
Applied Mathematical Sciences, Vol. 10, 2016, no. 58, 2895 - 2902
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ams.2016.67212

Perfect Tetra-Dodecahedron Systems1

Mario Gionfriddo and Lorenzo Milazzo

Department of Mathematics and Comp. Sciences
University of Catania, Catania, Italy

Copyright c© 2016 Mario Gionfriddo, Lorenzo Milazzo. This article is distributed under

the Creative Commons Attribution License, which permits unrestricted use, distribution,

and reproduction in any medium, provided the original work is properly cited.

Abstract

A tetra-dodecahedron is the hypergraph D = (X, E), uniform of rank
4, having 8 vertices and 4 edges, such that: X = {x1, x2, ..., x8}, E =
{E1, E2, E3, E4} where E1 = {x1, x5, x6, x7}, E2 = {x2, x5, x6, x8}, E3 =
{x3, x5, x7, x8}, E4 = {x4, x6, x7, x8}. A tetra-dodecahedron system of
order v and index ρ [TDS] is a pair Σ = (X,H), where X is a finite set of
v vertices and H is a collection of edge disjoint tetra-dodecagons (called

blocks) which partitions the edge set of ρK
(4)
v , the complete hypergraph

of order v, uniform of rank 4, defined in X. A tetra-dodecagon system
of order v is said to be perfect [PTDS] if the collection of the inside

K
(3)
4 contained in every block of Σ form a Steiner quadruple systems

[SQS]of order v and index µ. In this paper we determine completely
the spectrum of PTDSs, with the non-restrictive condition that the
inside SQS has index one.
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1 Introduction

A G-design, or also a G-system, of index λ, for a given graph G = (V, S) with
n vertices, is a pair Σ = (X,B), where X is a finite set of v elements, v ≥ n,
called vertices, and B is a collection of edge disjoint graphs all isomorphic to G

1The present reserach has been supported by PRIN 2012 (MIUR), FIR 2015 (Catania
Univ.) and dell’INDAM-GNSAGA (Italy).
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which partitions the edge set of the complete graph λKv, the complete graph
with vertex set X, where every pair of vertices is joined by λ edges. A 3-cycle
is often called a textittriple and it is indicated by C3, so a C3-design is also
called a Steiner triple system STS.

If H(3 is an uniform hypergraph of rank 3, an H(3)-design, or also an H(3)-
system of index λ is a pair Σ = (X,B), where X is a finite set of v elements,
called vertices, and B is a collection of edge disjoint hypergraphs all isomorphic
to H(3) which partitions the edge set of the complete hypergraph λK

(3)
v , the

complete uniform hypergraph of rank 3, with vertex set X, where every triple
of vertices is joined by λ edges. For H(3) ∼= K

(3)
4 , a K

(3)
4 -design is a Steiner

quadruple system SQS.

A tetra-dodecahedron is the hypergraph D = (X, E), uniform of rank 3, hav-
ing 8 vertices and 16 edges, such that: X = {x1, x2, ..., x8}, E = {E1, E2, ..., E16},
where

E1 = {x1, x5, x6}, E2 = {x1, x6, x7},
E3 = {x1, x5, x7}, E4 = {x5, x6, x7};

E5 = {x2, x5, x6}, E6 = {x2, x5, x8},
E7 = {x2, x6, x8}, E8 = {x5, x6, x8};

E9 = {x3, x5, x7}, E10 = {x3, x5, x8},
E11 = {x3, x7, x8}, E12 = {x5, x7, x8};

E13 = {x4, x6, x7}, E14 = {x4, x6, x8},
E15 = {x4, x7, x8}, E16 = {x6, x7, x8}.

Such an hypergraph will be indicated by [(1, 2, 3, 4), 8, 7, 6, 5].

A tetra-dodecahedron system of order v and index ρ [TDS] is a pair Σ =
(X,H), where X is a finite set of v vertices and H is a collection of edge

disjoint tetra-dodecagons (called blocks) which partitions the edge set of ρK
(4)
v ,

the complete hypergraph of order v, uniform of rank 4, defined in X. A tetra-
dodecahedron system of order v is said to be perfect [PTDS] if the collection of

the inside K
(3)
4 contained in every block of Σ form a Steiner quadruple systems

[SQS] of order v and index µ. These concepts generalize similar definitions
given for hexagon triple systems in [12],[17]. Analogous problems can be found
in [1− 9] and [13− 15].

It is well-known that the spectrum of SQS was determined by H.Hanani
in [11]:
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Theorem 1.1 : There exist Steiner quadruple systems of order v and index
1 if and only if v ≡ 2 or 4 mod 6, v ≥ 4.

Further, C.C.Lindner proved in [13] that:

Theorem 1.2 : v ≡ 2 or 4 mod 6, v ≥ 8, there exists a pair of distinct SQSs
without blocks common, defined in the same vertex set.

In this paper, we determine the spectrum of perfect tetra-dodecagon sys-
tems. To found this result we use Lucia Gionfriddo’s construction for perfect
hexagon triple systems [1].

2 Necessary existence conditions for TDS

In this section we prove some necessary existence conditions for for TDSs.

Theorem 2.1 : If for any integer v there exists a TDS of order v and index
one, then:

(1) |B| = v(v−1)(v−2)
96

;

(2) ∀ x ∈ X, d(x) ≡ 0 mod 3;

(3) if v is odd then v ≡ 1 or 65 mod 96;

(4) if v is even then v ≡ 2 or 16 or 32 or 34 mod 48.

Proof. Let Σ = (X,B) be a TDS of order v and index one.

(1) - The number of blocks can be obtained considering that the number of all
the possible triples of distinct vertices contained in X is v(v− 1)(v− 2)/6 and
that in any block there are exactly 16 of these triples.

(2) - Observe that in every block there are 8 vertices. Four of them belong to
the outside quadruples and are contained in 3 triples, the other four belong
to the inside quadruples and are contained in 9 triples. Therefore, for every
vertex x ∈ X, since the number of triples of X containing x is (v−1)(v−2)/2,
the number of blocks containing x must be a multiple of 3.

(3) - Since any vertex x ∈ X is contained in (v−1)(v−2)/2 triples of elements
of X, from (2) it follows that necessarily it is v ≡ 1 mod 3 or v ≡ 2 mod 3.
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Further, if v is odd, from (1) it follows that v ≡ 1 mod 32. Hence, by some
calculations, (3) is proved.

(4) - Similarly to (3), it is v ≡ 1 mod 3 or v ≡ 2 mod 3. If v is even, from (1)
it follows that v ≡ 0 or v ≡ 2 mod 16 and, by some calculations, (4) is proved.2

Observe the following:

Open Problem: Determine the spectrum of TDSs.

3 Necessary existence conditions for PTDS

In this section we prove some necessary existence conditions for for TDSs.

Theorem 3.1 : If a TDS of order v and index λ verifies the condition that
the inside quadruples form an SQS of index µ, then λ = 4µ.

Proof. Let Σ = (X,B) be a TDS of order v and index λ, verifying the
condition that inside quadruples form an SQS Σ′ = (X,B′) of order v and
index µ. Necessarily: |B| = |B′|. Therefore:

λ · v(v − 1)(v − 2)

96
= µ · v(v − 1)(v − 2)

24
.

Hence: λ = 4µ. 2

The previous Theorem establishes that in any perfect TDS Σ there is a
precise relation between the index λ of Σ and the index µ of the inside SQS
Σ′. Therefore, since two precise distinct indices are defined in Σ, we will say
that any perfect TDS has two indices and we will indicate them by (λ, µ).

4 The spectrum of PTDSs

Now, we determine all the possible integer v for which there exist perfect TDSs.

Theorem 4.1 : There exists a perfect TDS of order v and indices (4, 1) if
and only if v ≡ 2 or 4 mod 6, v ≥ 8.

Proof. ⇒ If Σ = (X,B) is a PTDS of order v and indices (4, 1), then the
inside system Σ′ is an SQS of order v and index 1 and, from Hanani’s Theorem
1.1, such systems exist if and only if v ≡ 2 or 4 mod 6, v ≥ 4. Observe that
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the case v = 4 is not acceptable.

⇐ To prove the sufficiency, consider any v ∈ N, v ≡ 2 or 4 mod 6, v ≥ 8.
From Theorem 1.2, there exist two SQSs of order v, Σ1 = (X,B) and Σ2 =
(X, C), defined in the same set X, such that B ∩ C = ∅.

For every block Bi = {x, y, x, t} ∈ B, i = 1, 2, ..., v(v − 1)(v − 2)/24, consider
the blocks Ci,1, Ci,2, Ci,3, Ci,4 ∈ C such that:

{y, z, t} ⊆ Ci,1, {x, z, t} ⊆ Ci,2,

{x, y, t} ⊆ Ci,3, {x, y, z} ⊆ Ci,4.

Consider that, for every triple T ⊆ X there exists exactly one block C ∈ C
containing T .

Let

Ci,1 = {x′, y, z, t}, Ci,2 = {x, y′, z, t},

Ci,3 = {x, y, z′, t}, Ci,4 = {x, y, z, t′}.

Since B ∩ C = ∅, it follows that:

|{x′, y′, z′, t′}| = 4, {x′, y′, z′, t′} ∩ {x′, y′, z′, t′} = ∅,

and Ci,1, Ci,2, Ci,3, Ci,4 are four distinct blocks of Σ2.

It is immediate to see that the blocks Ci,1, Ci,2, Ci,3, Ci,4 ∈ C form a tetra-
dodecahedron, having the block B inside.

If for every block B ∈ B we apply the above procedure, we construct a
perfect tetra-dodecahedron system of order v, where the blocks B of Σ1 occupy
the inside positions and the blocks of Σ1 occupy the outside positions. 2

5 The construction for v = 8

Let Σ1 = (X,B),Σ2 = (X, C) be the following SQS of order 8 defined in
X = {1, 2, ..., 8}.

B :



2900 Mario Gionfriddo and Lorenzo Milazzo

{1, 2, 3, 4}, {5, 6, 7, 8},

{1, 2, 5, 6}, {1, 2, 7, 8}, {3, 4, 5, 6}, {3, 4, 7, 8},

{1, 3, 5, 7}, {1, 3, 6, 8}, {2, 4, 5, 7}, {2, 4, 6, 8},

{1, 4, 5, 8}, {1, 4, 6, 7}, {2, 3, 5, 8}, {2, 3, 6, 7}.

C :

{1, 2, 3, 5}, {4, 6, 7, 8},

{1, 2, 4, 7}, {1, 2, 6, 8}, {3, 5, 4, 7}, {3, 5, 6, 8},

{1, 3, 4, 8}, {1, 3, 6, 7}, {2, 5, 4, 8}, {2, 5, 6, 7},

{1, 5, 4, 6}, {1, 5, 7, 8}, {2, 3, 4, 6}, {2, 3, 7, 8}.

We can see that B ∩ C = ∅.

Consider the block B1 = {1, 2, 3, 4} ∈ B. It contains the triples:

T1,1 = {2, 3, 4}, T1,2 = {1, 3, 4}, T1,3 = {1, 2, 4}, T1,4 = {1, 2, 3}.

In C there are exactly four distinct blocks C1, C2, C3, C4 containing respectively
T1,1, T1,2, T1,3, T1,4. They are:

C1 = {2, 3, 4, 6}, C2 = {1, 3, 4, 8}, C3 = {1, 2, 4, 7}, C4 = {1, 2, 3, 5}.

We can see that it is possible to define the tetra-dodecahedron having B1 as
inside quadruple and C1, C2, C3, C4 as outside quadruples.

Consider the block B2 = {5, 6, 7, 8} ∈ B. It contains the triples:

T2,1 = {6, 7, 8}, T2,2 = {5, 7, 8}, T2,3 = {5, 6, 8}, T2,4 = {2, 6, 7}.

In C there are exactly four distinct blocks D1, D2, D3, D4 containing respec-
tively T2,1, T2,2, T2,3, T2,4. They are:

D1 = {4, 6, 7, 8}, D2 = {1, 5, 7, 8}, D3 = {3, 5, 6, 8}, D4 = {2, 5, 6, 7}.

We can see that it is possible to define the tetra-dodecahedron having B2 as
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inside quadruple and D1, D2, D3, D4 as outside quadruples.

By this technique, following with all the blocks of Σ1, we can construct a per-
fect TDS of order v = 8.
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