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Abstract

Atrial fibrillation is characterized by complex propagation patterns.
The rotor hypothesis indicates that some episodes are sustained by or-
ganized activity in form of spiral waves. Additionally, structural com-
plexity plays an active role in the modulation on electrophysiological
characteristics. Computer modelling of atrial propagation has been used
to study the dynamics behind atrial fibrillation. To include electrical
and structural remodelling under a single model can contribute to un-
derstand the initiation and perpetuation mechanisms of the arrhythmia.
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In this work we propose a model of atrial fibrillation based on fractional
diffusion equation, which is a generalization of the standard diffusion
that considers the order of the spatial derivative as a real number. We
show that, the fractional order has influence over the atrial action po-
tential and tissue features. Moreover, different patterns of fibrillatory
dynamics could be simulated starting from the generation of a rotor.
Therefore we postulate the fractional diffusion as an arrhythmogenic
mechanism modelling tool.
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1 Introduction

Rotors have been postulated as arrhythmogenic mechanisms that sustain atrial
fibrillation (AF) [13]. Its occurrence is principally related with a remodelling
process that takes place during AF and is evinced, among other changes, by
the important reduction of the action potential duration (APD) [14]. Although
recent reports confirm the existence of rotors in humans and that the ablation
of the cores stops the AF [21], these results remain controversial. Scientific [1]
and medical community discuss over these findings appealing to theoretical
and factual grounds. In silico experiments have provided influential insights
about the possible occurrence of rotors [2, 7, 19, 24, 25]. Within these studies,
action potential (AP) propagation is usually modelled by standard diffusion
equation:

K∇2U = Cm
dU

dt
+ Jion (1)

where U is the transmembrane potential, Jion represents the membrane cur-
rents described by the ionic kinetics, Cm is the membrane capacitance, K
the diffusion tensor and ∇2 is the standard diffusion operator. This equation
has been used to represent two kinds of remodelling processes that influence
the AP propagation: first, electrical remodelling properties are implemented
by varying the ionic currents parameters within Jion, based on real physio-
logical measurements recorded from human isolated atrial cells [20]. Second,
structural remodelling is implemented by numerical variations in the diffusion
tensor K, which intends to represent gap junctions remodelling, interstitial
changes or inhomogeneities in the medium [15]. Focusing on the last, local
and global alterations of parameter K are translated into tisular conduction
velocity (CV) variations, and CV heterogeneity that in turn could lead to wave
brakes and reentrant paths. However, structural remodelling is not limited to
be solely represented by K modifications.

A recent report from Bueno-Orovio et al [4], in ventricular 1D models,
considered real values for the order of the spatial derivatives in 1, leading to
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the fractional diffusion (frD) model. They showed that the fractional derivative
affects the APD and CV. There is experimental evidence that increments in the
APD spatial dispersion could lead to reentry patterns in the atrial tissue [8].
Thus, our work aims to assess the effects of frD model over AP distribution and
over the evolution of rotors in a 2D domain, using the Fenton-Karma (F-K)
membrane formalism.

2 Materials and Methods

2.1 Fenton-Karma simplified membrane formalism

The normalized membrane current Jion presented in equation (5) can be ob-
tained from F-K formalism as follows [6]:

Jion = − 1

Cm
(Jfi + Jso + Jsi − Istim) (2)

where each right-hand-side term is related with the fast inward current (Jfi),
the slow outward current (Jso), the slow inward current (Jsi), and stimulation
current (Jstim), respectively. The three ionic currents are defined as:

Jfi = − v
τd

Θ(u− uc)(1− u)(u− uc)

Jso =
u

τo
Θ(uc − u) +

1

τr
(u− uc)

Jsi = − w

2τsi
{1 + tanh[k(u− usic )]}

(3)

where Θ(x) is the Heaviside step function, u is the scaled transmembrane
voltage and variables v and w are given by:

∂v

∂t
= Θ(uc − u)

1− v
τ−v
−Θ(u− uc)

v

τ+v
∂w

∂t
= Θ(uc − u)

1− w
τ−w

−Θ(u− uc)
w

τ+v

(4)

The parameters values are in accordance to set 1 from [6].

2.2 Fractional diffusion frD model

We present the frD equation for modelling the AP propagation:

K

(
∂αx

∂xαx
+

∂αy

∂yαy

)
u(x, y, t) = Cm

∂u(x, y, t)

∂t
+ Jion (5)
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where αx, αy ∈ [1.1, 2] are the orders of horizontal and vertical partial deriva-
tives, respectively, and are the main variables. Note that for αx = αy = 2,
the standard diffusion equation is obtained. K ∈ R+ is the AP diffusion
constant, and Cm ∈ R+ is the cellular membrane capacitance. Discretiza-
tion and numerical solving of equation 5 was accomplished using the spec-
tral method previously reported [4], with 4x = 4y = 153µm in space and
4t = 0.1 ms in time. Integration domain is defined on a 2D isotropic space
[0, 2] × [0, 2] (130 nodes x 130 nodes). For a single AP, activation time was
defined as tA : ∂u/∂t|tA = max{∂u/∂t}, repolarization time was defined as
tR : u(x, y, tR) = 0.1. APD(x, y) was defined as tR − tA. CV was calculated
between u(0.5, 1, tA) and u(1.5, 1, tA). APD dispersion (4APD) was defined as
APD(0, 0.5)−APD(2, 0.5). K was estimated for obtaining CV= 61.5 cm/s [9]
for the standard diffusion case. Two approaches were implemented: First,
αx = αy = α in which α ∈ [1.1, 2]; this setup will be referred as isotropic
fractional-order (iFO). Second, αx 6= αy in which αx ∈ [1.1, 2] and αy = qααx,
where qα ∈ (0.5, 1) is the anisotropic fractional order ratio; this setup will be
referred as anisotropic fractional-order (aFO).

Two stimulation protocols were used. First, to generate a planar wavefront
and measure CV and APD values for each variation of iFO setups, the following
stimulation function was applied:

Istim(x, y, t) :

 t ∈ [ n
fn
, n
fn

+ td]⇒
{
Istim(x, y, t) = 1; x = 0, 0 ≤ y ≤ 2
Istim(x, y, t) = 0; x > 0, 0 ≤ y ≤ 2

t /∈ [ n
fn
, n
fn

+ td]⇒ Istim(x, y, t) = 0; 0 ≤ x ≤ 2, 0 ≤ y ≤ 2

where n = 1, 2, 3, . . . btFfnc, fn = 2 Hz is the frequency of stimulation, tF is
the simulation time, and td = 1 ms is the stimulus duration.

Second, to generate rotational activity, a cross-field stimulation S1-S2 pro-
tocol was applied through the following function:

Istim(x, y, t) :



t ∈ S1 = [tS1, tS1 + td]⇒
{
Istim(x, y, t) = 1; x = 0, 0 ≤ y ≤ 2
Istim(x, y, t) = 0; x > 0, 0 ≤ y ≤ 2

t ∈ S2 = [tS2, tS2 + td]⇒


Istim(x, y, t) = 1; (1− 154x) ≤ x ≤ 1, 0 ≤ y ≤ 1
Istim(x, y, t) = 0; x = 1, 1 < y ≤ 2
Istim(x, y, t) = 0; x 6= 1, 0 ≤ y ≤ 2

t /∈ S1 ∪ S2⇒ Istim(x, y, t) = 0; 0 ≤ x ≤ 2, 0 ≤ y ≤ 2

where tS1 = 100 ms and tS2 = APD(1, 1) + 1
CV

.

2.3 Computational processing specifications

Equations were implemented in MatLab R2014a R©. A quad-core Intel Core i7
clocked at 2.3 GHz and 16 GB DDR3 RAM was used for running the simula-
tions.
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3 Results

3.1 Planar wavefront propagation vs variations of α

Standard diffusion of a planar wavefront with CV = 61.5 cm/s was achieved
using a value of K = 0.40 · 10−3 cm2/s. This value was fixed for all variations
of α. Figure 1A shows the CV (circled blue line, left y-axis) and mean APD
(marked green line, right y-axis) for each value of α. Both values decrease as
α is reduced: CV and APD are reduced up to 93% and 65% for α = 1.1, see
Table 1.

Figure 1: A. Traces of CV (blue) and APD (green) respect of frD order varia-
tion. B. AP morphology for each frD order.

The behaviour of AP is shown in Figure 1B. The initial part of the AP
upstroke tends to slow as the order of the frD operator decreases. Figure 2
shows three consecutive frames for depolarization wavefront for all frD cases at
1120 ms, 1150 ms and 1200 ms. There are important differences in wavelength
among the orders of frD, produced by APD and CV variations.

3.2 Rotor generation for iFO setup

The CV and APD data obtained in Section 3.1, were used to design the S1-
S2 stimulation protocol. Figure 3 presents 4 consecutive timeframes from the
evolution of the system after applying S1-S2 stimulation for all frD settings.
At 350 ms, a rotation cycle is established after S2 occurrence in all settings
except for α = 1.1, since S2 has not being applied yet until that time frame. At
500 ms, no propagation activity for α > 1.7, whereas that for the other values,
reentrant waves are formed and the curvature of the wavefront is steeper as
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Table 1: Variations of CV and APD for different frD order values

α CV cm/s % CV reduction APD ms % APD reduction
1.1 4.92 91.80 96.53 41.36
1.2 8.00 86.67 97.94 40.50
1.3 11.72 80.47 95.95 41.71
1.4 16.25 72.92 102.71 37.60
1.5 21.44 64.27 116.14 29.45
1.6 27.99 53.35 129.26 21.48
1.7 35.99 40.02 144.2 12.40
1.8 43.82 26.97 148.62 9.71
1.9 53.04 11.60 160.79 2.32
2.0 60.00 0.00 164.61 0.00

Figure 2: Three timeframes of planar wavefront propagation for each variation
of the frD order. There is a direct relationship between wavelength reduction
and decreasing frD order.
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α approaches to 1.1. At 1000 ms, there is no activity for α > 1.6, breaking
spiral waves are present for α values of 1.5 and 1.4, and the remaining settings
depict stable rotors. At 2000 ms, α values of 1.1, 1.2 and 1.3 were able to
sustain stable rotors, while propagation activity completely ceased in the other
settings. Note that, the curvature of the wavefront tends to be right-angled,
as α approaches to 1.1.

Figure 3: Temporal evolution of AP propagation after applying S1-S2 stimu-
lation protocol for all iFO variations. A. A rotation cycle is generated after
applying S2. B, C and D. Spiral waves are formed and then broke. At the
end, rotors were sustained for frD order values below 1.4.

3.3 Rotor generation for aFO setup

A fractional order anisotropic ratio qα = 0.85 was used. Planar propagation
were generated in horizontal and vertical direction. Table 2 shows the values
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of CV according to the direction of propagation. The CV anisotropic ratio
increased up to 3.54 for αx = 1.2. Vertical propagation was not achieved for
αx = 1.1. Note that the CVx values are the same obtained for the iFO setup.

Table 2: Anisotropy of CV under the aFO setup using qα = 0.85. np: no
propagation

αx CVx cm/s αy = qααx CVy cm/s Ratio CVx/CVy
1.1 4.92 0.94 np —
1.2 8.00 1.02 2.26 3.54
1.3 11.72 1.11 5.29 2.22
1.4 16.25 1.19 7.80 2.08
1.5 21.44 1.28 10.86 1.97
1.6 27.99 1.36 14.36 1.95
1.7 35.99 1.45 18.65 1.93
1.8 43.82 1.53 23.20 1.89
1.9 53.04 1.62 29.63 1.79
2.0 60.00 1.70 35.99 1.67

Figure 4 shows four consecutive frames after applying S1-S2 protocol.
Reentry did not occur for α = 2, α = 1.9 and α = 1.1. For α = 1.8, α = 1.7
and α = 1.6, propagation ceased after two rotations. From Figure 4 it can
be seen that different patterns of propagation are regenerated after a rotor is
stablished, for α = 1.5, α = 1.4, α = 1.3 and α = 1.2. The latter started with
a rotor and it breakes into several small wavelets and rotors. Again, the APD
is reduced as αx decreases from 2 to 1.1.

4 Discussion

Principal findings of this study are:

1. Simultaneous modulation of APD and CV was achieved by solely con-
sidering the order of frD operator as variable.

2. The frD operator makes a 2D tissue susceptible to rotor formation and
perpetuation, as its order decreases.

3. Anisotropy of the fractional order yields complex propagation patterns
that originate from a rotor.

Computational modelling of cardiac electrical propagation through stan-
dard diffusion equation considers the tissue as a continuum [5]. However, the
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Figure 4: Temporal evolution of AP propagation after applying S1-S2 stimu-
lation protocol for all aFO variations. For 1.2 ≤ α ≤ 1.5, rotors are formed
and, as time evolves, different propagation patterns emerge for each α value.
For α = 1.1, after applying S2, horizontal backwards propagation occurred
without reentry (B).
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myocardium, besides being discrete in nature, is structurally complex: capil-
laries, non-myocyte cells, interstitial space [14]. To evaluate the effect of these
heterogeneities, the generic proposal relies in giving to the diffusion tensor a
major role within standard diffusion models [11, 12, 17, 18, 22]. However, elec-
trophysiological properties are not only modulated by the diffusion tensor. In
a recent study, structural complexity is related to the frD equation by means
of the order of the operator [4]. We used this approach to study the influence
of frD order, which could be interpreted as the modulation of AP propagation
by different degrees of structural inhomogeneities. We verified the impact over
the APD and CV, which agrees with the numerical results reported in previous
frD reports. Furthermore, we studied the AP propagation over a wider range
of frD order values, which could be used as reference for future works.

The onset and perpetuation of AF is related with a remodelling process [14].
The Modifications of ionic membrane kinetics are known as an electrophysio-
logical remodelling, and alterations of the tisular structure and gap junctions
distribution are considered as structural remodelling [28]. Both processes are
reflected in variations of APD and CV. We replicate these characteristics by
means of the frD order, so that electrophysiological and structural remodelling
could be modelled by frD equation. This does not go against the conceptual
formulation of the frD order — frD represents the complexity of the mio-
cardium — but provides evidence of the AP propagation modulation by the
structure of the medium that agrees with experimental data: Our results are
consistent with studies with [3] on isolated myocytes from patients with per-
manent AF; where an APD shortening of approximately 70% was observed.
We also obtained the smooth characteristic of the AP foot that was reported
in previous experimental work [23]. Thus, frD provides a manner to include
the active role of structural remodelling in electrical propagation. Moreover, it
could be combined with computational implementations of electrophysiological
remodelling.

The rotor propagation pattern obtained in our simulations is consistent
with the “rotor hypothesis” [13], which states that some episodes of AF may
be sustained by one or few mother rotors in the left atrium. The frD model
provides the conditions for the establishment of reentrant waves and sustain-
ing or termination of the propagation under different dynamics. For the iFO
setup, the APD reduction and CV isotropy leads to sustained and stable ro-
tors (α ≤ 1.3), or wavebreaks that terminates propagation. For the aFO setup,
anisotropy in CV and APD lead to spiral wave breaking, generating complex
patterns ranging from figure-of-eight reentry (αx = 1.5, Figures 4C and 4D) to
multiple wavelets (αx = 1.2, Figures 4C and 4D). Additionally, there are com-
putational studies of rotors have been performed over tissue meshes of great
area [6, 16, 26, 27]. We were able to generate rotors and complex propagation
in a 2 cm x 2 cm virtual tissue, which is close to realistic atrial measures [10].
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These features could be used to project more detailed studies of rotor dynam-
ics.

5 Conclusion

The APD and CV reduction induced by the fractional diffusion operator order
yields complex fibrillatory dynamics, from rotors to multiple wavelets. The frD
model could be used to simulate pathological structural conditions, together
with electrophysiological remodelling. Future research will focus on relating
such dynamics with specific tissular and electrical conditions of the atria.
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Administrativo de Ciencia Tecnoloǵıa e Innovación – COLCIENCIAS” from
Colombia. Grant 121065741044.

References

[1] M. Allessie and N. de Groot, CrossTalk opposing view: Rotors have not
been demonstrated to be the drivers of atrial fibrillation, The Journal of
Physiology, 592 (2014), 3167-3170.
https://doi.org/10.1113/jphysiol.2014.271809

[2] D. M. Bers and E. Grandi, Human Atrial Fibrillation: insights from
computational electrophysiological models, Trends in Cardiovasc. Med.,
21 (2012), 145-150. https://doi.org/10.1016/j.tcm.2012.04.004

[3] R. F. Bosch, X. Zeng, J. B. Grammer, K. Popovic, C. Mewis and
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