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Abstract

The paper considers an H∞ non-fragile control design via static out-
put feedback controller for linear systems. In control design for physical
systems, there are chances that malfunction in actuator happens and
an exact value of the control input may not appropriately be applied.
Unexpected noises may also come into the system. Hence, controller
gain variations and disturbance attenuation should be considered in the
control design procedure. In the actual situation, moreover, output feed-
back control design is more practical than state feedback control design
because all the states of the system are not always available. In this
paper, H∞ non-fragile control via output feedback control is considered
and a control design of H∞ controllers with robustness against control
gain variations and noises is proposed. The H∞ disturbance attenuation
analysis of the closed-loop system and controller design via descriptor
system approach are given in terms of LMI conditions, which are less
conservative than the existing results.
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1 Introduction

The stabilization is one of the most important concerns in controller design.
It is inevitably required for all the control systems. However, systems are de-
signed not only for the stability, but also for robustness with respect to system
parameters, and/or they are designed for the optimization of multiple control
performance measures. Most designed control systems require accurate con-
trollers. Thus, when implementing a desired controller, all of the controller
coefficients are required to be with the exact values as those to be designed.
However, it is not always possible in practical applications since actuators may
be of malfunction, and/or round-off errors in numerical computations by com-
puters are frequently encountered. Therefore, it is necessary that the designed
controller should be able to tolerate some uncertainty in its control gains. Since
controller fragility problem has to be considered when implementing a designed
controller in practical applications, the non-fragile control design problem has
been investigated in [2], [4], [5], [6], [7], [8], and [16]. For state-space sys-
tems, several recent research works have been devoted to the design problem
of non-fragile robust control [2], [6], [7], [8], and [16]. Most of these are derived
via either Riccati matrix equation approach or linear matrix inequality (LMI)
approach.

The state feedbak control is simple and easy to apply to controlled systems,
and many results on the state feedback controller design method have appeared
in the literature. However, in the actual situation, the state variables of the
system are not always available and only the output variables are measured.
Hence, the control design method via output feedback controller is desired.
It is well-known that although descriptor systems are more complicated than
state-space systems, they have richer structures, which produces less conser-
vatism in the control design conditions. Based on a matrix inequality approach
or a generalized algebraic Riccati equation approach, the system analysis and
control design problem for descriptor systems were studied in [14] and [15],
and the method of desired stabilizing controllers was proposed. Recently, LMI
approach was applied to the stability analysis and controller design for de-
scriptor systems in [9] and [13]. The system analysis and control design for
discrete descriptor systems were also investigated in the literature. The design
problem of non-fragile robust controllers of continuous-time descriptor systems
was investigated in [4] and [5]. The discrete-time counterpart was given in [11].

In this paper, the H∞ non-fragile static output feedback control design
problem is concerned. The controller gain uncertainties under consideration
are supposed to be time-varying but norm-bounded. The problem to be ad-
dressed is the robust control design problem of static output feedback con-
troller, which is subject to multiplicative uncertainty, such that the resulting
closed-loop system is asymptotically stable with H∞ disturbance attenuation
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for all admissible uncertainties. H∞ control takes care of not only the stabil-
ity of the system but also the disturbance attenuation. Sufficient conditions
for the solvability of the H∞ non-fragile robust control design problem are ob-
tained, in the case of multiplicative controller uncertainties. Descriptor system
approach is employed to obtain less conservative controller design conditions.
In addition, generalized slack variables produce more relaxed controller design
conditions. The resulting design conditions are given in terms of LMIs, which
mathematical software can easily solve. The desired robust controllers can be
constructed via solving such matrix inequalities. Finally, the proposed control
design method is applied to a numerical example.

2 Uncertain Systems

Consider a linear system, described by

ẋ(t) = Ax(t) +B1w(t) +B2u(t)
z(t) = C1x(t) +D11w(t) +D12u(t)
y(t) = C2x(t) +D21w(t) +D22u(t)
x(0) = 0

(1)

where x(t) ∈ <n is the state, u(t) ∈ <m is the control input, y(t) ∈ <q is
the measurement output, z(t) ∈ <s is the controlled output, and w(t) ∈ <v is
the disturbance. The matrices A, B1, B2, C1, C2, D11, D12, D21 and D22,
are constant matrices of appropriate dimensions. Let us consider the following
static output feedback controller:

u(t) = KX−1
6 y(t)

whereK andX6 are constant matrices to be determined. In practical situations
where malfunction in the actuator and uncertain calculation of control gain
may occur, an actual controller is assumed to be of the form

u(t) = [I + αΦ(t)]KX−1
6 y(t) (2)

where αΦ(t)K shows uncertainty in the controller gain matrix. Φ(t) is an
unknown time-varying matrix satisfying

ΦT (t)Φ(t) ≤ I

and α is known positive constant which indicates the measure of non-fragility
against controller gain variation. The closed-loop system (1) with (2) in a
descriptor form is given by

Ẽ ˙̃x(t) = (Ã+ ∆Ã(t))x̃(t) + B̃w(t) (3)
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where x̃(t) = [xT (t) yT (t) uT (t) zT (t) ]T and

Ẽ =


I 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , Ã =


A 0 B2 0
C2 −I D22 0
0 KX6

−1 −I 0
C1 0 D12 −I

 ,

∆Ã(t) =


0 0 0 0
0 0 0 0
0 αΦ(t)KX6

−1 0 0
0 0 0 0

 , B̃ =


B1

D21

0
D11

 .
Define the cost function

J =
∫ ∞

0
(zT (t)z(t)− γ2wT (t)w(t))dt. (4)

Our problem is to find a controller of the form (2) such that the closed-loop
system (3) is asymptotically stable for w(t) = 0 and satisfies J < 0 in (4) for
all admissible w(t) 6= 0. If there exists such a controller, we call (2) an H∞
non-fragile controller.

Remark 2.1 A descriptor system approach is known to be effective in a
sense that resulting stability conditions are less conservative than that of the
standard state-space system approach(see [1], [3], [10] and references therein.).

The following lemma is useful to prove our main results.

Lemma 2.2 ([12]) Given matrices Q = QT , H, E and R = RT > 0 with
appropriate dimensions

Q+HF (t)E + ETF T (t)HT < 0

for all F (t) satisfying F T (t)F (t) ≤ R if and only if there exists a scalar ε > 0
such that

Q+
1

ε
HHT + εETRE < 0.

3 H∞ Non-Fragile Control Design

We shall derive control design conditions for the closed-loop system (3) to be
asymptotically stable, and we then propose a design method of non-fragile
output feedback controller for the system (1).
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Theorem 3.1 The output feedback controller (2) makes the system (1)
asymptotically stable for w(t) = 0 and J < 0 holds for all admissible w(t) 6= 0 if
there exist scalars ε > 0, and matrices X1 > 0, X6, X9, X10, X11, X12, X13,
X14, X15, X16, K such that

Λ =


Σ X̂T B̃ D̃T

∗ −I 0 0
∗ ∗ −γ2I 0
∗ ∗ ∗ −εI

 < 0 (5)

where

Σ =


σ11 σ12 σ13 σ14

∗ σ22 σ23 σ24

∗ ∗ σ33 σ34

∗ ∗ ∗ σ44

 ,
D̃ =

[
KP5 K KP7 KP8

]
,

X̂T =
[
X13

T X14
T X15

T X16
T
]T
,

σ11 = AX1 +B2X9 +X1A+X9
TB2

T

σ12 = B2X10 +X1C2
T − P5

TX6
T +X9

TD22
T

σ13 = B2X11 + P5
TKT −X9

T

σ14 = B2X12 +X1C1
T +X9

TD12
T −X13

T

σ22 = −X6 +D22X10 −X6
T +X10

TD22
T

σ23 = −X6P7 +D22X11 +KT −X10
T

σ24 = −X6P8 +D22X12 +X10
TD12

T −X14
T

σ33 = KP7 −X11 + P7
TKT −X11

T + εα2I
σ34 = KP8 −X12 +X11

TD12
T −X15

T

σ44 = D12X12 −X16 +X12
TD12

T −X16
T ,

and P5, P7 and P8 are given constant matrices of appropriate dimensions.
In this case, a non-fragile control gain in (2) can be calculated by K and X6

obtained above.

Proof: We consider the following Lyapunov function:

V (x) = x̃T (t)ẼX̃−1x̃(t)

where X̃ is an invertible matrix to be determined, and is assumed to be

X̃ =


X1 X2 X3 X4

X5 X6 X7 X8

X9 X10 X11 X12

X13 X14 X15 X16

 .

X̃ has to satisfy
ẼX̃−1 = X̃−T Ẽ ≥ 0. (6)
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Multiplying (6) from left by X̃T and from right by X̃, we have

X̃T Ẽ = ẼX̃ ≥ 0. (7)

Assuming the structure of X̃ as above, we have from (7) that X2 = 0, X3 =
0, X4 = 0, and

X1 > 0.

Now, we calculate the derivative of V (x) taking into account the cost func-
tion (4) with respect to t along the solution of the system (3):

dV (x̃)

dt
+ zT z − γ2wTw

= ˙̃x
T
ẼX̃−1x̃+ x̃T ẼX̃−1 ˙̃x+ x̃T Λ̃x̃− γ2wTw

=
[
x̃TwT

] [AT X̃−1 + X̃−TA+ Λ̃ X̃−T B̃
B̃T X̃−1 −γ2I

] [
x̃
w

]

=
[
x̃TwT

]
X̌T

[
AX̃ + X̃TAT

+ X̂T X̂ B̃
B̃T −γ2I

]
X̌

[
x̃
w

]
(8)

where

A = Ã+ ∆Ã(t), Λ̃ =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 I

 , X̌ =

[
X̃−1 0

0 I

]
.

If the following holds;[
AX̃ + X̃TAT

+ X̂T X̂ B̃

B̃T −γ2I

]
< 0, (9)

then, from (8) we have

dV (x̃)

dt
+ zT z − γ2wTw < 0.

Integrating from t = 0 to t =∞, we get

V (x̃(∞))− V (x̃(0)) +
∫ ∞

0
(zT z − γ2wTw)dt < 0.

Since V (x̃(0)) = xT (0)X−1
1 x(0) = 0 and V (x̃(∞)) > 0, we have

J =
∫ ∞

0
(zT z − γ2wTw)dt < 0.

It follows from (8) that the asymptotic stability is also established.
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Now, applying Schur complement formula to (9) we get

Ψ1 + Ψ2 < 0 (10)

where

Ψ1 =

 ÃX̃ + X̃T Ã
T
X̂T B

∗ −I 0
∗ ∗ −γ2I

 ,

Ψ2 =

 ∆ÃX̃ + X̃T∆Ã
T

0 0
∗ 0 0

∗ 0

 .
We calculate

ÃX̃ + X̃T Ã
T

=


Ψ11 Ψ12 Ψ13 Ψ14

∗ Ψ22 Ψ23 Ψ24

∗ ∗ Ψ33 Ψ34

∗ ∗ ∗ Ψ44

 (11)

where
Ψ11 = AX1 +B2X9 +X1A+X9

TB2
T

Ψ12 = B2X10 +X1C2
T −X5 +X9

TD22
T

Ψ13 = B2X11 +X5
TX6

−TKT −X9
T

Ψ14 = B2X12 +X1C1
T +X9

TD12
T −X13

T

Ψ22 = −X6 +D22X10 −X6
T +X10

TD22
T

Ψ23 = −X7 +D22X11 +KT −X10
T

Ψ24 = −X8 +D22X12 +X10
TD12

T −X14
T

Ψ33 = KX6
−1X7 −X11 +X7

TX6
−TKT −X11

T

Ψ34 = KX6
−1X8 −X12 +X11

TD12
T −X15

T

Ψ44 = D12X12 −X16 +X12
TD12

T −X16
T

Due to the nature of the descriptor form of the Lyapunov function under
consideration, X5, X7 and X8 are slack variables to be chosen. Hence, we
choose

X5 = X6P5, X7 = X6P7, X8 = X6P8 (12)

where P5, P7 and P8 are given constant matrices. Substitution of the above
slack variables (12) into (11) makes

ÃX̃ + X̃T Ã
T

=


Ψ11 Ψ̃12 Ψ̃13 Ψ14

∗ Ψ22 Ψ̃23 Ψ̃24

∗ ∗ Ψ̃33 Ψ̃34

∗ ∗ ∗ Ψ44

 (13)
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where
Ψ11 = AX1 +B2X9 +X1A+X9

TB2
T

Ψ̃12 = B2X10 +X1C2
T − P5

TX6
T +X9

TD22
T

Ψ̃13 = B2X11 + P5
TKT −X9

T

Ψ14 = B2X12 +X1C1
T +X9

TD12
T −X13

T

Ψ22 = −X6 +D22X10 −X6
T +X10

TD22
T

Ψ̃23 = −X6P7 +D22X11 +KT −X10
T

Ψ̃24 = −X6P8 +D22X12 +X10
TD12

T −X14
T

Ψ̃33 = KP7 −X11 + P7
TKT −X11

T

Ψ̃34 = KP8 −X12 +X11
TD12

T −X15
T

Ψ44 = D12X12 −X16 +X12
TD12

T −X16
T .

Next, we have

Ψ̃1 + Ψ2 = Ψ̃1 +HΦ(t)D +DTΦT (t)HT

where

HT =
[

0 0 αI 0 0 0
]
,

D =
[
KP5 K KP7 KP8 0 0

]
.

Applying Lemma 2.2, we have that there exist an ε > 0 such that

Ψ̃1 + εHHT + ε−1DTD < 0.

Applying Schur complement formula, we get the condition (5).

Remark 3.2 The design condition (5) is not strict LMIs unless P5, P7 and
P8 are given. An easy way to choose P5, P7 and P8 is P5 = 0, P7 = 0 and
P8 = 0, but this may cause conservatism. Thus, one way to find solutions to
the condition (5) is given in the following algorithm.
Step 1: Let B1 = 0 , D11 = 0, D21 = 0 and α = 0.
Step 2: Solve X1 > 0, X6, X9, X10, X12, X13, X14, X16, L and J for


Ψ11 Ψ12 Ψ14 X13

T B1

∗ Ψ22 Ψ24 X14
T D21

∗ ∗ Ψ44 X16
T D11

∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −γ2I

 < 0

where Ψ12 = B2X10 + X1C2
T − JT + X9

TD22
T , J

∆
= X6P5 and Ψ24 = −L +

D22X12 +X10
TD12

T −X14
T , L

∆
= X6P8. Calculate P5 = X−1

6 J, P8 = X−1
6 L.

Step 3: Subsutitute X6, P5, P8 from Step 1 into Λ in (5). Solve ε > 0, X1 >
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0, X9, X11, X12, X13, X15, X16, N for
Ψ11 Ψ13 Ψ14 X13

T B1

∗ Ψ33 Ψ34 X15
T 0

∗ ∗ Ψ44 X16
T D11

∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −γ2I

 < 0

where Ψ33 = N −X11 +NT −X11
T + εα2I, N

∆
= KP7. Calculate P7 = K+N

where K+ is a pseudo-inverse matrix of K.
Step 4: Choose P5, P7 and P8 as calculated in Step 2 and Step 3. Find
K, X6 for (5) with keeping B1 = 0 , D11 = 0, D21 = 0 and α = 0.
Step 5: Substituting B1 , D11, D21, α, K and X6 calculated in Step 4 into Λ
in (5), solve P5, P7 and P8 for (5).
Step 6: Choose P5, P7 and P8 as calculated in Step 5. If we find solutions
for (5), Stop. Otherwise, go to Step 2 and choose a different set of solutions
for X1 > 0, X6, X9, X10, X12, X13, X14, X16, L, J .

4 Numerical example

We consider the system (1) where

A =

[
2 1
1 −3

]
, B1 =

[
0.1
0

]
, B2 =

[
2
3

]
,

C1 =
[

0.00001 0.00001
]
, C2 =

[
1 0.5

]
,

D11 = 0.1, D12 = 0.000001, D21 = 0.1, D22 = 0.

For the controller gain variation, we assume α = 0.2, and for the disturbance
attenuation, we assume γ = 300. Using a given algorithm, we have

P5 = [ 0.22018 −0.34508 ] , P7 = 2.7603, P8 = −2.6543× 10−7.

Then, Theorem 3.1 gives a controller (2) with

KX−1
6 = −4.6326.

The simulation result with the initial condition x(0) = [1 − 1]T , the uncer-
tainty Φ(t) = sin(100t) and the disturbance w(t) = sin(100t) is depicted in
Figure 1 where the bold line is x1(t) and the dotted line is x2(t). Figure 1
shows the controller stabilizes the system (1) against the uncertainty Φ(t) and
disturbance w(t). Furthermore, γ = 294 becomes the lower limit value at
α = 0.2 by solving the algorithm in Remark 3.2.
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Figure 1: The trajectories of the state variables

5 Conclusions

In this paper, a control design method of an H∞ non-fragile static output feed-
back controller has been proposed. H∞ non-fragile control is robust against the
controller gain variations and the disturbances. Descriptor system approach
was adopted to obtain a control design method because it produces more slack
variables, which are free of choice, in control design conditions. Generalization
of slack variables relaxed control design conditions, and numerical algorithm
was given. Finally, a numerical example was shown to illustrate our approach.
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