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Abstract

In this paper, we focus on the optimal cubic-order family of itera-
tive schemes considering the basins of attraction when the multiplicity
is known. In addition, we experiment with the 3 methods to solve 4
different test equations having roots with various multiplicities.
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1 Introduction

There are relatively few iterative methods to find the multiple roots of non-
linear equations when the multiplicity is known[1],[2],[3],[4]. To guarantee the
convergence of an iterative method, it is one of the most important things
to take a good initial value close to the desired zero of the given nonlinear
equation [6],[7]. Here we focus on the optimal cubic-order family of iterative
schemes considering the basins of attraction[9],[17].

Let f : C→ C have a multiple root α with integer multiplicity m ≥ 1 and
be analytic in a small neighborhood of α. Assume that β is a fixed point of
f . Then the basin of attraction of β consists of all x such that f [n](x) → β
as n increases without bound, where f [n] is the nth iterate of f [13],[14]. We



16 Young Hee Geum

find an approximated α by a scheme xn+1 = g(xn), n = 0, 1, 2, · · · , where
g : C→ C is an iteration function and x0 ∈ C is given[8],[15].

NS {
xn+1 = xn − af(xn)2

{f(xn)−f(x̄n)}f ′(xn)
,

x̄n = xn − b f(xn)
f ′(xn)

,
(1)

where controlled parameters a and b are to be chosen for third order of con-
vergence[5].

LM {
xn+1 = xn − λf(xn−µh(xn))

f ′(xn)
,

h(xn) = f(xn)
f ′(xn)

,
(2)

where λ = m
tm

and µ = m(1− t) are controlled parameters[10].

MG {
xn+1 = xn − f(xn−κh(xn))+γf(xn)

f ′(xn)
,

h(xn) = f(xn)
f ′(xn)

,
(3)

where κ = m(1− t) and γ = m− tm are controlled parameters to be selected
to guarantee the third order of convergence.

2 Numerical examples

We describe the dynamical behavior of iterative methods (1), (2) and (3) and
experiment with the 3 methods to solve 4 different test equations having roots
with various multiplicities[11],[12],[13],[14]. The numerical results such as the
average number of iterations per point, the number of divergent points and
CPU time are displayed in Table 1. In all the cases, a 6 by 6 square region is
centered at the origin including all the zeros of the test polynomial functions.
A 600 × 600 uniform grid in the square is taken to mark initial points for
the iterative methods to illustrate basins of attraction. Each grid point of a
square is colored diversely according to the iteration number for convergence
and the root it converged to α. The point is colored in black if the method do
not converge after 40 iterations. We can figure out if the method converged
within the maximum number of iteration allowed and if it converged to the
root closer to the initial grid point[16],[17].

For plotting the complex dynamics of (1), (2) and (3) with the desired
basins of attraction, we take various polynomials having multiple roots with
multiplicity m = 2, 4, 5, 6. Statistical data for the basins of attraction are
tabulated in Table 1. In this table, abbreviations CPU, TCON, AVG and



Dynamical behavior for optimal cubic-order multiple solver 17

TDIV denote the value of CPU time for convergence, the value of total con-
vergent points, the value of average iteration number for convergence and the
value of divergent points.

In the first instance, we have taken the following polynomial

P1(z) = (z3 + z − 1)2

whose roots z = −0.341164 ± 1.16154i, 0.682328 are all with multiplicity
m = 2. Based on Table 1 and Figure 1, we realize that the method NS is
better in view of AVG and MG is better in view of TDIV. As can be seen
in Figure 1, the method LM has shown considerable amount of black point.
These points causing divergence behavior were expected from the last column
of Table 1.

As our next sample, the polynomial P2(z) = (z2−z)4 has the roots z = 0, 1
of multiplicity m = 4. The results are listed in Table 1 and Figure 2. The
method LM is best in veiew of CPU and TDIV. As can be seen in Figure 2,
MG has shown considerable amount of black point.

As the third example, we choose the polynomial P3(z) = (z3 + 5)5 with
roots z = ±2.23607i and multiplicity m = 5. The results are listed in Table
1 and Figure 3. The method LM is best in view of CPU and TDIV. The
worst result for CPU is by NS.

In the last example, we use the following polynomial

P4(z) = (z2 + 3z + 5)6

whose roots z = −1.5± 1.65831i are with multiplicity m = 6. The results are
presented in Table 1 and Figure 4. The method LM is best in view of CPU
and TDIV .
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Table 1: Typical Examples

Pm METHOD CPU TCON AVG TDIV
P1 NS 158.531 343228 6.26475 16772

LM 559.966 7618 24.827 359119
MG 152.226 358730 8.63628 1270

P2 NS 110.687 350578 5.76931 9432
LM 86.503 360000 5.83743 0
MG 195.158 358848 9.69337 265761

P3 NS 228.969 210348 4.79565 149652
LM 57.58 359240 5.29044 760
MG 128.217 349156 11.2294 10844

P4 NS 334.172 233405 4.80837 126595
LM 64.1 358738 5.70246 1262
MG 200.640 338905 10.9129 21065
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Figure 1: The left for NS , the center for LM and the right for MG, for the roots of the polynomial
P1(z) = (z3 + z − 1)2.
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Figure 2: The left for NS , the center for LM and the right for MG, for the roots of the polynomial
P2(z) = (z2 − z)4.
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Figure 3: The left for NS , the center for LM and the right for MG, for the roots of the polynomial
P3(z) = (z3 + 5)5.
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Figure 4: The left for NS , the center for LM and the right for MG, for the roots of the polynomial
P4(z) = (z2 + 3z + 5)6.
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Solving Nonlinear Equations, Academic Press, Amsterdam, 2013.

[15] B. V. Shabat, Introduction to Complex Analysis PART II, Functions of
Several Variables, American Mathematical Society, 1992.

[16] J.R. Sharma, R. Sharma, A new family of modified Ostrowski’s method
with accelerated eighth-order convergence, Numerical Algorithms, 54
(2010), 445-458. https://doi.org/10.1007/s11075-009-9345-5

[17] J.F. Traub, Iterative Methods for the Solution of Equations, Prentice-Hall,
New Jersey, 1964.

Received: September 28, 2016; Published: December 8, 2016


