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Abstract

An embedded pair of Runge–Kutta methods of orders six and four
for structurally partitioned systems of ordinary differential equations
is constructed. The Dormand–Prince approach to automatic step-size
control is used. The coefficients of the constructed methods are pre-
sented. The method has seven stages, however the First-Same-as-Last
technique further reduces the computational cost. Thus the presented
scheme is more effective than existing classical methods of order six.
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1 Introduction

Partitioning of the systems of ordinary differential equations (ODEs) is widely
used to construct numerical algorithms which have special properties, like split-
ting stiff and non-stiff parts and applying various schemes to them to find the
balance between stability and computation costs, or using the partitioning to
preserve geometric properties of the system (see [3] for various examples).

The partitioning can also be based on some structural properties of ODE
systems. Under structural properties we understand right-hand side function



32 Igor V. Olemskoy et al.

dependecies on the unknowns in a system. In [7] the way to construct ex-
plicit Runge–Kutta type methods for systems with various structure of such
dependencies was considered. The methods proposed there need fewer right-
hand side evaluations than the classic methods which do not use structural
properties. The examples of such methods were derived and compared to the
wide-known computational schemes in [8, 10] and in a number of papers by
the authors, issued only in Russian.

In the most general case considered in [7] the system

z′v = ϕv(x, z1, . . . , zM), v = 1, . . . ,M, (1)

is transformed to the so-called canonical form

y′0 = f0(x, y0, . . . , yn), (2)

y′i = fi(x, y0, . . . , yi−1, yl+1, . . . , yn), i = 1, . . . , l, (3)

y′j = fj(x, y0, . . . , yj−1), j = l + 1, . . . , n, (4)

where

x ∈ [X0, Xk] ⊂ R,
yv : [X0, Xk] −→ Rrv , v = 0, . . . , n,

f0 : [X0, Xk]× RM −→ Rr0 ,
n∑

v=0

rv = M,

fi : [X0, Xk]× RM−r̄i −→ Rri , r̄i =
∑l

v=i rv, i = 1, . . . , l,

fj : [X0, Xk]× RM−r̂j −→ Rrj , r̂j =
∑n

v=j rv, j = l + 1, . . . , n,

i.e. some or all of the y functions can be vectors.
The order conditions for the methods applied to (2)–(4) consist of nine

mutually connected groups, one of which is identical to the classic Runge–
Kutta conditions. Thus the amount of stages to compute the approximation
for y0 can’t be less than in the classic case (s = p for methods of orders p ≤ 4).
However, for yi and yj the number of stages can be reduced. Thus in [10] a
method of order five with effective (using First Same as Last technique) six
stages for y0 and five stages for each yi and yj was constructed, while the
classic method takes six stages for any unknown. For lower order methods
same effect was also obtained [9].

Either group (2) or (3) can be missing (since the groups (3) and (4) are
structurally identical we consider the case of group (4) missing to be the same).
In the latter case even more efficient methods can be constructed [8, 11]. And
still greater advantage in necessary stages to order relation can be obtained
when we have just a system with cross-dependency, which is to name the case
when l = 1, n = 2 and the group (2) is absent. In the current paper a sixth
order method for such system is presented.
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2 General numerical method formulation

Consider a system of ODEs of the form

{
y′1 = f1(x, y2),

y′2 = f2(x, y1),
(5)

y1(X0) = y10, y2(X0) = y20, (6)

x ∈ [X0, Xk] ⊂ R, yv : [X0, Xk] −→ Rrv , v = 1, 2.

They appear, for instance, in problems of optimal control and stabilization [6],
high-energy physics, celestial mechanics and other.

Moreover, the system (5) includes second-order differential equations where
the second derivative is independent of the first one

y′′(x) = f(x, y). (7)

It is well known that Runge–Kutta–Nyström methods for such equations need
fewer stages for the same order than direct implementation of Runge–Kutta
methods to the first order system corresponding to (7) [4]. Methods con-
structed for (5) can be applied to second order equation (7) and give new
Runge–Kutta–Nyström type methods.

Let’s formulate a general form of structural method for a cross-dependent
system (5). The approximations ȳ1 and to ȳ2 to y1(x0 + h) and y2(x0 + h)
respectively are found as

y1(x0 + h) ≈ ȳ1 = y10 + h

s1∑
i=1

b1ik1i,

y2(x0 + h) ≈ ȳ2 = y20 + h

s2∑
i=1

b2ik2i

(8)

with two different sets of weights b and functions k.

The trick to reduce the numbers of stages s1 and s2 is to compute functions
k in strict order

k11, k21, k12, k22, . . . (9)
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with immediate use of the values already found to compute the next:

k11 = f1

(
x0, y20

)
,

k21 = f2

(
x0 + c21h, y10 + ha211k11

)
,

k12 = f1

(
x0 + c12h, y20 + ha121k21

)
,

k22 = f2

(
x0 + c22h, y10 + h(a221k11 + a222k12)

)
,

. . .

k1i = f1

(
x0 + c1ih, y20 + h

∑i−1
j=1 a1ijk2j

)
,

k2i = f2

(
x0 + c2ih, y10 + h

∑i
j=1 a2ijk1j

)
,

. . .

(10)

a2ii 6= 0 for at least one i. Due to (9) either s1 = s2 or s1 = s2 + 1.
The parameters b1i, b2i, c1i, c2i, a1ij and a2ij can be gathered in the extended

Butcher tableau (see Table 1).
A method of order six with six stages was constructed in [12]. Here we

construct an embedded pair of methods of orders six and four with effectively
six stages. It’s known that for classic Runge–Kutta methods seven stages are
necessary for order six [4].

3 Method of orders six with embedded four

The parameters of methods of orders six an four should satisfy a system of
101 non-linear equations. They are called order conditions. The number of
variables is 57, since the First Same as Last (FSAL) technology is used, which
means that the last stage at the current step (in case that it is accepted by
the local error control) is used as the first stage at the next step. This makes
seven-stage method we construct to have effectively only six stages, since w-th
and w + 1-st steps are connected with k

(w+1)
11 = k

(w)
27 and k

(w+1)
21 = k

(w)
17 , The

same approach was used by Dormand and Prince in their famous pair of orders
5 and 4 [1].

We don’t present here the system of order conditions and the detailed way
to find their analytical solution. The coefficients of the constructed embedded
pair of orders six and four named RKS6(4)7F are presented in the Table 2.
Here S stays for special structure, 6(4) are orders, 7 is the number of stages
and F indicates FSAL.

4 Numerical comparison

Since we couldn’t find another embedded pair of orders six and four we compare
RKS6(4)7F method with two methods constructed by Dormand and Prince.
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Table 1: Method (8)–(10) Butcher tableau

c1i a1ij

0 0

c12 a121 0

c13 a131 a132 0
...

...
...

. . .
. . .

c1s1 a1s11 a1s12 · · · a1s1 s1−1 0

b1i b11 b12 b13 · · · b1s1

d1i d11 d12 d13 · · · d1s1

c2i a2ij

c12 a211

c22 a221 a222

c23 a231 a232 a233

...
...

...
. . .

. . .

c2s1 a2s11 a2s12 · · · a2s2 s2−1 a2s2s2

b2i b21 b22 b23 · · · b2s2

d2i d21 d22 d23 · · · d2s2

The first has the same order of the main method (though the estimator is of
order 5) and 8 stages without FSAL. We denote it as DP6(5)8M (following
their original RK6(5)8M notation [2]). The second is the already mentioned
pair of orders five and four that has exactly the same amount of stages —
DP5(4)7F [1].

The methods were tested for the 2-body problem

z′′1 = − z1

(z2
1 + z2

2)
3/2

, z′′2 = − z2

(z2
1 + z2

2)
3/2

, (11)

which, being rewritten as y1 = (z′1, z
′
2)T , y2 = (z1, z2)T (or vice versa), gives

a system of first-order equations of the form (5). The initial conditions were
chosen to be z1(0) = 0.5, z′1(0) = z2(0) = 0, z′2(0) =

√
3. For the problem the

analytical solution is well known (see, for instance, [5]). So we can calculate the
global error Err precisely. All methods were implemented with the same step-
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size control (with difference for orders of the estimators) at the time interval
[0, 20].

The Fig. 1(a) shows the global error in the end of the interval to the total
number of right-hand side functions evaluation Nf in double logarithmic scale.
It can be seen that RKS6(4)7F costs less than both other methods for the
same accuracy.

At the Fig. 1(b) the global error is plotted against the average step-size h̄.
The graph shows that larger steps can be performed by RKS6(4)7F within the
same accuracy restrictions.
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Figure 1: (a) Global error to the right-hand side evaluations and (b) global
error to the average step-size plots for the test problem.

5 Conclusion

Exploiting special structure of ODE systems it is possible to construct parti-
tioning schemes that are more efficient than classical Runge–Kutta methods.
Within such approach full functionality of one-step methods can be preserved.
Embedded methods of different orders are used for local error and step-size
control. Test results confirm the efficiency of the new method.
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Table 2: RKS6(4)7F method coefficients

c1i a1ij

0 0

1
10

1
10

1
5

1
20

3
20

7
16

3787
16384

−18375
32768

25137
32768

677
1130

75661258001
815236805000

−1876243893
13043788880

159015217581
326094722000

132486575859
815236805000

51
56

7359721413
289103449600

365681475
2011154432

242563241439
1518421596160

290275578153
842170918400

5303126523
26647773320

1 941
13800 0 13851

42280
8019
26800

4302592
17451825

491
8400

b1i
85565

1450134 0 3135875
10231386

1982464
30895767

4606087948250
13193789408019

3519520256
15909379569 0

d1i
5291627
52915674 0 19442425

95681454
32215040
361616493

387922858450
830159992167 0 784

5583

c2i a2ij

0 0

2
15

2
45

4
45

2
9

209
1296

−1
8

241
1296

5
9

−49625
199584

95
176

11665
180576

23680
118503

23
28

10435142297
23302838272

−318573
351232

46277003099
42135898112

−572527523
933091026

109118472393775
137093718470016

1 −276853621
542488224

13851
7856

−4409622831
2435689952

1576614784
722372457

−189008540982800
196307593919313

879880064000
2603835122793

1 85565
1450134 0 3135875

10231386
1982464
30895767

4606087948250
13193789408019

3519520256
15909379569

b2i
941

13800 0 13851
42280

8019
26800

4302592
17451825

491
8400 0

d2i
1
12 0 171

604
99
268

5488
30351 0 1

12


