n ∈ N. (3.4)

Let αn = γn−1

1−γ d(x1, x2), n ∈ N. For m,n ∈ N with m > n, we get from (3.4)
that

d(xm, xn) ≤
m−1∑
j=n

d(xj+1, xj) < αn.

Since γ ∈ [0, 1), lim
n→∞

αn = 0 and hence the last inequality implies

lim
n→∞

sup{d(xm, xn) : m > n} = 0.

This proves that {xn}n∈N is a Cauchy sequence in X. By the completeness of
X, there exists v ∈ X such that xn → v as n→∞. In order to finish the proof
it is sufficient to show v ∈ F(T ) ∩ F(S). By (3.1), we have

d(Tv, x2n+1)

≤ ϕ(d(v, x2n)) max

{
d(v, x2n),

d(v, Tv) + d(x2n, x2n+1)

2
,
d(v, x2n+1) + d(x2n, T v)

2

}
for all n ∈ N. By taking the limit as n→∞ on both sides of the last inequality,
we get

d(Tv, v) ≤ 1

2
d(v, Tv)

which implies d(v, Tv) = 0. So we obtain v ∈ F(T ). On the other hand, By
(3.1) again, we obtain

d(x2n, Sv)

≤ ϕ(d(x2n−1, v)) max

{
d(x2n−1, v),

d(x2n−1, x2n) + d(v, Sv)

2
,
d(x2n−1, Sv) + d(v, x2n)

2

}
for all n ∈ N. By taking the limit as n→∞ on both sides of the last inequality,
we get

d(v, Sv) ≤ 1

2
d(v, Sv)

which deduces v ∈ F(S). Hence F(T )∩F(S) 6= ∅. We claim that F(T )∩F(S)
is a singleton set. Assume that there exist u, v ∈ F(T )∩F(S) with u 6= v. By
(3.1), we obtain

d(u, v) = d(Tu, Sv) ≤ ϕ(d(u, v))d(u, v) < d(u, v),

which leads a contradiction. Therefore F(T ) ∩ F(S) is a singleton set which
means that T and S have a unique common fixed point in X. The proof is
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completed. �

The following new fixed point theorem is also a simultaneous generalization
of Banach contraction principle, Kannan’s fixed point theorem and Chatter-
jea’s fixed point theorem.

Theorem 3.2. Let (X, d) be a complete metric space and T : X → X be
a selfmapping. Suppose that there exists an MT -function ϕ : [0,∞) → [0, 1)
such that

d(Tx, Ty) ≤ ϕ(d(x, y)) max

{
d(x, y),

d(x, Tx) + d(y, Ty)

2
,
d(x, Ty) + d(y, Tx)

2

}
for all x, y ∈ X. Then T admits a unique fixed point in X and for any
u ∈ X, the sequence {T nu}n∈N∪{0} converges to the unique fixed point of T
(here, T 0 = I is the identity mapping).

Remark 3.1. In fact, Theorems 3.1 and 3.2 are special cases of [12, Theorem
2.1].
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