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Abstract

The paper examines (n,m)-partition games [1, 2] with the goal to de-
velop tractable method of the suboptimal solution without solving the
relevant optimization problem [3]. It turned out that pure strategies
participating in ε-optimal solution possessed specific structure concern-
ing resources distribution along battlefields. As numerical experiments
showed this structure can be easily reproduced utilizing combinatorial
properties of partition. The proposed method is supported by compar-
ison with the results of the ε-optimal solution [7]. The computational
complexity of the suggested method is O(m2).
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1 Introduction

In 1921 Borel published the seminal work [4] in which he studied a two-player
constant-sum game, where the players strategically distribute a fixed amount
of resources n over a finite number of m contests (called a “battlefield”). The
player wins a specific battlefield if he assigns a higher amount of resources
to it. The objective of the players is to maximize the number of battlefields
won. (This work – as some researches reasoned – became the cornerstone of the
game theory). After Second World War Borel’s model (named “Colonel Blotto
games”) brought into the scope of game theory the field of allocation games
or a “winner-takes-all” conflicts with numerous applications in the areas such
as R&D races, presidential elections, auctions, tournaments (for an overview
of research on allocation games, see [5]). Hart [6] considered a discrete version
of the Blotto games, called Colonel Lotto games, where the battlefields are
assumed to be indistinguishable. In the case of Colonel Lotto game, one can
envision that instead of deciding how many resources to assign a specific bat-
tlefield, the players decide on fractions of the battlefields different amounts of
the resources will be assigned to. More exactly the difference between Colonel
Blotto and Colonel Lotto games can be explained as follows.

Let α = (a1, . . . , am), a1+· · ·+am = n, and β = (b1, . . . , bm), b1+· · ·+bm =
n, be pure strategies of players A and B in these games. Then playoff function
hB for the Colonel Blotto game B(n,m) is defined as

hB(α, β) =
1

m

m∑
i=0

sign(ai − bi). (1)

For a Colonel Lotto game L(n,m), in accordance with Hart [6], payoff
function hL is defined as

hL(α, β) =
1

m2

m∑
i=0

m∑
j=0

sign(ai − bi). (2)

In [6] it was shown that the Colonel Blotto game B(n,m) and the Colonel
Lotto game L(n,m) have the same value.

Colonel Blotto or Colonel Lotto games are the games, which are easy to
formulate. Yet analytically its solution is quite challenging: in general case,
these games has not pure strategies equilibrium.

In [1, 2] model of partition games was introduced to describe the classes of
Colonel Blotto and Colonel Lotto games. Recall that an (n,m)-partition of n
into m parts is a sequence of non-negative integers a1 ≥ a2 ≥ · · · ≥ am ≥ 0,
such that a1 + a2 + · · ·+ am = n. (See [7] for details on partition theory).
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The antagonistic partition game is a two-player constant-sum game P(n,m).
The playoff function hP could be defined as

hP(α, β) =
1

m |Θ(α)|
∑

αk∈Θ(α)

m∑
i=0

sign(aki − bi), (3)

where Θ(α) is a permutation set of α. The Colonel Lotto game L(n,m) and
partition game P(n,m) have the same value also if Θ(α) is the set of all m!
permutations of α taken with equal probabilities.

To the best of our knowledge, in spite of great interest in optimal solution of
the above mentioned games, there are no such investigations, in which numer-
ical minimax solutions were produced. For example, in [8] it was shown that
the Colonel Blotto game has a mixed strategy equilibria in which the marginal
distributions are uniform on [0, 2n/m] along all battlefields. In this way for
the Colonel Blotto game B(120, 6) the support set should contain more than
108 strategies each taken with equal probabilities. On the other hand, a semi-
nal theorem of Carathéodory [9] admits mixed strategy equilibria involving at
most (n+ 1) ·m+ 1 the pure strategies in the games like Colonel Blotto. Nev-
ertheless, for a long time, the Carathodory theorem was an existence theorem
only.

The payoff matrix of Colonel Blotto and Colonel Lotto games has a huge
size even for small values n and m. For example, for the Colonel Blotto game
L(120, 6) the size of payoff matrix is about 1010 × 1010. Therefore, it is not
surprising that traditional optimization techniques fail to find optimal solu-
tions for Colonel Blotto and Colonel Lotto games. Up to now it was common
to believe that solving minimax problem for antagonistic matrix games with
constant sum (like Colonel Blotto or Colonel Lotto) is intractable because the
number of pure strategies grows exponentially with games parameters. So all
previous investigation efforts was concentrated on finding marginal distribu-
tions of the available resources that are the best for equilibria [8], [6]. Recently
in [3] so-called LMO-based decomposition techniques were proposed. In par-
ticular, there was investigated the case where these techniques allow to reduce
a huge, but well organized matrix2 game to a small saddle point problem

min
u∈U

max
v∈V

[
φ(u, v) = Min(DTv) + Max(ATu)− 〈u, v〉

]
(4)

and the problem (4) can be solved to high accuracy by a technique like Ellipsoid
method. (In (4) U ⊂ Rn, V ⊂ Rm are convex compact sets, and D ∈ Rm×N ,
A ∈ Rn×M , R ∈ Rm×n.)

2Matrix B(K × L) is well organized if, given x ∈ RK , it is easy to identify the columns
B[x], B[x] of B making the maximal, resp. the minimal, inner product with x [3].
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The Colonel Blotto game is the case when the matrices A, D in (4) are
well organized. Specifically, in [3] the game “attacker vs defender” was consid-
ered. This game is more general version of Colonel Blotto game – the different
battlefields are allowed to have different weights.

The method from [3] as applied to Colonel Blotto games (more exactly
“attacker vs defender” game) allows to solve the game in polynomial time. In
reality, the method is capable to find in reasonable time near-optimal solutions
to rather large (with m and n about 100) games within accuracy about 0.02
(in terms of the payoffs of the players).

Besides this method provides support set with few pure strategies (in our
experiments it is significantly lower than a Carathéodory bound). However,
this method – as any other computational methods – does not allow to un-
derstand a priori what kind of pure strategies will belong to the supports of
ε-optimal mixed strategies3. At the same time, our previous results [2] allow
to find a set of “appropriate” pure strategies (in respect to ε-optimal support
set) without solving the problem (4). In this paper, we present the first, to our
knowledge, method to approximate the ε-optimal solutions of partition games.
Essentially our method is as follows: we employ the knowledge about given
partitions parameters (such as a peculiar resource and permutation balance)
to design a set of pure strategies “similar” to those participating in ε-optimal
solution [3]. (“Similarity” here means the ability to find a game value within
accuracy, in terms of the payoffs of the players, about 0.02 . . . 0.04). To check
the quality of our solution and to get the support set (the set of pure strategies
with probability each of them) we have to solve a small matrix minimax prob-
lem by well-known convex optimization method [10]. Results of the numerical
simulation yield strong reasons to believe that in the case of Colonel Blotto-
like antagonistic games our approach is quite competitive with the techniques
from [3].

The rest of the paper is organized as follows. In section 2 “Analysis of
the ε-optimal support set” we analyzed the support sets of ε-optimal solutions
obtained by methods from [1] as applied to Colonel Blotto games B(120, 6)
and B(100, 10) with symmetrical resources and demonstrate some combina-
torial features of pure strategies participating in these solutions. In section
3 “Experimental design: synthesis suboptimal solutions for symmetric parti-
tion games” we present a new method for computing equilibrium solutions
and compare, via numerical simulation, these solutions with ε-optimal ones.
Section 4 contains our concluding remarks.

3It resembles of learning process for artificial neural networks when one have no prior
knowledge about data for learning.
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2 Analysis of the ε-optimal support set

First of all we produced ε-optimal support sets for Colonel Blotto games
B(120, 6)and B(100, 10). These solutions in mixed strategies contains at most
229 strategies. In Appendix A are shown first tens strategies of ε-optimal solu-
tion for each game. Here first value is probability p(α) for associated strategy
α. This means that a player must use strategy α with probability p(α).

There is the discrepancy between condition on resource allocation for mixed
strategy equilibria in which the marginal distributions are uniform on [0, 2n/m]
along all battlefields [8] and resource allocation in our ε-optimal support set.
For example, for Colonel Blotto game B(120, 6) values of maximal resource
for player A is (59, 62, 53, 40, 53, 64), and for player D is (53, 46, 51, 51, 50, 48).
However, the value of maximal resource for any battlefield in accordance [8]
must be less than 41.

If all pure strategies in ε-optimal support set will be represented as parti-
tions α = (a1, . . . , am), where ai ≥ ai−1 (i = 1, . . . ,m) and m is even, one can
see that resource allocation in these partitions are far from uniform. It is de-
sirable examine how – with point of resource allocation – all partition support
sets constructed. The case of almost all (n,m)-partitions will be discussed
first.

Let Ψn,m be a set of all (n,m)-partitions. And let define function Q(α) for
any α ∈ Ψn,m as

Q(α) =
(
S1(α)− S2(α)

)
/n = 2S1(α)/n− 1, (5)

where
S1(α) =

∑m/2
i=1αi, S2(α) =

∑m
i=m/2+1 αi. (6)

For the set Ψn,m next estimates holds 0 ≤ Q(Ψn,m) ≤ 1, where Q
(
α =

(n/m, n/m, . . . , n/m)
)

= 0 and Q
(
α = (n, 0, . . . , 0)

)
= 1.

Let In,m ⊆ Ψn,m be a set of “almost all” partitions when m and n are
reasonably large. In this case, any α = (a1, . . . , am), α ∈ In,m can be conceived
[11] of as

ai ∼
n

m
ln
m

i
, i = 1, . . . ,m. (7)

To get an asymptotic estimation of S1(In,m), we rewrite (7) as

S1(In,m) ∼
m/2∑
i=1

n

m
ln
m

i
=

n

m
ln

m/2∏
i=1

m

i
=

n

m
ln

mm/2

(m/2)!
. (8)

An asymptotic equality can be obtained from (8) by Stirling approximation

S1(In,m) ∼ n

m

(
m

2
ln 2e− 1

2
lnπm

)
=
n

2
(ln 2 + 1)− (ln πm)/m. (9)
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Therefore, from (5) and (9) we get

Q(In,m) ∼ ln 2− (ln πm)/m ∼ 0.693− (ln πm)/m. (10)

It follows from (10) that if m and n are reasonably large for “almost all”
partitions, a fraction of resource in first m/2 battlefields tends to ln 2. Actually,
the shape of distribution Q(Ψn,m) strongly depends on the relation between n
and m.

For example, fig. 1 shows the distribution of Q(Ψ100, 10).

Figure 1: Values of Q(Ψ100, 10).
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Analysis of frequency distributions Q(Ψn,m) for some different n and m
values are shown in the table 1.

n m m2/n M
(
Q(Ψn,m)

)
|M − ln 2|

90 16 2.8 0.764 0.071
100 10 1.0 0.691 0.002
120 6 0.3 0.632 0.061
120 20 3.3 0.780 0.087
144 12 1.0 0.698 0.005

Table 1: M
(
Q(Ψn,m)

)
– average value of Q(Ψn,m) as a function of n, m.

Last column of the table 1 shows deviation of the first momentM
(
Q(Ψn,m)

)
from ln 2. Evidently, when n = m2 the deviation of the first moment from ln 2
is small but for all other cases this deviation is significantly larger.

There is important characteristic of partitions that is known as peculiar
resource [2]. The value of peculiar resource is maximal when the partition
α = (a1, . . . , am) is well-ordered, i. e. a1 > a2 > · · · > am − 1 > am. In this
case, all partition parts are different.

Let PRn,m ⊂ Ψn,m be a partition set where each partition has a maximal
peculiar resource.
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Proposition 2.1 For PRn,m the following statements are true

(n+ 2m)/2 ≤ S1(α) ≤ n− (1 +m/2)/(m/4) for all α ∈ PRn,m; (11)

(1 +m/2)/(m/4) ≤ S1(α) ≤ (n− 2m)/2 for all α ∈ PRn,m; (12)

2m/n ≤ Q(PRn,m) ≤ 1−m2/(4n)−m/(2n). (13)

If n = m2, it is evident from proposition above that

1/3 ≤ Q(PRn,m) ≤ 2/3. (14)

Let Ω∗n,m be a subset of pure strategies of ε-optimal support set Ωn,m.
Numerical simulations show that as a rule

0.5 ≤M
(
Q(Ω∗n,m)

)
≤ 0.7. (15)

Hence, the bigger diversity of the pure strategy the greater the chance to
see this strategy in the optimal support set.

3 Experimental design: synthesis suboptimal

solutions for symmetric partition games

The main body of numerical experiments was focused on finding of suboptimal
solution of the antagonistic symmetric partition game between two players AC
and AS. Here the player AC plays subset of pure strategies Ω∗n,m (subset of
ε-optimal solution) which was obtained by the approach described in [3]. The
player AS plays a synthetic (artificial) set Ξn,m(pb) ≡ PRn,m ∩ PBn,m(pb),
where PBn,m(pb) ⊂ Ψn,m is a partition set where peculiar balance of each
partition is in [pb, 0].

The convex optimization program to calculate the game value between AC
and AS was devised. It is reasonably safe to suggest that the small difference
of game values between AS and AC means that these players could be used
interchangeably.

Stages of the numerical simulation of the partition game between
AC and AS:

1. Set the values n, m, N , M , pb and I.
2. Get the set of pure strategies for AC:

2.1. The ε-optimal solution Ω∗n,m for “attacker vs defender” game with
fixed parameters n and m was gained by program which uses the
algorithm in [3].

2.2. Pick first N pure strategies from Ω∗n,m (the strategies in Ω∗n,m are
sorted in descending order by probabilities).
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3. Get the set of pure strategies for AS:

3.1. Generate the set of all (n,m)-parititions Ψn,m.
3.2. Get the set Ξn,m(pb) by filtering out the set Ψn,m by values of

peculiar balance and peculiar resource.
3.3. Get a uniformly random sample of Ξn,m(pb) that contains M par-

titions.

4. The game value for partition game P(n,m) between AC and AS was ob-
tained by solving a convex optimization problem of matrix game (Python
and CVXPY library [12] was used).

5. Stages from 3.3. to 4 are repeated I times to calculate the average game
value.

Basic part of experimental works was centered on finding most appropriate
parameters of the partition set, i. e. such values of free parameters N , M and
pb which permit to build “almost ε-optimal” support sets. By way of example,
fig. 2 shows the difference in game value of the partition games P(100, 10) and
P(120, 6) between AC and AS with different values of N and M .

M P(120, 6) P(100, 10)

N = 100 N = 200 N = 100 N = 200

100 −0.032 −0.053 −0.020 −0.080
200 0.000 −0.006 −0.019 −0.030
300 0.003 0.012 0.000 −0.011
400 0.028 0.023 0.001 −0.004

Table 2: Game values for partition games P(120, 6) and P(100, 10) between
AC vs AS with N ≡ |AC| = 100, 200 and M ≡ |AS| = 100, 200, 300, 400.

It is evident from fig. 2 that if numbers of synthetic strategies (player AS)
nearly twice as large as the strategies of ε-optimal solution (player AC) the
difference between results of these players is practically negligible (not more
than 0.02).

However, on the base of the experiments described above, it is impossible
to get the net results about behavioral identity of AS and AC. Actually,
players AC and AS could show different results with other players. Therefore,
it is necessary to create special set of strategies (special players) and compare
the results of AC and AS playing not with each other, but with these special
players.

Let some T -player is defined as set of strategies T ⊂ Ψn,m with specified
range of peculiar balance and peculiar resource and are chosen from Ψn,m

uniformly by chance. We were studied how players AS and AC are playing
with four different T -players: T I200, T I400, T II100 and T II200 (see table 3).
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Player Number of partitions Peculiar resource Peculiar balance

T I200 200 Maximal [−0.85, 0]
T I400 400 Maximal [−0.85, 0]

T II100 100 [Maximal/2,Maximal] [−0.85, 0]
T II200 200 [Maximal/2,Maximal] [−0.85, 0]

Table 3: Parameters of T -players.

Table 4 shows the game values when players AS and AC are playing with
T -players. The game values are the mean of twenty experiments. During each
experiment, new random sample for each T -player was selected.

T -player Number of partitions Game value

AC AS AC vs T AS vs T Difference

T I200

100
100 0.020 0.052 0.030
200 0.059 0.054 0.005
400 0.084 0.047 0.027

200
100 0.015 0.070 −0.058
200 0.059 0.054 0.005
400 0.057 0.076 −0.018

T I400

100
100 −0.034 0.009 −0.040
200 0.009 0.003 0.006
400 0.033 0.002 0.030

200
100 −0.028 0.026 −0.055
200 0.009 0.029 −0.020
400 0.034 0.031 0.003

T II100

100
100 0.342 0.262 −0.080
200 0.336 0.318 −0.018

200
200 0.410 0.325 −0.080
400 0.362 0.364 0.002

T II200

100
100 0.188 0.139 −0.048
200 0.177 0.176 −0.001

200
200 0.228 0.182 −0.046
400 0.212 0.215 0.002

Table 4: Numerical simulation results for games AC and AS with T -players.

There is a very small difference in game value between AC and AS as
indicated by table 4. The difference in game values between AC vs T I-players
and AS vs T I-players do not exceed 0.03. These observations strongly suggest
that players AC and AS practically do no differ from each another (at least
with respect to partition game). For the case with T II-players, the difference
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between the players AC and AS are barely perceptible.

4 Conclusions

The models of strategic multidimensional resource allocation (and in particu-
larly partition games model), has been utilized in many real life applications,
such as military conflicts, advertising resource allocation, political campaigns,
and development portfolio selection. Nevertheless, practical use of these mod-
els is impossible without creation of relative simple decision methods. Conse-
quently, results [3] were of crucial importance to attain these ends. In our turn,
we attempted to make next step along this line and have discovered that com-
plexity of the problem in question may be strongly diminished at the expense
of solutions accuracy. Results of the numerical simulation provide reasons to
suppose that our approach is quite competitive with ε-optimal solution [3], at
least, in case of antagonistic matrix games such as Colonel Blotto game. In-
deed its accuracy and computing complexity allows to get of almost ε-optimal
solution without computing of relevant optimization problem [3]. Neverthe-
less, validating the experimental results with help of analytical methods seems
imperative and it is our nearest goal.

The simplicity of our suboptimal solution method is main advantage in the
area of behavioral game theory [13]. Our method could be used in experimen-
tal works for example, in the laboratory experiments [14] where a version of the
classic Colonel Blotto game is studied to understand if the human decisions
is actually the equilibrium. What is more, the special features of subopti-
mal method offer a clearer view of why human being could be smarter than
supposed in iterative reasoning model [15].
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Appendix A The ε-optimal solutions of Blotto

games “attacker vs defender”

A.1 The Blotto game B(120, 6), A vs D

# Player A, 227 pure strategies Player D, 229 pure strategies

Probabability Partition Probabability Partition

1 0.0182 (22, 0, 39, 21, 29, 9) 0.0167 (2, 27, 20, 3, 39, 29)
2 0.0171 (9, 37, 20, 34, 7, 13) 0.0165 (30, 28, 34, 7, 11, 10)
3 0.0170 (5, 40, 25, 40, 5, 5) 0.0165 (13, 8, 23, 28, 15, 33)
4 0.0149 (36, 30, 7, 4, 18, 25) 0.0153 (23, 15, 17, 15, 24, 26)
5 0.0135 (37, 17, 32, 28, 3, 3) 0.0138 (14, 10, 39, 39, 13, 5)
6 0.0131 (14, 16, 6, 16, 37, 31) 0.0131 (5, 3, 24, 35, 21, 32)
7 0.0129 (25, 29, 5, 20, 19, 22) 0.0128 (6, 21, 40, 37, 3, 13)
8 0.0126 (13, 19, 39, 14, 15, 20) 0.0127 (8, 5, 14, 40, 34, 19)
9 0.0126 (40, 10, 8, 5, 39, 18) 0.0124 (34, 32, 5, 6, 40, 3)
10 0.0117 (17, 5, 16, 36, 40, 6) 0.0119 (35, 10, 25, 17, 12, 21)
... ... ... ... ...

Guaranteed game result

-0.02587182 0.02040023

A.2 The Blotto game B(100, 10), A vs D

# Player A, 185 pure strategies Player D, 182 pure strategies

Probab. Partition Probab. Partition

1 0.0222 (5, 4, 12, 2, 15, 8, 15, 13, 11, 15) 0.0232 (8, 18, 20, 15, 7, 4, 9, 15, 1, 3)
2 0.0173 (3, 8, 8, 20, 10, 9, 9, 17, 4, 12) 0.0211 (9, 2, 15, 18, 20, 8, 2, 9, 13, 4)
3 0.0168 (16, 19, 14, 0, 14, 13, 3, 2, 0, 19) 0.0184 (7, 14, 18, 14, 3, 1, 12, 14, 10, 7)
4 0.0160 (0, 10, 19, 1, 1, 20, 10, 18, 1, 20) 0.0180 (17, 4, 4, 17, 10, 15, 6, 10, 15, 2)
5 0.0159 (20, 13, 7, 3, 2, 2, 13, 4, 18, 18) 0.0173 (15, 11, 3, 20, 10, 9, 4, 8, 7, 13)
6 0.0156 (15, 19, 11, 15, 13, 3, 7, 0, 15, 2) 0.0167 (1, 13, 7, 4, 17, 20, 8, 13, 12, 5)
7 0.0150 (1, 20, 2, 8, 12, 18, 8, 8, 8, 15) 0.0148 (3, 8, 16, 0, 20, 0, 18, 12, 8, 15)
8 0.0149 (9, 8, 3, 6, 13, 17, 19, 14, 5, 6) 0.0145 (10, 11, 17, 19, 0, 13, 18, 4, 0, 8)
9 0.0148 (7, 20, 7, 11, 5, 7, 0, 15, 11, 17) 0.0141 (13, 9, 6, 9, 11, 14, 17, 0, 2, 19)
10 0.0148 (9, 15, 5, 5, 20, 19, 11, 10, 3, 3) 0.0135 (19, 7, 17, 9, 18, 7, 0, 9, 3, 11)
... ... ... ... ...

Guaranteed game result

-0.05591 0.06349
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