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Abstract

Based on the marketing strategy of product modification we discuss
the time deposit with randomly changing interest. The change of the in-
terest rate depends on whether the client is treated to a special interest
rate or not. As it is shown in the paper the coefficients of the equation
are changing in accordance with a homogeneous Markov chain. There-
fore we use moment equations to model the expected value of principal
every month. The growth of the principal is expressed by a stochastic
difference equation that is transformed to a system of moment equa-
tions of first order. These equations are ordinary difference equations
that can be solved using known methods.

Mathematics Subject Classification: 60J10, 91G30

Keywords: time deposit, random interest rate, moment equation, ex-
pected value

1corresponding author
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1 Introduction

According to the current statistics Slovaks are very conservative when it comes
to savings. Nevertheless declining interest rates and favourable loan conditions
caused that large proportion of Slovaks still trusts in term deposits. In 2015
the bank deposits grew by almost 9% with the average interest rate around
0, 7%. It is the highest growth since beginning of the financial crisis in 2009.
At the same time the average Slovak saved 94 € per month but in 2014 it was
even 96 € monthly. On the other hand an average bank client in Austria saved
201 € per month (2015) and the average saved amount of money in the Czech
Republic was 76 € per month. At the end of the ranking there are Romanians
(46 € per month) and Serbs (35 € per month).[10]

Figure 1: Share of people who have no savings.[6]

According to ING International Survey Savings 2016 [6] almost two - in -
five Europeans (38% of respondents from thirteen European countries) do not
have any savings. Savings was defined as money easily available (specifically
excluding pensions and policies that may pay out in the future). In 2015 there
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is declining of the share of people without savings in almost all countries com-
pared in the study (shown in Fig. 1), excepting to increases in five European
countries (the highest year – on – year increment were seen in Poland, from
40% in 2015 to 52% in 2016).

Regardless the banks are really concerned that very low interest rates or
negative interest rates would lead to important withdrawals of deposits. Savers
may prefer hoard cash rather than save it on one type of savings products of-
fered by bank. Interest rates below zero is a particular psychological barrier
and no less than 77% of respondents (sample of respondents from 13 Euro-
pean countries, Australia and USA) would take the money out of their saving
accounts, if interest rates were very low.[7]

Figure 2: Nearly 80% would respond to negative interest rates.[7]

This situation could negatively affect liquidity of the banks and their will-
ingness to lend. Therefore, banks may be obliged to motivate their existing
and potential clients to generate savings on saving accounts. They can use for
this purpose a variety of tools, inter alia, some modern and unusual marketing
tools.

2 Statement of the Problem

According to current situation on banking market we decided to offer a strategy
that can be successful in attracting people to start saving. We went for a risk–
free way represented by time deposits. Time deposits have a fixed maturity
length ranging from several months to usually two or three years. Compared to
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savings accounts, to which money can be added or withdrawn any time, these
are mostly blocked for any partial deposits and withdrawals before their mature
or have substantial penalties for early withdrawal. The interests are higher
than those on current accounts or savings accounts because the depositor is
not provided with nearly as many services. [1, 9, 11]

We consider a time deposit with fixed interest rate i % p.m., maturity
length of N months and with no partial deposits and withdrawals allowed.
The interest is added to the deposit monthly. From all the clients, who open
or reopen this time deposit during the given period, a number will be chosen
and those will get a special interest rate j % higher than the guaranteed one.
Moreover, to give it an impression of fairness, those clients who get premium
interest rate in one month, cannot get it in the next one.

Now we describe the strategy by mathematical model.

2.1 Markov Chain

From the description of the problem we see that the interest rate is switching
randomly between two values i and j %, i.e. between two states. Let state
θ1 represents the situation that the depositor obtains the guaranteed interest
rate i and state θ2 the situation that the depositor obtains the special interest
rate j. The transition between states is made by jump at the end of the month
as another choice takes place. The graph of the situation is shown in the Fig.
3.

Figure 3: The graph of states of the process.

Moving between states we are creating a series of random variables

{ξn, n = 0, 1, 2, . . . , N}; ξn = θk, k = 1, 2. (1)

The series (1) is called a random process with discrete time and since we
have only two states, it is also the process with discrete states. Moreover, the
transition from one state to another is determined only by the state the system
is currently in and not by the states the system was in before. Such processes
are called Markov chains.

The usual way how to determine the Markov chain is by initial probability
distribution and by transition probabilities. Let m be the number of clients
who opened the time deposit during the set period and l be the number of
clients who are randomly chosen for higher interest rate every month,

m ≥ 2l + 1.



Mathematical model of marketing strategy in banking 2823

First, we derive the initial probability distribution. At the beginning there
are chosen l clients from all m clients, therefore the probability of starting in
the state θ2 is

p2(0) = P{ξ0 = θ2} =
l

m
. (2)

The probability of starting in the state θ1 is given as a complement to proba-
bility p2(0)

p1(0) = P{ξ0 = θ1} = 1− l

m
. (3)

The transitions between states θ1 and θ2 in every moment n, n = 1, 2, . . . , N ;
are set by transition probabilities pi,j(n, n+ 1), i, j = 1, 2; forming a transition
probability matrix

Π(n, n+ 1) =

(
p1,1 p1,2
p2,1 p2,2

)
. (4)

The rows of (4) denote the current state and the columns the following state
of the process. Obviously, the probabilities in (4) have to satisfy conditions [5]

0 ≤ pr,s ≤ 1, r, s = 1, 2;

2∑
s=1

pr,s = 1, r = 1, 2.
(5)

In Fig. 3 we see that transition from θ2 back to θ2 is not possible. Hence, the
conditional probability

p2,2(n, n+ 1) = P{ξn+1 = θ2|ξn = θ2} = 0

and from second condition of (5)

p2,1(n, n+ 1) = P{ξn+1 = θ1|ξn = θ2} = 1.

After the first choice there remain only m − l clients available for another
choice. The transition from θ1 to θ2 is determined by probability

p1,2(n, n+ 1) = P{ξn+1 = θ2|ξn = θ1} =
l

m− l
and probability of staying in state θ1 for another month is given as complement
to p1,2

p1,1(n, n+ 1) = P{ξn+1 = θ1|ξn = θ1} = 1− l

m− l
.

We assume that m and l do not change in time. Thus, the transition probabil-
ities are constant in every moment of jump which means they do not depend
on parameter n. The transition probability matrix is constant and of the form

Π =

(
1− l

m−l
l

m−l

1 0

)
.
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2.2 Expected Value of Principal

Most long-term investments, time deposits included, pay a compound interest,
i.e. earned interest for each period is added to the principal before the interest
is calculated for the next period. The principal grows as the interest is added
to it. The account earns an interest on interest in addition to earning interest
on the principal. [8]

Let K0 denotes the initial deposit (the principal) at the beginning of the
first month. As the interest U is added to the principal at the end of each
month, the deposit in the following month is given as

Kn+1 = Kn + U (6)

where

U = Kn ·
i

100
(7)

and i is the guaranteed interest rate in per cent [2].

Combining (6) and (7) we can rewrite the formula for accumulated value
at compound interest in the form of difference equation

Kn+1 = Kn + U = Kn +Kn ·
i

100
= Kn

(
1 +

i

100

)
. (8)

In our model, (8) has to reflect the alteration between states. Therefore, it is
of the form

Kn+1 = a(ξn)Kn (9)

where coefficient a is changing in accordance with Markov chain (1) as follows

a{ξn = θ1} = a1 =
(
1 + i

100

)
,

a{ξn = θ2} = a2 =
(
1 + j

100

)
.

Equation (9) belongs to the class of stochastic equations, called ordinary
difference equations with random structure or random parameters. Such equa-
tions are usually investigated using their trajectories, i.e. solutions in every
possible case that occurs. Some of the possible developments of principal K0

in time are shown in the Fig. 4.

As we can see in Fig. 4 the accumulated value for principal K0 is different
for different series (1). Taking into account the random character of (9) it
is not possible to predict the exact amount of money at the maturity date.
Instead of that we find the expected value, i.e. the mean value of random
variable Kn.
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Figure 4: Some solutions of (9) for principal 1000€, maturity length 24 months,
interest rates 0,5% and 0,8%.

Theorem 2.1. [3] Let (Ω,F, P ) be a probability space where Ω is a sample
space, F is set of all events (the σ-algebra) and P is some probability measure.
Let

xn+1 = a(ξn)xn, a(ξn) 6= 0, n = 0, 1, . . . (10)

where ξn is discrete time Markov chain with two possible states θ1, θ2 and with
constant transition probability matrix

Π =

(
p1,1 p1,2
p2,1 p2,2

)
.

Then moment equations of first order for (10) are of the form

E1(n+ 1) = p1,1a1E1(n) + p2,1a2E2(n),

E2(n+ 1) = p1,2a1E1(n) + p2,2a2E2(n).

Here a1 = a{ξn = θ1}, a2 = a{ξn = θ2}.

According to the theorem the moment equations for (9) are

E1(n+ 1) =
(
1− l

m−l

)
a1E1(n) + a2E2(n),

E2(n+ 1) = l
m−l

a1E1(n).
(11)

The mean value E(n) is then given as a sum of partial mean values E1(n) and
E2(n)

E(n) = E1(n) + E2(n),
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obtained as solutions of system (11).
System of moment equations is first order homogeneous difference system

with constant coefficients. The general solution of it is

E1(n) = c1
a1

(
m
l
− 1
)

(A+B)n+1 + c2
a1

(
m
l
− 1
)

(A−B)n+1 ,

E2(n) = c1(A+B)n + c2(A−B)n,

c1, c2 ∈ R; n = 0, 1, 2, . . .

where
A = 1

2

(
1− l

m−l

)
a1,

B = 1
2

√(
1− l

m−l

)2
a21 + 4 l

m−l
a1a2.

Using initial conditions

E1(0) = a1K0p1(0) =

(
1− l

m

)
a1K0,

E2(0) = a1K0p1(0) =
l

m
a2K0

we find constants

c1 =
(a21 − a2A+ a2B)

2B

l

m
K0,

c2 =
(a2A+ a2B − a21)

2B

l

m− l
K0.

Example 2.2. The bank chooses 100 depositors out of 2000 every month.
Let the average principal of one client is 1000€ and the maturity length of
the deposit is 24 months. The guaranteed interest rate is 0, 5% p.m. and the
premium interest rate is 0, 8% p.m.

According to (2), (3) the vector of initial probability distribution is

(p1(0), p2(0)) =

(
19

20
;

1

20

)
and the transition probability matrix is given as

Π =

(
18
19

1
19

1 0

)
.

Once the discrete time Markov chain is determined, using Theorem 2.1 we
create the system of moment equations to calculate the expected value of
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deposit in each time moment. The system of moment equations takes the
form

E1(n+ 1) =
18

19
1, 005E1(n) + 1, 008E2(n),

E2(n+ 1) =
1

19
1, 005E1(n), (12)

n = 0, 1, 2, . . .

Such system is deterministic and it can be solved using known methods (see
e.g. [4]). The solution of (12) is approximately

E1(n) = 950, 23 (1, 01)n+1 + 2, 84 (−0, 05)n+1,

E2(n) = 50, 25 (1, 005)n + 0, 15 (−0, 05)n,

n = 0, 1, 2, . . .

The expected value of principal for given data is shown in Fig. 5. The expected
accumulated value of deposit at maturity date is about 1137, 03€.

Figure 5: Expected value of principal 1000€ for interest rates 0,5% and 0,8%
when choosing 100 out of 2000 depositors.

3 Conclusion

In this paper we offered a possible marketing campaign which purpose was to
enhance the number of depositors. This campaign was based on the offer that
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clients could get not only the guaranteed revenue but also something extra.
We operated with the equation modeling the growth of principal with random
interest rate. Since the character of the problem was stochastic, to solve it
we introduced the theory of moment equations. These equations represent a
very useful tool in investigating difference equations with random parameters.
They allow us to calculate one of essential properties of stochastic solution, i.e.
mean value while neglecting the stochastic structure of the original equation.
Moment equations can be used whenever the model describes the evolution of
a state of dynamical system, for example in economics, biology, demography,
etc.
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[8] M. Kúdelč́ıková, Mathematics and finance, Communications - Scientific
Letters of the University of Zilina, 10 (2010), no. 3, 61-65.

[9] F. Myshkin, The Economics of Money, Banking and Financial Markets,
Harper Collins, New York, 1992.

[10] Slovak Savings Bank, Inc. Saving under the pillow becomes retro. Young
people save 100€ per month, (press release), 2015, Available on:



Mathematical model of marketing strategy in banking 2829

https://www.slsp.sk/sk/aktuality/sporenie-pod-vankus-zacina-byt-retro-
mladi-ludia-si-odkladaju-100-eur-mesacne

[11] Z. Revenda et al., Monetary Economics and Banking (in Czech), Man-
agement Press, Prague, 2004.

Received: June 20, 2016; Published: September 19, 2016


